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PREFACE TO THE SECOND EDITION 


It is a matter of great satisfaction for the author that the 
readers have welcomed tbis book and the first edition has been 
exhausted in less than one year's time. In this edition, one new 
chapter on Multiple and Partial correlation has been added. It is 
hoped that, in the present form, the book will prove of much greater 
utility to the students as well as teachers of the subjéct.’ м. 


Suggestions for further improvement are welcome and will be 
‘most gratefully acknowledged. 


N.M. Kapoor 


PREFACE TO THE FIRST EDITION 


Statistics today is an indispensable part of every human activity. 
The subject, therefore, forms part of the syllabus of degree and 
post-degree as well as several professional and competitive 
examinations. 


The purpose of this book is to treat statistics as a self contained 
mathematical subject rigorously, avoiding non-mathematical concepts. 
The book assumes no previous knowledge of the subject on the part 
of the reader and aims at complete clarity for the beginner and such 
simplicity of exposition as will make the text practically self-teaching. 


Although the textual material is concise and to the point, 
attention has been paid to the development of the underlying concepts. 
A serious attempt has been made to unify methods. 


The subject is presented ina modulated and graded manner 
beginning witha fundamental core of introductory material which 
develops gradually from the simple and the easy to the complex and 
the intricate. 


The examples are accompanied by problems. Some of them 
are simple exercises but most of them serve as additional illustrative 
material to the text or contain various complements. One purpose 
of the examples and problems is to develop the reader’s intuition. 
Several previously treated examples show that apparently difficult 
problems may become almost trite once they are formulated ina 
natural way and put into proper context. To enhance further the 
utility of the book, thought provoking questions, carefully selected 
and systematically arranged are added at the end of each chapter. 


I feel confident that the book will meet a real need. 


I take this opportunity to thank the various well-known 
authorities of the world from whom } have drawn an inspiration. I 
am also grateful to all my colleagues in the Deptt. of Mathematics 
for the kind help they have given in the preparation of this book. 


In the end I owe a debt of gratitude to the Publishers and 
Printers for their full co-operation. 


Suggestions to further increase the utility of the book are 
welcome and will be most gratefully acknowledged. 


N.M. Kapoor. 
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Introductory 


0.1 The word statistics and the related words ‘statistical’ and 
*statistician' have various meanings. To a man in the street statistics 
are only figures and statistician as one who counts the number of 
things. To the economist, statistical stands for the quantitative and 
to the physicist statistical is opposite of individualistic or exact. The 
word statistics have either been derived from Status (Latin word) or 
Statistica (Italian) or Statistik (German) each of which means an 
“organized political state". Originally statistics was related to the 
collection of factual details concerning a state and this is why earlier 
it was known as the “Science of State Craft“ X 


The word ‘statistics’ when used in plural means the numerical 
data collected in an orderly manner with specific end in view but in 
its singular meaning it means the theoretical science with techniques 
which deals in to collect, analyse and draw conclusions from the 
data. 


Statistics is both a science and an art. It is a science because 
its methods, like other branches of science, are basically systematic 
and have general application and is an art in that their successful 
application depends to a considerable degree on the skill and ex- 
perience of the statistician. 


0.2. Scope of Statistics 


The applications of statistics are so numerous and. ever-increas- 
ing that not only it is difficult to define its scope but also unwise to 
do so. These days it is introducing into every branch of human 
knowledge. A student of science, while conducting an experiment, 
has to rely upon the application of statistics. In biology, testing of 
significance is applied to compare the effects of two drugs, the law of 
probability is used in radiation when the cells in the retina of the eye 
are exposed to light and statistical papers are used to study heart- 
beats through electrocardiogram. 


Statistics is also used in agricultural and used in this way it 
is called Agricultural Statistics. Various Agricultural problems are 
solved or simplified by applying some suitable scheme for collection, 
analysis and the interpretation. 


Statistics is an important member of the mathematical: family. 
It is regarded as a branch of applied mathematics which specialises 
in data statistical techniques are of Sreat assistance in the defence 
strategies to plan maximum destruction with minimum effect. Also 


02. 


for the day-to-day functioning Government depends upen statistics, 
In insurance also statistics is used. Calculation of premiums and 
annuity etc., is wholly a statistical work based on the theory of 
probability and expectation. 


0.3. Distrust of Statistics 
I nspite of the very valuable service that statistics renders, there 


is some amount of misgiving in the minds of a few people with -4 
to its reliability and usefulness. It is said : 


(1) “With statistics anything can be proved” 


(2) There are three kinds of lies: пате] (1) as, (ii) damned 
lies and (iii) statistics—wicked in the order of their meaning. 


04. Limitations of Statistics 


Statistics has its own limitations, It cannot be applied to all 
kinds of phenomena and cannot be made to answer all queries. Few 
of its main limitations are listed below : 


(1) It.deals only with those subjects of inquiry which can be 
measured quantitatively and can be expressed numerically. 


(2) It deals only with aggregates of facts and no importance is 
attached to individual items, 


(3) Statistical data is only approximately and not mathemati- 
cally correct. 


(4) Statistics can be used to establish wrong conclusions and 
therefore can be used only by experts. 


The methods by which statistical data are analyzed are called 
statistical methods. These methods range from the most elementaty 
descriptive devices which may be understood by the common man to 
those complicated mathematical procedures which can be apprehended 
only by the expert theoreticians, The mathematical theory which is the 
basis of these methods is called the theory of statistics or mathematical 
statistics. The purpose of _this text is to discuss the fundamental 
principles: and theory of statistics in simple and easily comprehensible 
manner, 
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Frequency Distribution and 
Measures of Central Tendency 


11. Introduction 

By a variable is meant a quantity which assumes different 
values. A variable may be continuous or discrete. If a variable 
can take any numerical value within a certain range it is called a 
continuous variable. A variable, for which there is a gap between 
its two successive values, is called discrete. Heights, weights are 
examples of continuous variable and marks, test scores ctc., аге 
discrete variables. E 

In this and next few chapters only discrete variables will be 
considered although the results obtained will also be true for conti- 
nuous variables. 


12. Frequency Distributiob { 
A frequency distribution is one where the values of the. variable . 
and the number of times each value is taken are put together. The 
number of times the value is taken is called the frequency of that 
value. The sum of all the frequencies is called total frequency. 


When the values of the variable are presented in the form of 
groups, the representation is called grow frequency distribu- 
tion. The groups are called classes and the boundary figures are 
called class limits, fhe figures on the leftare called lower limits 
and those on the right are per limits. The difference bet- 
ween the two limits is called daes teren or width of the class. The 
frequency of the class is called class frequency, The values mid- 
way between lower and upper limits are called mid-values or 
central values. 


For computational pu it is assumed that variate takes 

mid values only. Thus, a uency distribution can be taken in the: 

form 1 

x ( хї mM 38 ) 
(1.1) 
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where xi, X ..., x» are the values of the variable x with frequencies 
Sis os , fn. 

Let fitfet-..t4=N 

Then, N is total frequency. 


13. Measures of location or central tendency 


These are statistical constants which give an idea‘ about the 
Concentration of the values in the central part of the distribution. 
It can be thought of as the value of the variable which is representa- 
tive of the entire distribution... The following are the various measures 
of central'tendency, 7 . 


(i) Arithmetic Mean. /t is defined by 


ga Xie esses ex f 
UN DERE 


х ar To obtain it for a given data, calculations are simplified by 
taking the variate defined by H 


u= 
i ^ h 
where ‘a’ and ‘h’ are to be chosen suitably. Then A.M. is given by 
M Ts r aN 
where и is A.M. of u. 


Ex. 1-1. Show that the algebraic’ sum of the deviations of a set 
of values from their arithmetic mean is zero 


Sol Let xj хо...,х, be the set Sf values with frequencies fi, 
Jets à 


Let NAH HE fü 
: 1 n 
Let 3# be AM: Then um У Mx; 
" А, i=l 
n А п п 
Now Ef (v1 7) K fa Df 
i=1 i=1 i=] 
Nx 
20. 


Ex. 1-2. Show that the arithmetic mean of the first n. natural 


numbers is т 


13 
Sol. Adde ааа Id 


п(п+1) _ n+l 
EPI ESSERE 
Ex. 1-3. Calculate the mean of each of the following sequences of 
binomial co-efficients : 
(0) 1, 5, 10, 5, 1 
(й) 1, 6, 15, 20, 15, 6, 1 
(iii) 1, 10, 45, 120, 210, 252, 2:0, 120, 45, 10, 1 


Sol, 
(i) AM. * 3 m =44 
(i) AM ZEL 1+6+15+20+15+6+1 1464 9.143 


4 Zx 

(ii) A M. 
_ 1410+45+4+1204+210+4+25242104+120+45+10+1 
E 11 


1024 o, 
I 33 09. 


Ex. 1-4. From the data given below, calculate mean., 


S.N. Marks S.N. Marks 


1 17 10 KA 18 
2 BÉ тра 11 20 
3 35 gt o 22 
4 33 Ba 8 
5 15 i 
6 2 ТУЛ 35 
23 41 10 . 
8 32 36743 38 
9 


11 18 pilis s^ 


Sol. (i) Direct Method, 
Arithmetic mean AM) 
174+32+435+433+15+21+41+32+11+18+20+224+11 


+15+35-Е23+38-Е12 


. ,23'94= کے 


(ii) Short cut method. 


S.N. d. х-23=и | S.N. Marks х-23=и 
1 17 —6 10 18 — 5 
2 32 9 11 20 —3 
3 35 12 14 22 — 1 
4 33 10 13 11 —12 
5 15 —8 14 15 — 8 
6 21 —2 15 35 12 

xir 41 18 16 23 0 
8 32 9 17 38 15 
9 11 —12 18 12 —11 

17 


J ù 17 
AM =23+— 25-1 
4144-17 431 
= 


] = na. 
Ex. 1-5. Calculate the mean from the following data: 
Size Frequency Size Frequency 
4— 8 6 24—28 12 
8—12 10 28—32 10 
12—16 18 32—36 6 
16—20 30 36—40 2 
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Sol, 

Size Frequency Ms peim и=^—?? uf 
4— 8 6 6 
8—12 10 10 
12—16 18 14 
16—20 30 18 
20—24 15 22 
) 24—28 12 26 
28—32 10 30 
32—36 6 34 
36—40 2 38 

109 
. SEEE owe SEN EERTE AE A - ИВ 
22 EET 
Ам.=22+( x )ха=2 1094 
=19:725. 


Ex. 1-6 Calculate the mean from the following data : 
Income between No. of persons. Income between No. of persons. 


(in Rs.) (in Rs.) 

100--200 15 100—500 83 
100—300 33 100—600 100 
100—400 63 


The data is given in the form of cumulative frequency distribu- 
tion. For calculating mean, it is to be converted into an ordinary 
frequency distribution. 


Now the number of persons having income between 10020015 
and the number of persons having income between 100— 30033. 
„ The number of persons having income between 
200— 300=33— 15= 18. 
In a similar manner the frequencies of jroups 300—400, 
400—500 etc., can be ted. 


G iven —350 

Frequency (x) x 
e Таши. |” (б ) 0 
100—200 | 15 | 15 150 9 —30 
200—300 | 33 33—15=18] 250 —1 —18 
300—400 | 63 63—33—30| 350 0 0 
400—500 | 83 83—63—20| 450 1 20 
500—600 | 100 | 100—83—17| 550 2 34 

100 6 


6 
А.М.=350+ 400 . 100 
=356 
Ex. 1-7. Calculate the mean for the data given below: 


Marks No. of students Marks No. of students 
More than 0 100 More than 40 25 
DUST UMO 90 0 15 
5 „ 20 75 ui » 60 5 
» „ 30 50 Ж 5 7:70 0 


T Sol The data is given in cummulative distribution type. 
For calculating mean it is to be first converted into ordinary frequency 
distribution, 

Now the number of students getting marks more than 
*0'—100 f 
and the number of students getting marks more than 
*10'—90 
-. The number of students getting marks between 
0—10=100—90= 10. 


Proceeding likewise the frequencies of other classes 10—20, 
20— 30 etc., can be obtained. 


In the end since there is no student getting marks more than 70, 
the last class in the table will be 60—70. 


Thus we have the table : 
Note. Classes below are closed from right. 
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Sol. Calculation of A. M. 


Given | Frequencie: Mid pt. x—35 
Mi quencies 1а pi AEE) a 
arks ет (T) то rb 
0—10! 100 | 100—90—10| 5 iy 30 
10—20 90 90—75=15 15 —2 —30 
20—30 75 75—50225 25 —1 —25 
30—40 50 50—25=25 35 0 0 
40—50 25 25—15=10. 45 1 10 
50—60 15 15— 5=10 55 2 20 
60—70 5 =) 65 3 15 

100 —40 

0 
A. M. 35 ＋ 100 x10 
2931, 


Ex. 1-8. The following table gives the frequency distribution of 
monthly salaries of 70 employees of company X. 


Saiary (in Rs.) No. of Employees 
100—119 8 
120—139 10 
140—159 16 
160—179 15 
180—199 10 
200—239 
240—259 3 

70 


Compute the arithmetic mean. 


Sol The class intervals are given in inclusive forms. А value 
tess than 1195 will be counted in first class and a value greater than 
or equal to it in the second. So for calculation the class 100—119 
is as good as 99:5 —119:5 and so on. Thus we have the following. 


table: 


1.8 


Frequency j Mid value | 4. ( x—1 >) 


arr (Р) (х) 1 

99:5—119:5 8 109°5 —6 —48 
119:5—139:5 10 129:5 —4 —40 
| 1395—1595 16 1495 —2 —32 
159:5—179:5 15 169:5 0 0 
| 179:5—199:5 10 189:5 2 20 
199:5—239:5 8 219:5 5 40 
239:5—259:5 3 249:5 8 24 
70 —36 

X 36 

А.М.=169:5— 77 * 10 
28 36 
169.5 — 7 


=169:5— 5:143=164:357 
Ex. 1-9, Illustrate by an example the effect of 
(i) adding ‘a’ to every item. 
(ii) subtracting “а? from every item. 
< (üi) Multiplying every item by ‘a’. 
(iv) Dividing every item by ‘a’. 
on the arithmetic mean of a series, 
Sol. Let the series be 


2, 3, 4, 5, 6 
A. 2231156 _ 20 _, 


(i) By adding ‘a’ to every item, the new series is 
2+a, 3--a, 44-а, 54-a, 64-а 
A. NM. (24+4)+(3-+4)+(4 ta)+(5+0)+(6-+2) 
MR gO mets 


^ =4+а. 
so that arithmetic mean also increases by ‘a’. 
(ii) By subtracting ‘a’ from each item, th. new series is 
2—a, 3—a, 4—a, 5—a, 6—a 


19 
АМ.= Crore ата Latha Сы) 


=4-—а. 
30 that arithmetic mean also diminishes by ‘a’. 
(iii) By multiplying each item by ‘a’, the new series is 
2a, 3a, 4a, 5a, 6a 


AM.= EEE 


=44. 

so that arithmetic mean is also multiplied. by ‘a’. 
(iv) By dividing each item by ‘a’, the new series is 
e 


80 that arithmetic mean is also divided by ‘a’. 


Ex. 1-10. Zf my, mo be the arithmetic means for two series of 
sizes т and ns respectively. Find the A.M. of the series obtained on 
combining them. 


Sol Let x1, Xbox and у, жеу, be the items of two 
‘series respectively. Then 


1 
m= xbox, ) 


1 
m-—( +, ) 
Let m be the A.M. of the combined series. 


Then т= èarr rete * 


1 
d p {тат + mene) 


Ex. 1-11. The mean of the marks obtained in an examination by 
a group of 100 students was found to be 49:46. The mean of the 
marks obtained in the same examination by another group of 200 
students was 52:32. Find the mean of the marks obtained by both 
4he groups of students taken together. , 


1.10 


Sol Here  75—4946, 11100 
my=52'32, ^ т®=200 
_ 49464-10464 
100.7200 
15410 
300 
—5137. 


Ex. 1-12. Two groups of students reported mean weights of 162 
and 148 pounds respectively. ' When would the mean weights of both 
groups together be 155 pounds ? 


Sol. Here m=155, mi—162, ma= 148. Let ny and ng be the 
sizes of two groups. 


Then m 22 
ny 
— ny \ no 
1—8— тп je ni tna ) 14) 
nm ny 
jo MIA — 
(n n2) 16 +( | nid na ) (148) 
(cm. А 
=( =) tS 148)4- 148 
1 1 
1 (с) 55-1487 
{ EC RA. 
rm 14 2 
2nı=m +n 


or т=п 
Two groups must be of same size. 
Ex. 1-13. The mean annual salary paid to all employees of a 
company was Rs. 5000. The mean annual salaries paid to male and 


female employees were Rs. 5200 and Rs. 4200 respectively. Determine 
the percentages of males and females employed by the company. 


Sol. Here m—5000, m —5200, ma—4200. Let n; and no be the 
number of male and female employees 


Now m= Tan пота 
mns 
(. т йд 
5000=( m+n ) 620 ( mn ) 4200) 


or 50 -( (2+) =) aD 


n 
— т-Епә ) (Qu Ал? 
n 
0)= 
or (s уу. 
m 8 
н m 10 
. 
n 35 = oi 10 8510 


no. of male employees 8057 

and no. of female employees=20%. 

Ex. 1-14. The population of five towns A, B,C, D, E was 
20,000 ; 26,000 ; 23,000 ; 25,000 and 24,000 respectively. The average 
income of the resident for the respective towns was 280, 270, 240, 230 
and 300. 

Find out the average income per head for all the towns combined. 

Sol Let m, ug, пз, na, ns be the population of five towns and 
mi, тз, тз, ma, ms be the average income of the resident for the 
respective towns. | 

Then 

т = 20,000, no=26,000, ng=23,000, n4=25,000, n5=24,000 

and m= 280, то== 270, ma 240, m 230, ms — 300. 

Let m be the average income per head for all the towhs 
combined. | 


j 


„ил mom msns mina mstis 
Sa Di ny ne 4- ng 4-n44-n5 
5600-+7020+5520+5750+7200 
20 20 225 1. 
31090 
TEE poate. 
Еж, 1-15. What is the average of daily wages for the workers 
of the two factories combined : | 


—263:47. | 


Factory А Factory B у. 
No. of wage earners 250 200 
; Rr, 200 Ез; 2.50 


Average daily wage 
Sol Let т be the average of daily wages for the workers of 


the two factories combined. 


70 


| (250)2)--(200y2:5) 
. 
_ 50450 100 
„5 
Rs. 222, 


Ex. 1-16. The mean marks of 106 studer..s were found to be 40. 
Later on it was discovered that a score of 53 was misread as 83. Find 
the corrected mean corresponding to the corrected score. 
| Sol. Let x be the variable for the marks, 
Then x-—40 
and n(=size)=100 


\ 


MI. al ®х=40 
"Y n 
we 5х=40х 100=4000 
| Corrected value of 3x—4000— 834. 53 
=3970 

3970 

100 

(ii) Geometric and Harmonic Means 
| Geometric Mean: It is defined by 


Corrected mean= 39:7 


where N: II- a tha. 


For a given data it is obtained by finding A.M. of log x and 
- then taking ‘antilog’. 


Harmonic Mean: I: is defined by 
1 1 1 
1 Л mt eth p 


H AHA F Fh 
Where H is the harmonic mean, 
if For a given data it is obtained by finding A.M. of I and ther 
taking its reciprocal. 
. Find the geometric méan of the series 1, 2, 4, G. 2 


Sol. Let x be the variable. Then values of x are 
1, 2, 4, 8,......2" 1 
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Values of y—logio x are 
0, 108102, 2 logio2, 3 1ор1о2,...п 102102. 


. logio(G.M.)= 0-Flogio2 4-2 pu pests log102 


-:(logio2) zu ti 2 
E 1 81 n(n4-1) 
Neun us LIS 


-j 102102 


=10р102"2 
En G.M. —2^2, 
Ex. 1-18. Calculate geometric and Harmonie mean from the 


following data : 
6 5, 169'0, 11:0, 112°5, 14:2, 75:5, 355, 215°0. 


Sol 
. ЕТИ АА 
x logio X ds ў 
х 
6:5 0:8129 0:1539 

169-0 22279 0:0059 

110 10414 0:0909 

112:5 2:0512 0 0089 

14:2 1:1523 0:0704 

755 1.8779 0:0133 * 

35:5 1:5502 0.0282 i ae 

2150 2:3324 0 00% A ise p 

130462 | 03762 ^ 
13:0462 
logig(G.M.)=— (2 logio x)= 5 =1°630775 
=1°6308 
" С.М.=42:74 т 
A 
Ex ED 
HI; шы 
H.M.—2127. i per 
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Ex, 1-19. Find the geometric mean and harmonic mean for the 
data of Ex. 1-5. 


| 
Class | Freq. | Mid points) 1 
Intervals| (£) x logiax | x (оғо х) | f ( E ) 


4— 8 6 6 0:778151/0:166667| 4:668906 | 1-000002 
8—12 10 | 10 10000000: 100000| 10:000000 | 1-000000 
12—16 | 18. | 14 1-146128|0-071429| 20:630304 | 1-285722 
16—20 | 30 18 1:255273|0:055556| 37-65819 | 1666680 
20—24 | 15 22 1:342423/0:045455| 20:136345 | 5 
24—28 | 12 26 1:414973/0:038462| 16:979676 | 0-461544 
28—32 | ! 30 1-47712110:033333| 14:77121 | 0 
32—36 6 34 1:531479/0:029412| 9:188874 | 0176472 
36—40 2 38 1:579784/0:026316| 3:159568 | 0052632 
137:193073 | 6:658207 


УІ 

logio (G.M.)= fme 
137193073 

= og 2586512587 
s G.M.—18:14 
(25 
: паг Le, SO 
8 им= 105 
Baan О: 2:16:37. 

76:658207 


Ex. 1-20. In previous Ex. find quadratic mean. 


Class-Intervals | P БО Mid points * fx 

4— 8 6 

8—12 10 
12—16 . 18 
16—20 30 
20—24 15 
24—28 12 
28—32 10 
32—36 6 
36—40 D 


and n-|» A 


.and 


WIS 


Quadratic mean= 


48660 
10 4642 


Ex. 1-21. If g1 and gs be the geometric means of two series of 
nı and na items. Find the geometric mean of the series obtained on 
combining them. 

Sol Let xi, xz. х and ул, уз...... 2 be the items of two 
series respectively. 


Then 


Let g be the G.M. of the combined series, 
1 
Then ge (six . 58. Yng 1 


т ng 
(grt Gim En 


Ex. 1-22. If xi, X2 . . n be non-zero positive numbers with 
A.M. ‘A’, G.M. © and Н.М. H', show that 


A262 H. 


Sol. Az op PP б. (уху... xn 
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From inequalities 

XC n. 2 (xis... х)" 
42. 

12 1 1 
e. EE ER ы. M x) 
> x *U x: 

m Z^ or G>H 
EA 42G2H. 


Ех. 1-23 A variate takes values a, ar, ar?...... ar?71 each with 
frequency unity. Show that А.М. ‘A is ЧТ” and GM. 6. 
n= 


is ar Т 


and the Н.М. ‘H’ is =" Prove that АНС, 


l-r" 
Prove also that A>G>H. 
Sol. 
Pis a(14-r4r24 ...... +r) a(1—r") 


n n(1—r) 
14:24. (n 1) 
G (A. ar. ar... ar n-) ar n 


п—1 


= ar 


кыс 
1 1 1 1 1 1 г" 
= r X5 maja CER AR 


А па (1 — r)i 
^ He = 

„ A. H. an =. 

(iii) Partition Values : These are the values of the variat, 
which divide the total frequency into a number of equa "i Some 


Important partition yalues are quartiles, deciles, percentiles, quintiles 
ete. For a grouped dist these are given by ais e 


iz —c 
4 
Ql y * i=l; 2,3 
Qa is known as median. 


1 op 
р |, J=1, 25 


N 
k—- —¢ 
100 hoh 


PL+] f 


Ie 
and Qc | E | 1.2.3, 4 


where L Lower limit of the class in which Partition value lies 
hz Width of the class. 
J= Frequency of the class. 


c=Cummulative frequency upto and including the class 
preceding the class in which partition value lies. 


N=Total Frequency, 


Ex. 1-24. Find out the median of the following items, 
25, 15, 23, 40, 27, 25, 23, 25 and 20, 


Sol. Items arranged in ascending order of magnitude : 


SN. Size of the items 


e‏ 00 0ا 
N‏ 
t^‏ 


| 
If n is the number of items, 
Median=size of ( att m item 


size of ( TEL Jesu item 


2 
=25. 
Ex. 1-25. From the data of ex. 1-4 find out the median and 
Quartiles. 
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Sol. Given figures arranged in ascending order аге: 


S.N. Marks S.N Marks 
1 11 10 22 
2 11 11 23 
3 12 12 32 
4 15 13 32 
5 15 14 33 
6 17 15 35 
Y 18 16 35 
8 20 17 38 
9 21 18 41 
Median value of ( EL je item 
= value of 9'5th item 


value of 9th item + value of 10th item 
лас IO gee С ош, 


AU Dens 


О value of чен Yen item 
` = value of (4°75)th item 
=value of 4th lem 3. (value of 5th’ item—value of 
4th item) 
154 (15—15) 
=15 
Qa=value of 208+) th item 
value of (14:25)th i em 
=value of 14th item -. 4 (value of 15th item — value 


i of 14th item) 
=33 1845 (35—33) 


=5. 


— — — = 
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dues 1-26. From the data given below find out the median and 
the two Quartiles : 


Wages in Ro.: 20 21 22 23 24 25 26 27 28 
No. of workers: 8 10 11 16 20 25 15 9 6 
Sol. 

Calculation of Median and Quartiles 


Ё Frequency Cummulative 

Wages in Ёз. | No, of workers Frequency 
20 8 8 
21 10 18 
22 11 29 
23 16 45 
24 20 65 
25 25 90 
26 15 105 
27 9 114 
28 6 120 


Median=value of ( пон ) item 


value of (60:5) th item. 
.. value of 60th item+ value of 61st item 
2 ( 


From the above table, there are 45 items up to 23 and 65 items 
up to 24. 


Value of item from 46th to 65th is 24. 
.. Value of 60th and 61st items each is 24. 


Hon 4 


120+1 
4 


^ Medisa=—, 


О; — value of ( ys item 


— value of (30:25)th item 

=value of 30th em -A. (value of | 31st item — value 
of 30th item) 

23+ (23—23) 

2323 


120 


Qs— value 81 v (120-- 1)th item 
=value of Wn item 


=value of 90th item-4-2- (value of 91st item—value 
of 90th item) 

7254-3 (26—25) 

Mid AS 


Ex. 1 out the median, quartiles, 3rd quintile, 5th 
octile, 7th erle od the following data : 


Monthly Rent in Rs, No. of families paying the Rent. 


20— 40 6 
40— 60 9 
60— 80 11 
80—100 14 
100—120 20 
120—140 15 
140—160 10 
160—180 8 
180—200 7 
Sol. 
ee URBIS ESTEE 
Cumulative 
Class-Intervals Frequency Frequency 
— KE rs 
20— 40 6 6 
40— 60 9 15 
60— 80 11 26 
80—100 14 40 
100—120 20 60 
120—140 15 75 
140—160 10 85 
160—180 8 93 
180—200 7 100 
100 à 
The Median=value of ( Te item 
| =value of 50th item 
which lies in 100—120, 
i Applying interpolation formula, 


Median 100 4. 0207-100) (50— 40) 
—1004-10—110 
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D of (A2 ) item 
value of 25th item 
which lies in (60—80) 
One +e zm 25-15) 
=6040 (10) 
= 6042” 269.1827 782 


Qs=value of > (100)th item 


=value of (75)th item 
which lies in 120-—140 


Qs-1204. 407129. (75_ 60)—140 


3rd quintile— value of = (100)th item 
=value of 60th item 
which lies in 100—120 
4th aper 120—100 (60— 40) — 120. 


Sth octile-:value of 5 Ж (100)th item 
value of is 
which lies in (120— 140) 


5th octile 1204130120 (62:5 — 60) 


=120+ з (2'5)= 1233 


7th Decile=value of =I (100)th item 


- =value of a item 
which lies in 120— 140 
7th „ (70—60) 


=120+ 4 4 (00-1333. 
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Ex, 1-28. Find the median for the data : 
Monthly Wages 


(n Rs) — 50—55 55—60 60—65 65—70 70—75 75—80 80— 100 
No. of Workers : 6 10 22 30 


16 12 15 
Sol, 
x | Cummulative 
Class-Intervals Frequency Frequency 
. 


Median value or (Ht ja: item 


value of 55:5th item 
which lies in 65—70 


„. Median 654068 (55:5—38) 


6544.6 (17:5) 67-92, 


Б an 1-29. Find the median and Quartiles from the data of 
Sol, 
Class lati 
Intervals Frequency rhe 
еннен a SEN МА 
ш 4 200 15 155 
a 300 18 33 
00 30 63 
20 83 
-600 17 100 
i 
p 


123 


Median Value of (AT) item 
Value of 50th item 
which lies in 300—400 


s 5 — 


+, Median --3004- (50—33) 


= (17)—356:67 


4 


Value of 25th item 
which lies in 200—300. 


КА Q1—200-- A 


N= Value of (Ihm item 


(25—15) 
=2004 + I 00 (10)=255'55 


Qs— Value of m (100) lh item 


= Value of (75)th item 
which lies in 400—500 


Qp=4004 200400 (os. з) 
а 
Ех. 1-30. Compute the Median of data in Ex. 1-8. 
Sol. 
\ 
С1азз Cummulative 
Intervals Frequency Frequency 
100—119 8 
120—139 10 
140—159 16 
160—179 | 15 
180—199 10 
200 — 239 8 
240—259 3 
авна, Al 
aaa TT ey 4 
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Median Value of (2 je item 
Value of 3*th item 
which lies in 160—179. 
As class intervals are of inclusive type, the real limits of the 
group are 159:5 to 179°5. 
Median 159-54. mis (35— 34) 


= 1595+ 45 16085 


Mode 


(iv) Mode : It is that value of the variate for which frequency is 
maximum. For grouped dist it is given by 


SES CEU 
-  Mede-L4- Fatih A (I Method) 


9 rat fa d 
Mode =L+ Af h (П Method) 
Second Method is used where first fails. 


where L= Lower limit of the class in which mode lies i. e., 
У 'odal class. 


Sm= Frequency of modal class. 
Si=Frequency of the class preceding the modal class. 
= Frequency of the class following the modal class. 


For a moderately skew distribution mode is given by 
Mode=3 Median 2 Mean. 


Ex. 1-31. From the data of Ex. 1-4 find the mode: 
Sol. Converting the data in to ordinary Frequency dist : 


Marks Frequency Marks Frequency 
11 2 22 1 
12 1 23 1 
15 2 32 2 
17 1 33 1 
18 1 35 2 
20 1 38 E7 1 
2¹ LES! 41 1 


ae 
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Te 


bd 
ah —ñ—nĩ1—— 


Frequency 


Location of Mode by grouping 
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The frequencies in column (1) are first added in two's in 
columns (2) and (3), then in three’s in columns (4), (5), (6), in 
four’s in columns (7), (8), (9), (10) and in fives in columns (11), 
(12), (13), (14), (15). The maximum frequency in each column is 
indicated by putting a sign / above the figure. 

To find out the point of maximum concentration the data can 
be arranged in the shape of table below : 
| > Analysis Table 


. |11]12/15]17/18/20]21/22/23]32/3335/38|41 


VIV IV VARVARA 
КАБА А А Viv) 
VIN IVI 

VIVIVIV IN IN VV IV VVV 
(10) VIV v/v 
а) WIVIV|v v : 
(12) VIVIVIVIV VV Y 
(13) VIV IN |v 
(14) VIN IN INI 
(15) VIV IV IN IN 


5| 7/10) 7| 4| 2| 2| 5| 9114113112) 7) 3 


In this table marks are taken along the horizontal and columns 
(1), (2) etc., along the vertical. Since according to column (1), mode 
should be either 11 or 15 or 32 or 35, in the row (1) the signs / are 
put under 11, 15, 32 and 35. Similarly since according to column 
(2), mode should be either 11 or 12 or 15 or 17 or 23 or 32 or 33 or 
35, in row (2) the sign / are put under 11, 12 etc. 

_ In this way the whole table is completed. 
Since value 32 occurs the largest number of times, mode is 32, 


rr 


T1. ˙mwàWNAA A . ³¹¹¹. 2 


1.27 


5c ccf 0 +006 —opoy 


— . اا‎ auoau[ 


9-1 “xq fo vip әй 40f apou то puny -N “xy 
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f 652—092 

е f { 6€7—00Z 

| idi f о 661—081 

Ip і f| si 641—091 
A^ 11 

L y f 38; ^ A 68101 

Ц РЕ AL H 01 6€1—071 
^ | 8I | 


8 611—001 


dws . 
dub, 


105 
‘8-1 "xg fo 00р ay} ie әрош ays puj -ee- 24 
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-. Model class is 140—159 
ie, 139:5—159:5 У 
16—10 


=1395+ (920) 156.64 
Ex. 1-34. Following is the distribution of the size of certain 
farms selected at random froma district. Calculate the mode of the 
distribution : 


Central size of the farms No. of farms 
(in acre) 
10 8 
20 12 
30 17 
40 29 
50 31 
60 5 
70 3 


Sol. Since central size increases by 10 throughout the data, 
each class interval must be of size 10. Hence various class-intervals 
are 5—15, 15—25 etc. 

(See Table on page 1.30) 


Model class is 35—45. 
29—17 
Model- 35-17-31 (10) 


120 
35. F140 =47 
which lies outside the class- interval 35—45. 
The formula fails. 
In such cases we use the second formula, i.e. 


By this formula, 
31 
Mode 3. I (10) 


=35+6°46=41 46. 
Ex. 1-35. If the mode and mean of a moderately asymmetrical 
series are respectively 16 inches and 20'2 inches. Compute the most 
probable median. 
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| f € $L—$9 

I ^ a^. f j| s ووي‎ 
f| ^ TEES ^ l $94 { xl TE 88 
8 NA КЛЕ A ^ E f $ \ ^ a e gb 
Ex A ^ t 3 f С J WAY а gr 
I ^ ie L * { e 62—51 
l 8 sI—s 


S[D442]U1 59010) 
suumjo? Aouanbaay 


131 


Sol. For a moderately asymmetrical series, the relation con- 
necting mean, median and mode is 


Mode=Mean—3(Mean= Median) 
) =3 Median—2 Mean 


Median E (Mode-+-2 Mean) 


=} (164-40:4) 


ا 


Ex. 1-36. If the mode and mean of a moderately asymmetrical 
мо а are, respectively Io“ and 15:6", what would be its most probable 
me 


Sol. Mean=15'6" 
Mode=16" 


Median - (mode--2 mean) 


=} (16+312) 


ară 


Ex. 1-37. The dist xy, x2...xn with frequencies fi, fa...fa is 
transformed into the dist Xy, Xs... X. with the same corresponding 
Лотки by the relation X—ax--b where ‘a’ and ‘b’ are constants. 
Si the mean, median and mode are given in terms of those of . 
the first dist by the same transformation. 


i Sol By given, X—ax4-b 
^ ser 


— 7 Sin- * T. flax. b) 
P iml 
1 1 ы : 
=a. Y т TH 
i=l j=] 
Auer. X and 7 are . Ms. 0 
"Since f e e чайда ths vasabio corresponding to the 
middle pde beobtained and this middle item remains middle 
item in the transformed dist, median of the transformed dist is given 
by same transformation. 
Similar argument holds for mode. ен 
Ех, 1-38. From the Jollowing data find the hine ü T 
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No. of Tablets : 4—8—12—16—20—24—28—32—36—40 
No. of persons cured: 11 13 16 14 — 9 17 4 
The average number of tablets to cure fever was 19:9. 

Sol. Let the missing frequency be ‘a’. 


Class-Interval 7 Mid point 


22a+1772 


Now A.M. of tablets for all the persons== 19:9. 
.'. Total number of tablets for all the persons 


—19*9 (904-a) 
=19°9 24-1791 
y 19:9a--1791—22a--1772 
or 2:1a—19 
or а=9'0. 


: Ex.1-39. The following table gives ine marks obtained by 30 
students of a class in certain paper : ' 
Digits (Division) of class intervals 


_ Calculate the mean and median of the series. : (a) by using only 
the total of class-intervals (b) by using the entire data. 
Sol. The data indicates that 4 students get 46 marks, 3 students 
get 54 marks, 3 students get 57 marks and so on. - 


1.33 


— — — . — — 


әл | pe |C) ad | (£) ‘Doug | som 
2 РИ 10101, 1030], 


(xoadde) (pz 


1.34 
(b) Using entire data. 


7247 (approx). 


Median 
(a) Using only totals of class intervals. 


Median has 50 ais items below it ie, it lies in 40—49 he, 
39:5—49°5 (taking real limits). 
Median 39:5-- 2° (15—10) 


=3954+ 22 46-64, 
(b) Using entire data. 


Median value of (20+? Ju item 


value of 15:5th item 
value of 15th item F value of 16th item . 
Value or 10th item 
2 


From Cummulative frequencies it is clear that 15th and 16th 
items lie in 40—49. There are 10 items up to 39, 


AE So counting in the group 40—49 the various items we see 
t 
I5th item—46—16th item 
А Median = 46, 
Ех. 1-40, Show that in finding the arithmetic mean ofa set of 
readings on a thermometer, it does not matter whether we measure 


the temperature in centigrade or Fahrenheit degrees, but that in find- 
ing the G.M. it does matter. печи A 


Sol Let a set of N thermometric readings in Cen le 
degrees be C1, Cz. Cx and the corresponding readings in Fa - 
heit degrees be F3, F. Fs. 


The relation between Centigrade and Fahrenheit readings is 
F 


where C corresponds to Centigrade readings and F to Fahrenheit 
readings. 


i Fenz. pol, 2 . 
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Now the A. M. of the N readings in Centigrade degrees 
AAL 
aI O =C (say) 
and the same in Fahrenheit degrees 

2 e =F (ay) 
BE +®) 
1 

-1 {( 2420). )+ ( 32+5 Ce + ans 


+( 32+3-Cx)} 


=2+3( зш FRE ＋ Cx 21. 


=Fabrenheit equivalent of C. (A.M. of Centigrade readings). . 
G.M. of the readings in Fahrenheit i 


-{( 3243 X 2 5 C А: ( 324 $6 * ^d) | 


G.M. of the readings in Centigrade 

(Ci. Cz. Cx)!x 

Fahrenheit equivalent of the geometric mean of the read- 
ings in Centigrade 


=242 ( G Co ) 0 


But (1) and (2) are not same. 


Fahrenheit equivalent of the G.M. pt the he Centigrade ji 
readings is not the same as the G.M. of the Farenheit read ings. 


<. The given statement follows. 
Weighted Average. VT wı. 12. . wa be the weights of values 
xl. X9...... Xn, then 


WIX1 FWaxa H- WaXn 
Weighted arithmetic MARET EAE C Es 


wı log x14-...... Wa log xn } 
a 


Weighted geometric mean=Antilog { 


1 
W1 +... Wa. =} 


апа Weighted harmonic mean= Reciprocal аш 
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Ex. 1-41. Show that the weighted arithmetic mean of first n 
natural numbers when weights are equal to the corresponding numbers 


2n+1 
is Tex iS 


Sol. 
Е ra 1:142'2+...+n.0 
Weighted A.M. аттана OO 


n(n--1) 


Mn+!) (2n+1) 2 
v6 I) 


= SA) 
3 


. ` Ех, 1-42. From the following results of two colleges. 4 and B 
find out which of the two is better : Р : 


A B 
‚ Exam.  - Appeared Passed Appeared Passed 
M.A. 100 90 240 200 . 
M.Sc. 60 45 200 160 
‚ BA. 120 75 160 100 
o 150 200 140 
Total 480 360 800 600 


' Sol. Since the number of students appearing for M.A., M.Sc., 
B.A. and B.Sc. widely differ, simple. arithmetic average) of pass 
percentages of the college will not give the correct idea of pass 
percentage of a college for all the examinations taken t . So 
we take the weighted a of pass percentages, wei being the 
number of students appeared for each examination. 


For college A, 
Pass Percentage for M.A.=90% 
45 
» m » M.Sc.— 60 x 100—757; 
75 3 
D » „ BAS 10 * 100 62˙5 % 


150 
m وو‎ » B.Sc. 00 * 100=75%. 


137 


For college B, 
200 250 
Pass percentage for MA. 240 x 100=—- 94 
E » » M.Sc. 390. x 100—807; 
100 e 
„ » „ BA. 160 10062 5% 
_ 140 o 
» » » B. Sc. — 200 * 100 70% 
4 B 
No. of No. of 
(x) students (x) students 
Pass %| appeared xw. Pass %| appeared xw 
| (weight) w (weight) w| 
! 
90 | 100 | 900 |?79 24 | 20000 
! 
15 | 60 4500 80 200 16000 
62˙5 120 7500 | 6255| . 160 10000 
75 200 15000 70 200 14000 
480 36000 “800 60000 
i, Pass percentage of college 4 80 75% 


Pass percentage of college B= 800 27595 


Since pass percentages for two colleges A and B are same, none 


is better than the other. 


data : 


Ex. 1-43. Find the weighted geometric mean from the following 


Group Index No. Weight 
Food 125 7 
Clothing 133 5 
Fuel and iight 141 4 
House Rent 173 I 
Miscellaneous 182 3 
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Sol. 

Group logo x | (w logio х) 
Food 2:0969 14:6783 
Clothing 2:1239 10:6195 | 
Fuel and light 2:1492 8:5968 
House Rent 2:2380 2:2380 

llaneous 


2:2601 6:7803 


42:9129 


| 


Weighted geometric mean is given by 
| 42:9129 ^ 

20 =2`1457 

AY G—139:8c140. 


Ex, 1-44. A train st irts from rest and travels successive quarters 
of a kilometre at average speeds of 12, 16, 24, 48 k.m. per hour. The 
average speed over the whole k.m. is 19:2 k.m. per hour and not 
25 k.m. por hour. Explain, ; 


Sol. Hews average speeds for each quarter of a К.т. are given. 

To find out the average speed over the total distance, first the total 

time taken by the train is to be calculated by. dividing distances by 

average speeds and then the total distance is to be divided by the 

total time. This procedure is equivalent to finding the weighted 

Beronig mean of average speeds weights being the respective 
ances. ; 


Here distances travelled: in four cases are same each being 
equal to } К.т. “ So here equal weighted or simple harmonic mean 
is the appropriate method of averaging. 


Average speed over the whole mile 


10810 G= 


1 
his idiot 1221 1 1 1 
ЖОЮ ie А WE 4 
(ac) 


маса хч ан 


.. Average speed over the whole К.т. is 19:2 k,m.p.h. and not 
25 k m. p. h. which is simply the A.M. or weighted (weights being + 
each) A.M. of four average speeds 12, 16, 24 and 48. i 


L 


* 


139. 


Ex. 1-45. A cyclist covers his first three k.m. at an знае 
speed of 8 km ph, another two k.m. at 3 k.m.p.h. and the last two 
k.m. at 3 k.m.p.h. Find his average speed for the entire journey. 


Sol. The average speed for the entire journey is the weighted. 
harmonic mean of the speeds with distances as weights. 


The average speed for the entire journey 
3+2+2 T 


„ 
ete rig 


(724) 168 _ 
7 =a 4 * m.p.h. 


Ex. 1-46. Mr X travels from A to Bat an average speed of 30 
k.m.p.h. and returns from B to Aat an average speed of 60 k.m. per. 


hour, Find the average speed of Mr X. for the entire trip. i 
Sol. Let x be the distance between A and B 
Then average speed for the entire trip 
2x ے‎ QX60) 

241 


=40. 


Average speed for the entire trip 
=40 m.p.h. Big; 


Ex. 1-47. An aeroplane flies round a square the sides of which 
measure 100 k.m. each. The aeroplane covers at a speed of 100 
К.т. per hour the first side, at 200 К.т.р В. the second side, at 300 
k m.p.h. the third side and 400 k.m.p.h. the fourth side. What is the 
average speed of the aeroplane around the square ? 

ў 400 
Sol. Average 661 
100 (100 + 200 +300 +) 
4(1200) 
071323614643 
4800 
-— 192 K. m. p. n. 


Ex. 1-48. You take a trip which entails travelling 900 К.т. 
by train at an average speed of 60 k.m p.h., 3000 К.т. by boat at 
an average speed of 25 m p. f., 400 К.т. by plane at 350 k.m.p.h. 
and finally 15 к.т. by taxi at 25 k. m. p. h. What is your average speed 
Sor the entire distance (4315 k. m.)? 


1.40 


5 Sal. The average speed 
sa 900-+3000+ 400-+15 
% FE 1 1 1 
a 4315 
TX RE 
15-120--7 4-5 


ˆ .(4315)(35) 
="525+4200-+40-+21 
(4315) 08) 151025 


=e args 156 b.. y.) 


Ex. 1-49. A man travels 50 К.т. at a speed of 20 k.m.p.h. and 
then returns at speed of 30 k.m.p.h. What is his average speed for the 
whole journey ? 


Sol. Average speed for the wbole journey 


IAN AN DC MM 
*. 5) (38) 
unn 


“312 


Ex. 1-50. The price of a commodity increased by 5% from 
1948 to 1949, 8%, from 1949 to 1950 and 77% from 1950 to 1951. The 
average increase from 1948 to 1951 is quoted as 26% and not 30%. 
Explain this Statement and verify. the arithmetic. 


^. Sol. Let the price of thé commodity in the PONE of 1948 
Xs ow ad з 
Then price in the beginning of 1949 
ы =) 
( 100 A 
Since the price from 1949.to 1950 increases by 8%, the price 


in the beginning of 1950-( s 9400 * 


100 / 
Similarly the price in the beginning of 1951 
_ [108 X 150) (400 
ef 7100 A 100 ^X 100 J^ 
The price at the end of 1950 or in the beginning. of 1951 


= (1051089177: 
(100, 


á 1.41: | 


Let r be the average rate of increase. Then 


5 10 c, rg 


or 14. 100 V 105X108y177) 
`. logo (1-+r)=4(—6+2-0212-+2/0334+2-2480) 


=} 053020 0.1000 


д 14-r—1:262 
X r=0'262 or 26%. 
Average price rise was 26%. 
The A. M. of the rise in price is 
54877 
3 


30%. 


If this be the rise in price in each year, the price at the end 
130 


з 
of 1950 would be (4% ) x which is much higher than the value 


obtained from the given data i.e., x ( 19. U T Y d) .But if 


the rate of rise in price i taken to be 26%, the price at the end of 
1950 would be x 105 ) which is nearly equal to the value obtained 


from the given data. 
Average price rise was 26% and not 30%. 


Ex. 1-51. Find the average rate of increase in population 
which in the first decade had' increased 20%, in the next 30% and in 
the third 45%. 

Sol. Let x be the population in the beginning. Then the 
population at the end of first decade = (150 2 

Since the population in the next decade increases by 30%, the 


ё 130 \/ 120 
орша( the end of d . 
population at the end of second decade ( 100 1 100 ) x. 


Similarly, the population at the end of third decade 


Саа) 


(442 


Let r be the average rate of increase per year. 
Then 
3 
(14020120) x=a(1-+r)80 
10810 (109 x (7621614421 139-.-2:0192) 


1 je ۰ 
=F (0:3545)=:0:0118 


1+r=1028 
ys r—0:028 or 2:8% =3%. 


Ex. 1-52. 4 machine is assumed to depreciate 40%, in value in 
the first year, 25%, in the second year and 10% per annum for the next 
three years, each percentage being calcalated on the diminishing value, 

is the average percentage depreciation for the five years ? 


Sol Let x be the value of the machine in the beginning, 
Then price at the end of first year 


2 (45, ) * 
The price at the end of 2nd year 
"(16s (100. )* 
The price at the end of fifth year 
, 3 
"(ser ) o (19) * 
Let r be the average rate of depreciation per year. 


Then (7:(60)(90)* 


табор c 


«logo ( 0 - {= 10+ 1-875141:7782--3(1:9842)) 


== 1041-875141-7782+ 5626) 
=19032 

З, (1—r)=0°8002 

ab г=19:98% 
=20%. 


D ў 1.43 


Ex, 1-53. The age distribution o the members of a cert in 
children’s club is as follows : f of a certa 


1 Age on last birthday (in yrs.) Frequency 
4 s 
5 9 
6 18 
7 35 
8 42 
` 9 32 
10 15 
11 7 
12 3 


There is а member A s.t. there are twice as many members 
| older than А аз there are younger than A. Estimate his age (in years 
up to two places of decimals), 


Sol. Since Ages on last birthday are given, 

No. of persons who are in 4—5 group=5 
No. of persons who are in 5—6 group=9 
and so on. : 


Cumulative 

Age Frequency () Freq. 

4— 5 5 5 

5— 6 9 14 

; 6— 7 18 32 
7—8 35 67 

8— 9 42 109 

9—10 32 141 

10—11 15 56 
11—12 7 163 

12—13 3 166 


166 
Age of A=size of (Zhu item 


=size of ( 55-5 Ja item 
which lies in 7—8 
—7 1 
* Age of 47 as ( 553 —32 ) 


CLM 


Ex. 1-54. An incomplete freq. dist. is given below : 
Variate; 10—20 20—30 30—40 40—50 50—60 60—70 70—80 Total 
Freq. 12 30 7 65 7 25 18 229 


Given that median value is 46, find the missing frequencies using 
the median formula. 


Sol. Median=46 lies in 40—50 class 


229. (442) } 


2 
„ 46=40410{ 4 — 


where x is the freq. of the class 30—40, 
33534. , 
„. Freq. of class 50—60=229— (Sum of remaining frequencies) 
=229— 184=45, 


EXERCISE 11 
Find arithmetic means of following datas : 
1. Gold output (in millions of pounds) for different years. 
94. 95 s 93. 87 79 73. 69 68 67 


78 82 83 89 95 103 108 117 130 97 
(Ans. 90:15) 


2. x10 1 2 3 4 5 6 7 8 
Jp 79926. D: 724-92 (29 7] (11 
where x denotes the number of heads and f their frequencies 


when eight coins are tossed 256 times. (Ans : 3:97) 
3. Аве Group Мо. of persons Age Group No. of persons 

25—30 1 50—55 53 

30—35 2 55—60 126 

35—40 4 60—65 163 

40—45 10 65—70 35 

45—50 21 10—175 6 

75—80 


(Ans. 58:66) 


7. 


10. 


1.45 


Find A.M. of data in ex. 1-27. (Ans. 110) 
Wts (in lbs.) Freq. Ws. (in Ibs.) Freq. 
90—100 10 130—140 51 
100—110 37 140—150 35 
110—120 65 150—160 18 
120—130 80 160—170 4 
(Ans. 12573) 
Wage No. of Employees Wage No. of Employees 
(in Ёз.) (їп Ёз.) 
50—55 250 30—35 800 
45—50 300 25—30 1100 
40—45 400 20—25 1700 
35—40 450 


(Ans. 31°15) 
No. of days No. of No. of days No. of. 


absent students absent students 
Less {һай 5 29 Less than 30 487 
fe oop ne 124 „ 493 
his E 349 » » 40 497 
„ „ 20 442 „ e Te 500 
1. 2.29 478 ( 
(Ans.. 13:51) 


Find out the median from the following data 
Age group (in years) Hen 20—25 , 25—30 30—35. 35—40 
No. of men 9 82 58 49 

Age group (in years) ав. p 48—50 2 ar^ 


No. of men 205 kp 
` (Ans: 3207) Зр 
From the following data find ош the median and the quartiles : 
Marks No. of students Marks No. of students | 
5—10 6 x „28-5800! оон e 
aE. 10 5 dete f ipa M 
‹ 10 35— 
e : grt 24; pee 
From the table given below find out. the. medians and the 
quartiles : 
Size 11—15 ink 21—25 ечи 31—35 3640 
Freq 13 35 


Size 41—45 in 


к 


1.46 


11. 


12. 


13. 


14. 


2¹. 


Find the Quartiles, 20th percentiles and the 8th decile of hts. 
from the following table : 


ht. (in inches) No. of students ht. (in inches) No. of students 


58 15 63 22 
59 20 64 20 
60 32 65 10 
61 35 66 8 
62 33 


(Ans. 60; 63; 60 and 63) 
Find out the median and quartiles of data in Ex. 7. 
(Ans. 12:8; 10:02; 16:4) 
Find out the median, quartiles, 6th decile, 70th percentile and 
3rd quartile for the data in Ex. 1-7. 
(Ans. 12475; 114:3 ; 136:47 ; 128:5 ; 133:53 and 21:85) 
The following table gives the dist of forms according to their 


sizes in a given region. Calculate the median and the quartiles 
(size of the form is rounded to the nearest acre) : 


Farm size No. of forms Farm size No. of farms 
(acres) (acres) 

0— 40 394 161—200 169 
41— 80 461 201--240 113 
81—120 391 241 and over 148 

121—160 334 


(Ans. 95:85; 49:91; 151:82) 
Find mode from the following data : 


Wage(in Rs) 20 21 22 23 24 25 26 27 28 
No. of workers 8 10 11 16°20 25 15 9 6 


i : (Ans. 25) 
Find mode of date in solved Ex. 1-5, (Ans. 17°78) 
Find mode for the data in Ex. 7. (Ans. 12:48) 
Find mode of data in Ex. 1-6. . (Ans. 110991) 
Find mode of data in Ex. 1-7. (Ans. 12341) 
Find mode of data given below : 

5 students get less than 3 marks 


12 » „ 
28 „% „ 9 
30 „„ fase, ys (Ans. 7:29) 


The consumption of petrol by a motor was ‘a gallan” for 20 
k.m. while going up from planes to a hill station and ‘a gallon’ 


22, 


23. 


24. 


25. 


1.47 


for 24 miles while coming down. What particular average 
would you consider appropriate for finding the average con- 
sumption in miles per gallon for up and down journey and 
why 


( Ans. 21 1 m. p. h. per gallon) 


Under what conditions weighted average is 
(i) equal to simple average 
(ii) greater than simple average. 
(iii) less than simple average. 
Illustrate your answer with the help of examples. 
The following is the dist of 136 individuals by 10 year ч 
groups. Calculate that measure of central tendency which will 
appropriately describe the dist. 
Age-group Мо. of persons Age-group Мо. of persons 


0— 9 48 40—49 13 
10—19 26 50—59 4 
20—29 27 60—69 3 
30—39 11 70 апа оуег 4 

(Median+ 172) 


The table below shows the age dist of heads of families in 
country A during the year,1977. 


Age No: (in millions) Age No. (in millions) 
under 25 2:22 55—64 6:63 

25—29 4:05 66—74 4:16 

30—34 5:08 75 and over 1:66 

35—44 10°45 

45—54 9:47 


Do you think that in this case median is a better measure of 
central tendency than the mean ? Give reasons. Y 
The daily expenditure of 100 families is given as under : 
Expenditure : 0—10 10—20 20—30 30—40 40—50 
No. of families : 14 ? 2 ? 16.877 


The median and mode for the distribution are Rs. 25 and Rs. 29 
respectively. Calculate the missing frequencies. (Ans. 33, 11) 


2 


Measures of Dispersion and Skewuess 


21. Introduction 


In the preceding chapter several measures used to describe the 
central tendency of a frequency distribution were discussed. These 
measures have their limitations and may conceal much pertinent 
factual information. It is also possible that these measures of central 
tendency may give results which are quite misleading Thus, a 
measure of central tendency alone is not enough to give a correct 
picture of a distribution and for this some additional information is 
required. The following information is needed : 


(1) The extent of scatterpeness of items around central 
tendency. This is called dispersion. 


(2) The direction of scatteredness. This is called skewness. 

(3) The extent to which the distribution is more peaked or more 
flat-topped than the normal distribution. This is called kurtosis. 
2.2. Measures of Dispersion 


The object of measuring dispersion is to obtain a single 
summary figure which adequately exhibits the extent of the scatter of 
the variable values. Various measures of dispersion are : 


(1) Range, Interquartile range and Quartile deviation. 


Range. It is difference between the greatest and least values 
of the variate. 


Interquartile range. It is the difference between the upper 
and lower quartiles. 


ie., 08—01. 
Quartile Deviation. Ii is defined to be а-а , where Оз 


and Q; are quartiles. 


(2.1) 


2.2 


Quartile Co-efficient of Dispersion. Jt is defined to be 
0з– 01 
Qs- Oi 


Ex. 2-1. Compute Quartile Deviation and the coefficient of 
dispersion from the following data: 


Size Frequency Size Frequency 
4— 8 6 24—28 12 | 
8—12 10 28—32 10 ; 
12—16 18 32—36 6 
16—20 30 36—40 2 
20—24 15 
Sol, 


4—8 6 6 

8—12 10 16 
12—16 18 34 
16—20 30 64 
20—24 15 79 
24—28 12 91 
28—32 10 101 
32—36 6 107 
36—40 2 (09 


д has 10° 27-25 items below it 

^. tt lies in 12—16 

х ud 47% 

^ @1=12+ 16 (2725-16) 


—— —— 


ATi ig (1125) 


4 

oe $ 
12+ 15 1 
212425 4 
== 14:5, 4 


2.3 


Qs has t (109)=81°75 items below it. 
„ It lies in 24—28 
E 0з=24+үу (81:75-79) 


=24+ 1 (273) 
= 24 -4-0:92—24:92 
-N. 2492-5 
QD.=- = — 
2098, 5 
and Co-efficient of dispersion 
22 Qi 2492-145 
TOO, ^ 24924145 
10:42 


——9457026 


39°42 
(ii) Mean Deviation. It is defined by MD. x f| x-a| 
where ‘a’ is a point from which the deviations are to be taken. 


Co-efficient of Mean Deviation. Jt is defined to be 


Mean-deviation about ‘a’ 
E 


| If nothing is mentioned usually mean deviation about median 
| should be calculated. 


Р Short Cut Method. М D. is calculated more easily by the 


| formulae 
| Ef |x—-b| T- (Ef-Zf) 
M.D. about Даму hs LM, cad 


N 
and M.D. about median = 53 2 bi fx | 


х>М x<M 
Ex, 2-2. Find the mean deviation for the following data: 


p Height No. of Height No. of 
(in inches) students (in inches students 

58 15 59 20 

60 32 61 35 

62 33 63 22 

64 20 65 10 


66 8 


2.4 


Sol. It is not given about which the mean deviation is to be 
calculated. So mean deviation about median is to be calculated. 


Calculation of Mean Deviation 


x No. of 
oui Ишкин | eif edes бр |. fd 
Freq. (f) 
58 15 15 3 45 
59 20 35 2 0 
60 32 67 1 32 
61 35 102 0 0 
62 33 135 1 33 
63 22 157 2 44 
64 20 177 3 60 
65 10. 187 4 40 
66 8 195 5 40 
34 
— — — 
Median Value of ( E : ja item 
— Value of 98th item 


=61 


hh 334 
Mean Deviation 95 


=I 


Theorem 2.2-1 Show that the mean deviation from the median 
is less than that measured from any other value. 


Sol. Let x be the variable. 


Let x1, X2,......Xn be the values arranged in ascending order. 
Let M be the median. Then by def., 


n 
Mean deviation about M=} 5 | xi- M | 


i=l 


2.5 


1 Sant b> 6-4 


x<M x>M 
x 1. Toe LS œ-ata- M) 
x<M x>M 


where ‘a’ is any other point. 


M.D. about m=} 2 -O N ( 


ðũ⁊ x<M 
1 1 
HY G- X @-М) 
x>M x>M 
-15 -a+ Ne 
x<M x<M 
1 1 

+1} «9-7 2 0-2 

x>M x>M 


As M is the median, the number of items for which x<M is 
equal to the number of items for which x» M. 


= (M-a)- х (M- a) 
M 


x<M x> 
M.D. about u=-t> (a—x)+ I Too 
x<M x>M 
(i) Leta<M 
=~ > 6 У, (a- 
x<a а<х<М 
t > (x-2)- L > (к-а) 
x>a M>x>a 
— > T G- 2 eo 
x<a x>a a<x<M 


2.6 


As in second term, x>a, 
2 
e | 
a<x<M 
is non negative. 


-. Mean deviation about median is less than that measured 
from any other value. 


(ii) Let а> M. 
Here M.D. about м- У (a+ > (x—a) 


x<M x>M 
- У -- > @-» 
x<a M<x<a 
+ i > 0 > (x— a) 
xa a>x>M 
n 
-15 | xi-a| -„ (a— x) 
i=1 M<x<a 


Since second term is non-negative, mean deviation about 
median is less than that measured from any other value, 


Ex. 2-3, Find the mean deviation about median from the 
following data : 


e 
SN. Marks SN. Marks . SN. 4 Marks 


1 17 7 41 13 11 
2 32 8 32 14 15 
3 35 9 11 15 35 
4 33 10 18 16 23 
5 15 11 20 17 38 
6 21 12 22 18 12 


(i) by direct method. 
(ii) by short cut method. 


2.7 


Sol. Arranging Marks in ascending order : 


S.N. | Marks (x) | |х—215 | | S.N. | Marks (x) | | х—21°5 | 


1 11 10:5 10 22 0:5 
2 11 10:5 11 23 1'5 
3 12 9:5 12 32 10°5 
4 15 65 13 32 10'5 
5 15 6:5 14 33 11˙5 
6 17 45 15 35 13:5 
7 18 35 16 35 1855 
8 20 iS 17 38 16:5 
9 21 0:5 18 41 19:5 

140 291 1510 

Median= Value of mH =9'5th item 


3. Value of 9th item+ Value of 10th item 


(i) By Direct method, 
Mean deviation about median 


151 
e SE 


(ii) By short cut method, 
Mean deviation about median 


A e 


x>M x<M 
Now X fx-291 and Z fx=140 
x>M x<M 
M.D. about median= Ig s. 4 


Ex. 2-4. Show that the mean deviation about the mean x of the 
variate x can be written in the form 


Ул Ул] 
xi м< 
where f; is the frequency of the value x. 


2.8 


Sol. Mean deviation about mean is given by 


Sa > Ла] 
i 


=, У Д\®—х)+ 3 5 fíxi— x) 


Xi<F xix 
Now Ж fix = У fxi-x X fi^ Nx—-Nx-0 
i i i 


X fi(xi—¥)+ Xf(xi—xX)-0 


X. N *. 7 
or Z Hxi ) I fi(¥— xi) 
xD . Y 
2 
oe S—N Her- = X s- Yr] 
xix xix x. 


(iii) Variance. It is defined by 
1 ad 
4 N SOE) 


Standard Deviation. / is the Positive square root of the 
variance, 


Mean Square Deviation. Mean square deviation about the pt 
‘a’ is defined by 


ux (a) =, Afro 


Root Mean Square Deviation. / is the positive square root 
of mean square deviation. 


Co- efficient of Variation. Jr is defined to be 


100 A 
mean 
Co-efficient of Dispersion. 7t is defined by abd. 


mean 
For a given data s. d. is obtained by the formula 


d. n i sd i 2 
s VENT (x r 
where propc 


h 


Ex. 2-5. Calculate the mean and s.d. of the following values 


of the world's annual gold output (in millions of pounds) for 20 
different years : 


29 
5 % 233 87 % 3 5 8 
78 82 83 89 95 103 108 117 130 97 


Also calculate the percentage of cases lying outside the mean 
at distances +0, +20, +30 where c denotes the s.d. 


Sol Arranging the data in ascending order : 


C ͤ 0 dd A . T at, 


Out put (х) Out put (x) 
Arranged | X—x—90| X? | Arranged | Х=х—90| X? 
in order in order 
a 67 —23 529 93 3 5 
68 —22 484 94 4 16 
69 —2¹ 441 95 5 25 
73 —17 289 95 5 25 
78 —12 144 96 6 36 
79 -11 121 97 7 49 
82 — 64 10³ 13 169 
83 — 49 108 18 324 
87 — 9 117 27 729 
89 — 1 130 40 1600 
—125 2131 128 2982 


— — — — : 
5Х=128-—125=3 
хХ2=—29824-2131=5113 
3 
* 5 AM.=90+ (0 }=90-+015 
=90'15 million „ 


sp.- [T -(＋ sr) (Lex) 


at 
en 5064 -( 35 3 ) 
1 — — 
30 У 10260-9 
1 гл 
a «/ 102251 
= 319787 1599 million pounds. 


Now meant с=90:15-15:99 
—106:14, 7416 
„©. No. of cases outside the range 74:16 to 106:14—7 


2.10 


Percentage of cases outside the mean at distances +o 
= 7 9, 
30 * 100=35%. 
No. of cases outside the range. 
mean 4. 20 i.e., 90:15 +31:98 or 58:17 to 122:13=1. 
Percentage of cases outside the mean at distances +20 
LJ 1 = 9, 
3g × 100=5% 
No. of cases outside the range mean 4.30 
i.e., 90°15 +47:97 or 42:18 їо 13812—0 
Percentage of cases outside mean +30=0%,. 
Ex. 2-6. The distribution of maximum loads in tons supported 


by cables produced in a factory is shown below. Compute the 
standard deviation and the co-efficient of variation of the distribution : 


Max. load (in tons) No. of cables 
9:3— 9:7 2 
9:8—10:2 = 

10°3—10°7 12 
10:8—11:2 17 
113—117 14 
11:8—12:2 6 
12۰3-127 3 
128—132 1 

60 


Sol. 
GOAT TU ENSB nM Nlis ЕЕ АД сер e РУВО ВРЕ ОША. ee 


Class Freq. Mia points 


x 
intervals | (f) | (х) A -%, wf | шу 
оа 95H57 LS 23-|— 6| 18 
98—102| 5 | 100 | 10 —2 | —10| 20 
103—107| 12 | 105 05 Sy 107412: 12 
108—1r2| 17 11:0 0 0 0 0 
113—117| 14 11:5 | 0:5 1 14| 14 
18-122] 6 | 120 1-0 2:3 12:15:24 
123—127| 3 , 125 | 15 3 9| 27 
128-132! 1 | 130 | 20 4 4| 16 

60 | | 11 | 131 


2.11 


5.р.=(0:5) N 


(05). pre 
80. V 7860= 121 


АТ 


1 


120 vV 7739 


lomo (S.D.)= J- logis (7739) -logio (120) 


- (3:8887)— 20792 
2 —1:91435— 2:0792 
—1:86515 сч 178652 
E S,D.—0:7331 c 0:733 tons 


A.M.=11'0+(0'5) e ) 


1.21331 
=11+т% T0 


= 11:092 tons. 


Cor efflolent of variation 
S.D. 
-( A) (100) 


0733 
“( 11097 ) (100) 


a os 
11052 66176 


Ex, 2-7, (a) Find out the coefficient of variation if 
Var= 148'6 
Mean=40. 


(b) If in a series which is not highly skewed the mean deviation 
is 7:8, what would be the approximate value of its s.d, 


Sol. (a) S.D.=y/ 148°6=12'19 


Co- efficient of variation 
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40 
=30:5% 
(b M.D.=78 
But мр.= 5 (S.D) 
5 
sD.=2 M.D) => (18) 
39 
B 95 


Ex. 2-8. Calculate s.d. of data given below by ihe method of 
summation (using cumulative frequency of less than type) : 


Marks Students Marks Students 
80—84 1 50—54 6 
75—79 1 45—49 6 
70—74 1 40—44 6 
65—69 4 35—39 3 
60—64 4 30—34 0 
55—59 7 25—29 i 
40 
Sol. 
Mid points First cumulation | Second cumulation 
(x) Freq. (f) (c. Freq.) (c. Freq. of c. Freq.) 
F 

27 1 1 
32 0 1 2 
37 3 4 6 
42 6 10 16 
47 6 16 32 
52 6 22 54 
57 7 29 83 
62 4 33 116 
67 4 37 153 
72 1 38 191 
77 1 3 230 
82 1 40 270 

40 270 1154 


PN 
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Standard deviation by the method of summation is given by 
SD—hd2F;-- F- Ру? 
where h=common cíass-interval 
F,=The Sum of Cumulative Frequencies (less 
than type) divided by the number of items. 


Ез= The sum of Cumulative Frequencies (less than type) of the 
Cumulative Frequencies (less than type) divided by the number of 
items. 


Here h=5 
acu 
net 


n T 4/92320— 10800— 72900 


— iv 8620— T (92:844) 
—11:6055c11:61. 


Ex.2-9. Calculate the s.d. of data given below by the method 
of summation (using more than type cumulative frequency). 


Sol. 

Mid points, First Cumulation | Second Cumulation 
(x) Freq. (7) (c. Freq.) (с. Freq. of c. Freq.) 
75 12 230 1045 
85 18 218 815 
95 35 200 597 

105 42 165 397 
115 50 123 232 
125 45 73 109 
135 20 28 36 
145 8 d 8 8 

| 230 | 1045 3239 
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S.D. by the method of summation is given by 
S. D. HV FI Е, 
where h=common class- interval 


E- The sum of cumulative Frequencies (more than type) 
divided by the number of items 
Ta- The sum of cumulative Frequencies (more than type) of 


ўе cumulative frequencies (more than type) divided by the number of 
items, 


Here h=10 

Frm 1045 

70905 

Poss 3229 

177230 
i /2(3239) 1045 7 1045 \? 
x eost gy en 


=“ V (6478)(230) = (1045230) (1045) 


=a! 1489940— 240330— 1092025 


= VISISGS- 17258 


Ex. 2-10. The following table gives the fluctuations in the prices 
of shares of two companies A and B. Find out which of them shows 
greater variability ? 

Share 4: 318 322 325 312 324 315 308 319 
Share B: 2542 2542 2534 2532 2545 2530 2566 2550 


Sol. Arranging the values in ascending order : 


Share A Share B 
LLL SSSR UP. SURGIR 


di-x-318| dg y 


10 100 —12 144 
6 —10 100 
3 - 8 64 
0 0 0 
1 0 0 
4 3 9 
6 8 64 
7 24 576 


F ˙·¹ 1 وو‎ a 
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For Share 4, 


A.M. 318- 3- —318—0-125 


(44:441) 5:555 


Coefficient of variation <2. Jaco 


(317855 Jao» 


=17.5%. 
For Share В, 


4. M 2542.8 =2542°625 


/ 957 5 \2 
ibn ies -(%) 


= 3765—25 3T 


= 1. 673921092 


Co-efficient of variation - ( 2842625 Jao» 
109 2000 
= 2542625 0437. 


Since co-efficient of variation for share A is greater than that ` 
for share B, share 4 shows greater variability. 


Ex. 2-11. On a final examination in statistics, the mean marks 
of a group of 150 students were 78 and the s.d. was 80. In Economics, 
however the mean marks 9f the group were 73 and the 5. J. was 76. In 
what subject was there greater variability ? 
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Sol. 
Coefficient of variation for statistics paper 


()) ao» - 59. 
=10:3%. 

Coefficient of variation for Economics paper 
(28) ө-т 
=104% 

. In Economics there was greater variability. 


Ex. 2.12. Show that if the variable takes the values 0, 1, 2,.. m 
with frequencies proportional to the binomial co-efficients 1, "c1, "со,... 


nos respectively, then the mean of the dist is > the mean square 


deviation about x=0 is HESS. and the variance is + : 


0.14- ا‎ i Surin n. HN.” Cn 
Ii... "сп 


- p 1-2 2 1...1 | 

Em SEY 
IIe 4777169 4- ...... "7106 1 
REE ay Do, a ESO 


Sol. A.M.— 


02,1 4-12." . . п." 
1 (00 zy at +n?."cn 


- x2. ne Sa DJ. bes 


х=0 c x=0 
n n 
=з =>, x(x—1).^c4- > zw 
x=0 fet 


=з {2.1."cg+3.2." cg -...-n(n— Dept 
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1 ТАР п _ т(п—1) 
=з n(n—1)(14-1)7?4- E RA M 
n(n4-1) 
4 
n(n+1) m n 


Ex. 2-13. Find the mean deviation from the mean and the s.d. 
of the A.P. a, a+d,...... a+ 2nd. and prove that the latter is greater 
than the former. 


Sol. A.M. is given by 


 а+(а+4)+...+(0--2п0) _ 14 2 Hin 
„„ Tard 2n+1 
2n(2n4-1) de 
a+d— 225 1) a+nd 


Mean deviation from the mean 


Ml cad) + | 041+ * 114)‏ لچ 
Ф 2‏ 
2d п+1‏ 
SET {1+2+...... Tn- (n+l)‏ 


8 gy APH == Dd) C d) + nt td] 


= / = (2+224...) - аар i 


n+ QnrD 

=d [nnt A 
d / — 
Consider 
(Mean deviation)? — Variance—a? enis — A } 
n(n+1)d? 2 
= Foon pOH- (r+ 4n +- 1)} 
n(n+1)d2 


=- ITI tet 0-0 
2. Mean deviation < S.D. 


Xem 


fe 


Ex. 2-41. Vr be the range and — 2 


the s.d. of a set of observations xl, x2,...... Xn then show that 


2.18 | 
| 


n à 
S«r Gu) 
Sol. Let x, —max. (xj, xs,...... Xn) 
and xx⸗ min. (xi, xo,...... Xn) 


Then T=Xr— xx | 
Now z= xi TR 24 +xn xx LEX o. Tx | 


= 2 
(c. r (xi— xx)? 
n n 
a > E У ex 
= 


i=1 


Хх‹—х=г) 


B 58772 y 


n=l 


Theorem 2.2-2. Show that the root mean square deviation is 
least when deviations are measured from the mean. 


Sol. Consider the treq. dist. 
x> ( X1 X3...... Xn ) 


f> A fa — n 
: n 
where N= Ул 
i=] 


Let ‘a’ be an arbitrary point. Then 


n n 
т’ = > Лон а) + > sæ- #-+#—а)% 


i=] i=] 
where x is the A.M. 


n 
= EE > falx- x)? -(3— а)?-- (xi— x) — а)} 
i=l 


Y 


n n 
-1 у >, fe G eh. 4 у Ул 

i=] i=1 

n 
+2@-@-у У fle-) 
i=1 
=pat(¥—a)® 
uz (2)— ua H= > 0 
or ua (a) p2 


VCD V 
he root mean square deviation is least when deviations are 
measured from the mean. 


Ex. 2-15. Ina series of measurements we obtain ті values f 
magnitude xi, m» values of magnitude x» and so on. If is the mean 
value of all the measurements, prove that 


S.D. * Em: (k—x,)2 G2 
meos) ; 
where ¥=k-+8 and К is any constant. 
Sol. ро ( — (x — k)?— ро (k)— 82 


S.D. 8 (k— xr)? —8² 


Theorem 2.2-3. Show that S.D. is independent of origin but not 
of scale, 

Sol. Consider the freq. dist. 
z« X1 x2 Xn ) 


J> 


n 
where N= 2 Л 


The transformation corresponding to change of origin and 
е is 


HATA b 
CUR 
where ‘a’ corresponds to change of origin and h to change in scale. 
o x=a+Uh 


2.20 
Let x be the A.M. of x and U that of U. 


n n 
Then f У, Дх =F fi (a+ h) 
i=1 i=1 


n 
N > U AU 
181 


n n 
e т>. fx Ste > fU, V 
i=] і=1 
Ala. pa for U 
ра for x=h?. pa for U 
Variance and hence s.d is independent of origin but not 
of scal ii 


Ex. 2-16. From a sample ofn observations, the A.M. and 
variance are calculated. It is then found that one of the values xi is in 
error and should be replaced by xi. Show that the adjustment to the 
variance to correct this error is 

xr-x3):4-27 ) 
n 


l3 , 
1 (1 xi) Xx 
where T is the total of original observations. | 


Sol. Let хапа o? be the calculated values of A.M. and 
variance, 


Then Lx. n 
and Ax. — T) 2 n 
ie., Xx$—nxz3-—pgo* 
1 Lr non 


Now corrected value of Zx,—(Xx;— x1-+21’) 
Corrected value of Cx. =( Ex. 2— җхї?-++х1?) | 


.'. Corrected value of А.М.= L ian- м+ж) 


(наср) 


amd corrected value of rg ra- x» xi 


" 2x 
Top oom 
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Corrected value of variance 


2.92 zm -( چ‎ . y 
ot x24 * FEE 
Adjustment to the variance to correct the errror 

corrected value of variance —o? 


аа-а р. ха J: 
Sat -( Boa 


ls fy Wha slm 
-,0 x) [mn 2x 5 
aget T Se TES 
Now з= Уху ( T= xx 
Adjustment to the variance 
1 — 2T 
=L G- ba- 2 | 


Ex. 2-17. For a frequency distribution of marks in History of 
200 candidates (grouped in intervals 0—5, 5— Ж Ку etc.) the mean 
and s.d. were found to be 40 and 15. Later it was discovered that the 
score 43 was misread as 53 in obtaining the frequency dist. Find the 
corrected mean and s.d. corresponding to the corrected frequency dist. 


Sol. Since the score 43 was misread as 53 and the scores 43 
and 53 lie in intervals 40—45 and 50— 55, in the calculation of mean 
ес ER mm value was taken to be 52:5 instead of the actual 
value 42:5. 


Now if x be the variate, 
Ex=(40)(200)=8000 
«. Corrected value of 
Zx—8000— 52:5--42:5 
=7990 
Corrected value of mean 
7990 a 
=-5ф =39'95 
Also s.d.=15 
v4 Var(x)=225 
E ®(х— 2) (225) 20045000 
or Exi— Nx?-45000 
3:2—45000-1-(200)(1600) —365000 
Corrected value of хх? 
— 365000 — (52:5)2-I- (42:5) 2364050 


2.22 
.'. Corrected value of Z(x— #)®=— (corrected value of Zx?) 
— N(corrected mean)? 
77364050 — 200(39-95)2— 44849:5 
*.. Corrected variance 
44849-5 
= 77200 =224 24 75 
~e Corrected 5.4,—4/224:2475. 14.9% 
Ex.2-18. The mean of 5 observations is 4:4 and the variance is 
8:24, If three of the five observations are 1, 2 and 6, find the other two. 
Sol Let x; and xs be other Observations. Then 


(44)5)— (1--2--6)-- (33-3) 


or XI TR 2222-9213 (I) 
and (8°24)(5)=(1 7 44-F(2— 4.42. f. (5 4-4)2 
(x1 44)! - (xs — 4:4) 

Aus 12+ x22—97-0 

Now 2(324-x,2)— (x, x2)? -- (x1 — хә)? 

“ *I xa=5 (taking positive sign) + (2) 

From (1) and (2) 

x1—9, Xo—4 


Ex. 2-19, If the mean and s.d. of a variate x are m and с res- 


Pectively, obtain the mean and s.d. of . where a, b and c are 
constants. 
Sol Let ua Seth 


Let Ù and c, be the mean and 5.d. of U, 
;z 1 ax+b 1 1 1 
end, 
Lb 
[4 
1 5 1 2 
and 99 X- 02-61 v3 fa xy Sua 


==] 


Theorem 22-4 Show that the s.d. is not less than the mean 
deviation from the mean. 
ij 
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Sol. Consider the freq. dist. 


FAR AR) 
h N= I f 
where > 


Let x be the A.M. Then it is to be proved that s.d. ¢ mean 
deviation from the mean 


ie, S. D. Mean deviation from the mean 
5 Yen [а | 
i=] i=l 

n n | 

ie, NS > (> fox) 
i=] i=! 
whee ye | x-7 | 
Le. (fifa f8AYitt F) fyi THD . Буп) 

hes Si fai — yo? 4-......20 


which is true, 
Ex. 2-20. Show that if the deviations are small compared with 


3 
the mean so that ( РА ) and higher powers оў ( x) may be neglected, 


2 
(i) G=M ( 1-5 where 'G is the GM. and ‘M’ the 
A.M. and ‘o’ the s.d, 
G) H=M ( 1-9 ) where 8 is the Н.М. 


(ii) H+M=2G, 
(iv) M2—G2=o?, 
0) MH=G?. 


Lr MTM E 
(vi) mean ENV 1- зиз ) 
Sol. (i) By def. 


log DL Xi 


i=l 


2.24 


Let X. x- *^ that X. N. +M 


n 
1 
vlog Go = Ji log (ХЕМ) 
=1 


3| log Clog ( 142% 7 


n 
1 X, 
=log Ex > Fi log ( +) 
i=1 


: 8 
Applying expansion of log ( x ) and neglecting ( A) 
and higher powers 


lo Gul ati 5л {4-4 siz} 
ii 


2м? 
02 
pos C) PPlying the expansion of e ?M* and neglecting higher 


n 
(ii) By def, I Д, я У p 
ie 


(iii) From (if) н+м=м( yu 9h -au( 12 zu) 
=26 
(iv) From e вз=м*( di. ай 7 11 


2M2 
(neglecting higher power) 
= М2— 0 
М? – G2. O 


(у) From (ii) МН= M? — oO [from (iv)] 


n 
(vi) mean (yx )— 1 N V 
i=l 


VM. 1- пя в? } 
Ex. 2-21. Show that, if the deviations are small compared with 
the mean M so that (5) and higher powers may be neglected. 


v= | XM-G) 
M 


where V is the co-efficient of variation. 
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М 7 s.d. c 
V —co-efficient of Кылы dr gott =a 
it J М- С) 
M 
23. Combining no. of Distributions, Jf k. distributions with 
respective means Ml, тә,..... Жк, sizes m, na... "x and s.d.s. 01, O2, 


Т вк be combined together, the mean and sd. of the ney distribution 
are given by 
m ZUM nemo 4-...... mme 
nint... tm 
247 с, 24 Tao? 
and g2— "10r —— 
T MTA T n 
A-) ngon — ma)... тт ть)? 


"respective means my and тә. Tf the two sets are grouped together as 
one set of (m 4-72) members, show that the s.d. с of this set measured 
From its mean is given by 


g2.—..71015-3- 119092 nng 


d 2 
14-79 (m+ n)a (nm) 
Sol Let x, XEWN. x, and у, Jo... Pi be the members of two 


sets. Then by def. 


1 ny пә 
5 1 > 
m=— = 
1 лї * and m "i Yi 


ici j=l 


Let m be the Mean of the Brouped set. Then 
"ce n 1 


1 ng 
2 nimi пото 
8 {> € > »}- mns 
i=] j=1 


lo 0 M по 
2 1 > 5 . 
Now nae (xi— mF (imp) 
i=l JEEE 


a mms So nca] 
PI i=l 


пу т 
| uH >» (x. mi = m) > (х:— т) 
i=1 j: 


nı ng d 22 
+> (т — т)? HÈ О›—тч)#+-20т— m) TO 
k^ Jat ial 
Seel 
j=l 


= mo C= n) neo? H- (ma — т)? по } 


__ nı1 Fnac m(mi—- m)*-d-ne(ma— т)? 
BEEN EA 11 n 


( 10 ete 5 (Ki- m)? etc, ) 


i=l 

na? (mı — т»)? 

(ni 4- n 
пү?(ту— m2)? 

(m+n)? 

E. moi?-neos? , mue(m —moy 
m+n . (m ла) 

Ex.2-23. Ап analysis of the monthly wages paid to workers 


in two firms .4 and B, belonging to the same industry, gives the 
following results : 


Now (т – m)⁊ = 


and (ma¬ т)2= 


Firm A Firm B 
No. of wage earners 586 648 
Average monthly wage Rs. 52:5 as. 47:5 
Variance of the dist. of wages 100 121 
(a) Which firm A ог В pays out the larger amount as monthly 
| wages ? 
(b) In which firm A or B is there greater variability in individual 
wages ? 


(c) What are the measures of (i) average monthly wage and the 
variability in individual wages of all the workers in the firm A and B 
taken together ? 
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Sol (a) Firm А pays—(52:5) (586)—30765 Rs. monthly 
Firm B pays—(47:5) (648)=Rs 30780 monthly 
Firm B pays more as monthly wages. 
(b) Co-efficient of variation for Firm A 
= vie) 100)= 1000 19:059 
( 52:5 чо 52:5 905% 
Co-efficient of variation for firm В 


_( Via Me TOO See es 
=( A (200475 =23-16% 


-. Firm В has greater variability in the individual wages. 


(c) Average monthly wage and the variability in individual 
wages of all the workers in the firm 4 and B taken together, are 
the A.M. and co-efficient of variation of the wages paid by Firms A 
and B together. 


Let m and c be the A.M. and s.d. of the wages paid by A and 
B together. 


Then DEM (586) (52:6)--(648)(47:5) 


586-648 
2 (586)(100)+(648)(121) 
Е ОЗА е У 


=49:87 
and 
(586)(49-87— 52:5)2+648(49:87— 47-5) 
r.. CL ааа е 


=117:26 
2. Co-efficient of variation for firms А and B taken together 
VII 1001082 87 


74987 74987. 
=217%. 


Ex. 2-24. The first of two samples has 100 items with menu 
15 and s.d.3. If the whole group has 250 items with mean 15:6 and 


s.d. / 1344, find the s.d. of the second group. 
Sol Let m» bethe mean of second group 
Then 156 осуи 30m. 


a dar Cos 100(15) =16 
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Let c be the standard deviation of second group. Then 
„  [(100)(9)+(150)o?]+100(0-6)?+ 150(0°4)2 
1344= ا‎ n a e aaa 


o=4, 


Ех. 2-25. The mean and s.d. of 63 children on an arithmetic 
test are respectively 27:6 and 7:1, To them are added a new group 
of 26 who have had less training and whose mean is 192 and s.d. 
6:2. How will the values of the combined group differ from those of 
the original 63 children as to the following (i) the mean (ii) the s.d. ` 


Sol. Mean m and s.d. c of the combined group are given by 


_ (63)076)--Q6)192) 5 
ste ERE SEI III 20 


() 
The A.M. is decreased by 276— ?* · =2:5 
(63)(7-1)24-(26)(6:2)2, 63(25:1— 27:6)2--26(25:1— 19.205 
63+26 ` 63426  —— 
9-7 (approx) 


(ii) o 


The s.d. is increased by 
T8— 7:1=0°7 (approx). 


Ex. 2-26 А distribution consists of three components with 
frequencies of 200, 250 and 300 having means 25, 10 and 15 and s.d. 
of 3, 4 and 5 respectively. Show that the mean of the combined distri- 
bution is 16 and s.d. 7:2 approximately. 


Sol Let mand с be the mean and d of the combined 
distribution. 
ns .25)200) +(10)(250)+ (15)(300) 
js 200+ 250 -- 300 
...5000--2500--4500 _ 12000 
E xiu 750 


Then 


16 
nd ے2„‎ 00035) (250)(47) + (300)(5?) 
$ =- 200+250+ 300 E 
+ 200(16— 25)2--250(16— 10)24-300(16— 15}2 
S DDr 
_ (1800-+4000-+ 7500) --(16200--9000-1-300) 
ے‎ a a 
38800 . 
= y 173 


в= A/ 5113-12 (approx, 


2.30 
2-4, Moments. The rth moment about the point ‘a’ is defined by 
n/a), E He 
Ifa’ is A.M., rth moment about ‘a’ is denoted by p,. 


Factorial Moments. Factorial moment of order *r' about the 
origin is defined by 


, 1 
ву fx" 
where X x(x— I)......... (x— r4-1) 


Absolute Moments. Absolute moment of order r about an 
arbitrary point ‘a’ is defined io be 


1 
WV xf | Fa fr 
Pearson's g and ү Co-efficients, These co-efficients are defined 
by 
из? 
h- i = 
= VfH and үг=м—3 


Moments about mean in terms of moments about any other 
point are given by 


pr pr —'6 uia р Peg ur 9 (ui . (Irre fm) 


Shappard's Corrections to -Moments of Grouped Frequency 
Distribution. 


No correction applied to odd order moments ie., ui' (correcte 


ей)= and из (corrected)= us and #2 (corrected)= us — 12 


m (corrected) ua Ifen 3" 


Theorem. 24-1 Show that moments about mean are independeit 
of origin but not of scale, 


Sol The transformation corresponding to change in origin 


and scale is и=^—% 
t х=а+ић 
s F=atuh 


where x and u are A. Ms., 


“эы 
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n n 
. r of = >. пазу. 1 & fi uy 
i=l i= 

Theorem 2.4-2. Express rth moment about mean in terms of 
various moments about an arbitrary pt. ‘a’. 
Sol. Consider a freq. dist. 
х= \ Xs Xn ) 
f» ЛЖ... 4 
n 
where N= Xx fi 
121 
Let & be the A. үм: Тһеп 


2i EGA > fixi d). H- l- 
i=l 


= Lale tale лш 3) 
i=l 
-T'es(xi— а)” 2(a— ) +... e, x] 
= pr (a) -'c1u'»-1(a)(a— x) -' cou! rs (a)(a— -L. ..... 
T'e(a— xy 


n 
Now a- F + x, (х: а)= – (а) 
i=l 


= pr (a) = "opr _л(а) p e leur. , teense 
= 1)" теңиз (a) 
Theorem 2.4-3. Express rth moment Hund a 5 ‘a’ in terms of 
various moments about p other pt. ‘b’ 


Sol. Hon tS ficare fsbo 
i=l 


n 
. lx. b) rei(æ- by (b—a) 
zl 


- reor — by" an. +... re (b ay] 
2 r d ios b 
n, b) +" alb- а)н',-1(®)+'с(5— pu эй T'e(b—ay. 


2.32 
! 


Ex. 2-27. Calculate the first four moments about the mean of 
the p dist, also calculate pi and фо. 


x values in cm. are the mid-points of intervals : 
Noua SOO MSS «0 45 50 


Л: 5 36 . 65 52 40 0 
f |а ris d.f da. de. 7 а у 
5 —3. 1-15} 45 135 405 
38 — 76 | 152 —304 608 
65 —1.|—65| 65} — 65 65 
92 0 0 0 0 0 
70 1 70| 70 70 70 
40 2 80| 160 320 640 
0 3 0 0 0 0 
310 —6 492 —114 1788 
*. M Q5) —— ba! lf x(0:5)—— 350 7 x05 
3 


e -L 52-22. (92$) 


8 
310 20:397. 


pa )3:5(= ae x (0'5)8 


--1H, (0:125) — 0046 


3 10 
یم‎ - qus 1788 (0.9625) 


1788 1 447 . 
= Zio * 1 1240 =0°360.. 


2.33 


Moments about the A.M. ares 

и=0 

p= pa (3°5)— [m (3:9) 

=0'397 — 0:0001 =0'3969= 0'40 
ps= pa (375) 372 (355) 1 (3:5) 3-2[01(3:5)]8 
= — 0:046 — 3(0:397)( 6:01)--2(— 0:01 з 
== —0:034— —0 03 (approx) 
pa=pa'(3°5)— 4ps (3:5) (3:5) + 6½ 375) [an (9:5)? — 3L (375)]* 
—0:360— 4( —0:046)(— 0:01)-- 60:397) —0°01)2— 3(— 0"01)* 
= 0'358 —0:36 (approx). 
=Ê ے‎ (—0034# _ 5, 
1 (Qu e 
ے‎ He __ے‎ 0358 Y. 
һв= „ 7039 20 

Ex. 2-28. The first four moments of a distribution about the 
value 4 are —1:5, 17, —30, 108. Calculate the moments about the 
mean. 

Sol. Moments about the mean are : 

110 
کو‎ ng 1 217 — ( 1:5)? 
=17— 2:25=14:75 
ра== нз — Зра 20i? 
= —30—3(17)(— 1:5)4-2(— 1°5)8 
2—304-76:5— 6:75 
23975 
ھم‎ pa — 4% in! F6 12 — 3 “4 
108-40 —30)(— 1:5)2-6(17)( — 1:52 - 3( 1:5) 
—108— 1804-229:5 — 15 1875 
== 142'3125= 142˙3. 

Ex. 2-29. The first four moments of a disiribution about the 
value 5 of the variable are 2, 20, 40 and 50. Obtain as far as possi- 
ble the various characteristics of this distribution on the basis of the 
information given. 

Sol. The first four moments about the mean аге: 

m=0 


4 


us pa’ — н1?=20—4=16 
usps — uz pr 241. 
—40 = 3(20)(2)+2(2)8 


2.34 


=40— 120416 
=—64 

ра =- 4ps pr +p 31% 
=50—4(40)(2)-+6(20)(2)2— 3(2)4 
=50—320+480—48 
=530— 368—162 


A.M.=p1'(0)= * > 
=4 T- 


1 
EAE Xf(x—-5)4-5 


=p1'(5)+5=2+5=7. 
= 28 (—64)2 S 
Кб 6S —! 
ва c 162 81 Il 
Ва ui = 016): 128 0:63. 
31-4 Ёт=1 
Y2782— 3—0:63—3— — 2:37, 
Ex. 2-30. The first three moments of a distribution about 
the value 2 of the variable are 1, 16, —40. Find as far as you can, 


the various characteristics of this dist on the basis of the information 
given. 


Sol. 
1 1 
AM.= V 3f x= Ef(-2))2] 
1 
N G- 
=p1'(2)+2 
=14+2=3, 
The first three moments about ће A.M. are given by 
41=0 


2 u — рү'?==16— 1:=15 
8= u3' 3% n ' - 2938 
= — 40—3(16)(1)-++2¢1)8- 
=— 40-4842 — 86 


a n-7*48—442:19—148. 

Ex. 2-31. The first four moments of a distribution are 1, 4, 10 
and 46 respectively. Compute the first four central moments and beta 
constants. Comment upon the nature of the dist. 

Sol. The first four central moments are given by : 

“A= 

ра pe’ — uy 2—4—1—3 

pats’ 32 ii d- 2018 
=10—3(4)(1)+2(1)8 
—10—1242—0 

au- Áp3 H,,, — 3934 
=46— 4(10)(1)--6(4)(1? — 3(1)* 


—46—404-24—3 
207 

0 МЕ 27 ot 
вт? 9| peta 9 E 


Since 81 —0, 82= 3, the distribution must be normal. 


Ex. 2-32. For a distribution of 250 heights, calculations showed 
that the mean, standard deviation, Bı and ha were 54 inches, 3 inches, 
0 and 3 inches respectively. It was however discovered on checking that 
the two items 64 and 50 in the original data were wrongly written in 
place of correct values 62 and 52 inches respectively. Calculate the 
correct frequency constants. 


1 2594. Let x be the variable and N be the total frequency. Then 
Then 2x=(250)(54) 
Corrected value of 3x=(250)(54)—64—50+62+52 
=(250)(54) 
Corrected A. M. 54. 
Variance=9 


1 аы 
ог we 702. 


or 5(х— ¥)?=(250)(9)=2250 
Corrected x(x— 7) 22250 - (64 — 54)? — (50 — 54)2 

; +(62— 54)?+(52— 54) 

—2250—100— 16+64+4 


=2202 


ri 2(x—%)8=0 

“. Corrected x(x— #)3 
=0— (64— 54)35— (50— 54)9--(62 — 54)94- (52 —54)8 
—0—10004-64--512—8 
= 432 


«e Corrected p= کی‎ 1:728 


_ (corrected us)? 
.". Corrected & "(corrected pë 
cams 
(8808) 
=0:004 
=3= AA Hh 
moi ar T ON 
* 14 243 
„ Xx—3)4—(243)250)— 60750 
.'. Corrected Ax x)1—60750— (64— 54)1—(50— 544 
--(62— 54)4-I-(52— 54)4 
=60750— 10000— 256+ 40964-16 
=54606 - 
^ 54606 X 
„ Corrected ра 559 77218424 
Д Corrected ша 218:424 
.'. Corrected $o (corrected pa)? = (8308) 


218:4 
= (8808) (approx) 
4 —2815. 

Ex. 2-33. Second, third and fourth central moments of a variable 
characteristics are [9:67, 29:26 and 866 0 respectively, Calculate the 
beta constants correct to three decimal places. 

г ваё (29:26)? . 
i m & nS = (19:67 70:113 (approx.) 
866:0 


_ 14 ic. 
= = (19:67) 2:238. 
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Theorem 2,4-4, Show that for asymmetrical distribution all 
moments about the mean of odd order are zero. 


Sol. For a symmetrical distribution the frequencies are 
symmetrically distributed about the mean i e, the values equidistant 
from the mean have equal frequencies. Let x be the variable and & 
its A.M, 


Let yex-x. 
Let xy, хә be tbe values of x equidistant from x. 


Then the quantities (x; — x) and (xa— x) are equal in magnitude 
but opposite in signs. Let these quantities be y; and — yı. Then 
since the distribution is symmetrical, the values — y; and y; of y have 
same frequencies fy each. Let other values of y be —y»5; yo, —Уз; 
уз and so оп. Let fa, fa...... be the frequencies for —ya; ye, —ys; 
J3, «+... Let N be the total frequency. 


Now by def., 
Iam A Ху (x= х) 
1 
mon 2741 
Vert 


= i (A (yit * 5127710 1120227 T1 , yir") ＋ } =0. 


Theorem 2,4-5, Show that for a discrete dist Qa 1. 
Sol. Consider the frequency dist. 


PUR c ) 


n 
where ў = f=N 


By def 82 
В > Lif ja > ш? 
n 1 n з 
ie, 7 5 f(xi-x)* > be where х= A. M. 
i=l = 


2 
i.e., N z yw » ( HO where y,—(x;— ¥) 


i=1 


2,38 
he, % aL tint. pases i 


Le, IAI HSH... HSY EAH yH Hayn) 
Teel. рн) > Лу aya +... “foty, 

+2/\ fayiya - ...... 
їе, fi ЉО1-У)2+...... D0 


which is true as each term on the left is positive. 
f 62 2 1, 


Ex, 2-34, Define Factorial moments about the origin. Express 
First four factorial moments in terms of ordinary moments about origin 
and conversely. 


Sol. . Factorial moment of order <r’ about the origin is 
defined by nr d 


Bey = + > Six 
і=1 


where * =x(x—1)....., (x—r4-1) 


n n 
Mi; 
Now pa —N > ns ӘЗ fiia (0) 
i=l i=l 


~ n 
Ra = 1, Sons, > fee 1) 


i=] i=l 
1 n n 
=y > fat > лам) (0) 
i=! i=! 


n 
a = > fixi (x. 1)(x;—2) 
i=] 


n 
=H > fine зоо) З 0) 2050) 


i=l 
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n i 
1 
40 = т>, fixi Ой— D(xi- 2)(x:— 3) 
1 
=p4'(0)—6ys’ (0)+1 1p (0)— бы’ (0) 
Conversely. (0) pa; 


42 (0) — 3 ſixiꝛꝰ -F Ls fixo 1) +). 
i=l i=l 
u T. 


us 0 > fas 


Let x8==x(x— 1)(x—2)4- Ax(x — 1) T Bx 
Put x=1,2 

Vs B=) and 244-2B—8 or A=3. 

К =х(х- 1)(x—2)4-3x(x— 1) +х 


п 
Do ua (00 + » Л: IX - 2) TAX GN - 1) +) 
i=] 
= 3) AA t pay. 


n 
1 (0. + > Sixt 


i=l 

Now x4eex(x—1)(x— 2)(x—3)4-6x(x— 1)(x—2)4-7x(x— 1) +x 

.. ga (0)— nay биз) + Thay T pay 

Ex, 2-35. Define absolute moments. Show that 

A & Ar yt 4417 
where A is the rth absolute moment. Deduce that 
1 1 
AEG га, о. 
Sol Def. Absolute moment of order r about the origin is 


defined by 
a 
HD fixi 
N 
і=1 


2.40 


and the absolute moment of order r about an arbitrary pt ‘a’ is 


defined by 
n 
1 [Ел 
5,19 
i=] 
Evidently mean deviation is the first order absolute moment. 
Let a and b be any two numbers. Then 


n r—i 1) 
TES 
if lain 2 adu) 2 Јо 


n 
ie. ў e | yi | I+D? | y; | 122b | y: | "20 


ie, be S fini 


i=l 
"el й1ж1'>0 


і=1 


Put V. xd. 


Then аг. D dS ele 
i-i 


зара уул | xia | >o 


ie, a? А. 1 Lb 24,1 2454, >0 


A, 2 2 
іе, gee { at b | +| Give in IET] 4,3320) 


A2 
AG 44 ——＋ 1 20 or 4,34, 12 4? 


on 4.27 « Arar. A, yr. 


Ae. S 441 


Art S Arg Ar. 


n 
Multiplying and using 4o Ул | xa | =1 
iml 
APUG А" for rh 2 tc) ak 
ES J 
ar" Ar“. 
Ex. 2-36. Show that if the class interval of a grouped dist is 


less than one-third of the calculated s.d.  Sheppard's adjustment makes 
a difference of less than }% in the estimate of s.d. 


Sol. From sheppard’s correction 


* 
us(corrected)— -42 
Let po (corrected) — o3? and p= в? 
h2 \‡ 
ВОТ E E EME 
Then =) 2 45 ) 
* fr, h2 iz "1 n ) 
=o( 1 Ba) = xat vette 
Des d 
SET DAS 
Now h< +e 


A cedi Mgr 
977-716 * 200 


4 — 01 


REE 
«39973 


6 


2.5. Skewness. It means lack of symmetry. It is measured 
by either of the formulae : 
Skewness— Mean— Mode 
Skewness--3 (Mean — Median) 
Skewness=Q3+01—2 Median 
Co-efficient of Skewness. 
Bowley’s co-efficient of Skewness 
... Qst-Q1— 2Median | 
"i Qs- 01 


2.42 


Karl Pearson’s co-efficient of Skewness 
Mean— Mode 
BEATA 
(Mean Median) 
/ 75 S.D. 
2nd formula is used when mode is ill-defined. 


Ex. 2-37. Compute Q.D. and coefficient of skewness from the 
following data. 


Size Freq. Size Freq. 
4— 8 6 24—28 12 
8—12 10 28—32 10 
12—16 18 32—36 6 
16—20 30 36—40 2 
20—24 15 
Sol. We have 
01=14:5 
Q3—24:92. 
‘Median has 222 =54'5 items below it. 


It lies in 16—20 
Median=16+ 30 (54:5—34) 


=16-+ - 203) 
82 
=16+ 30 7164-2773 
=18°73, 
Bowley’s coefficient of skewness 

= 23+Qi—2M 
Qs— C1 

= 24924145-6 
2492-145 .— 

__ 3942—3746 1:96 

1042 042 

=0'19. 


Ex. 2-38. From the data given below calculate Karl Pearsons 
co-efficient of skewness : 


Marks less than 10 No. of students 5 
„% „% „ وو‎ » 12 
„% „ УО. 2 
» ” ” 40 ээ » э, 44 


2.43 


61 701 ETF or opo e 
O€—O0Z stssep [pepoj °. 

DI^ | f У 3 f 9 05 o oO 
£ |^ ^ ^ ЗЕ f 1 f| zi vy Ov—0E 
| ^ | | d 
RTT 680 f fj A Uso zE 0£—0c 
| EVA || ж ^ 
£ AIA LA E ae a ^ f L zı [02—01 

: e 
I ^ | Us $ 01—0 
(9) | (65) | ( (9) >| & ROR ¢ 
s p | (| (@ | @ 9 | (s y £ | 9 | @ ES о |а 
——[————BÀ——— EIE MOMMDSUDE, ЖЕР2 
$ишпо2 | ( £) douanbaay 9 
2198], s:isApeuy 2, E: sse[o [әрор{ Jo uoneuruoje(q 
TS 
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Celcplation of S.D. and A.M. 
eee 


Class Freg. Mid points x—25 


intervals | (f) (x) (MEET Сы 
0-10 | 5 5 25 —10 | 20 
10—20 | 7 5 A 7 1 27 
50—30 | 20 25 0 0] o 
30—40 | 12 35 I 12 | 22 
40--50 | 6 45 2 212 
Eo rien] M 


51-4. | 7 | вз 
A.M.=25+ 10| 5 264 
. 
$5.10 [5 (50 = VÎ 114. 


à ` .. Mean—Mode 

„Co: efficient of skéwness — S5. 

264-2619 ~ 
пле 7002 

m: 2-39. (a) Find co-efficient of variation S. D. 3:5, №10. 
n= 145. 

(b) Find the co-efficient of skewness if 

Difference of the two quartiles=8 

Sum of the two quartiles =22 

Median = 05 


(e) For a series the value of M.D. is 15, Find the most likely 
value of its Q.D. à 
Sol (a) Ler x be the A.M. 
Zm 145 
Then EIN i4 5 
Co-efficient of variation 


A.) com 
8 24145 


c 


(b) Here Qs— Q1—8 


03+01=22 
Median 105 
Co-efficient of skewness= Ore (Median) 
LOHN db -0n5 
(2) Let с be the S.D. 
Then M.D.= e 
and b.. 
мр. _ 12 6 
OD. ^10 5 
QD (M.D.) 


5 25 
Т. 052-7 =12'5 
Most likely value of Q.D.—12:5. 


Ex. 2-40. Compute quartile deviation and the co-efficient of 
skewness, given the following values : 


Median=18 8", Q1— 14:6", Qg= 25-2". 


Sol. Q.D. "d Or — s 2-53 


Co- efficient of skewness , 
_.08+01-2 (Median) 
93-01 
398—376 22 
ТҮКЕ ҮТ ЖЕЕ 108 ^97 
Ех. 2-41. (a) Karl Pearson's coefficient of skewness of a dis- 
tribution is 0'32. Its s d. is 6'5 and mean is 29'6. Find the mode and 
median of the distribution. 
(b) If the mode of the above distribution is 24:8, what will be 
the standard deviation. . 
Sol. (а) We have 
Karl Pearson’s co-efficient of skewness 
Mean— Mode 
„ 
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29:6— Mode 
oe 0 32. Sao Swit. 
et Mode-29:6 — (0:32)(6:5)— 27:52 
Also 
Karl Pearson's co-efficient of skewness 
3 (Mean— Median) 

. e 

Median is given by 
0.32 30 меш) 


a Median—29'6— 1 (0-32)(6'5) 
=296- + (2-08) 
=29°6—0°69= 28:9) 
(b) Mean=29'6, Mode=24-8. 
Karl Pearson’s co-efficient of skewness 
=0°32 
„. S.D. is given by 
39 296—248 
ee eae 
48 480 
i.e., SD. 032 7 32 15. 
EXERCISE 2.1 
The following table gives the dist. of farms according to their 
sizes in a Sen region. Calculate the quartile deviation. (Size 
of the form is rounded to the nearest acre), 


Farm size No. of farms Farm size No. of farms 
(in acres) (in acres) 


0—40 394 161—200 169 
41—80 461 201—240 113 
81—120 391 241 and over 148 

121—160 334 
Also calculate the quartile co-efficient of dispersion 


[Ans. 50:96 ; 0:51] 
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Income group No. of workers Income group No. of workers 


Below 50 1 150—170 22 
50— 70 16 170—190 15 
70— 90 39 190—210 15 
90—110 58 210—230 9 
110—130 60 230 and above 10 
130—150 46 
Locate the quartiles and hence calculate co-efficient of 
dispersion. 
[Ans. 95:78 ; 149-24; 0:22] 
3. 


Calculate the-S.D. of each of the following sequences of bino- 
mial co-efficients : 


(i) 1, 5, 10, 5, 1. 

(й) 1, 6, 15, 20, 15, 6, 1. 1 

(iii) 1, 10, 45, 120, 210, 252, 210, 120, 45, 10, l. 
[Ans. 3323 ; 6-958; 90:17] 


Calculate the second moment about the mean and co-efficient of 
variation of the following dist. : 


B 0 1 2 3 4 5 6 7 8 
е 1 9 26 59 72 52 29 7 1 
[Ans. 1:98; 35-49%] 
Calculate the S.D. for the following data relating to the weekly 
wage dist. of 5000 employees of a big factory : 
Wage (in Rs.) 50—55 45—50 40—45 35—40 30—35 
No. of employees 250 300 400 450 800 
я 25—30 20—25 


Calculate the S.D. of the following dist, : 
Marks Мо, of students Marks No. of students 


More than 0 100 More than 40 25 
» » 10 90 » 50 15 
» » 20 75 » » 60 5j 
„ 34.20 50 3 » 70 


0 
[Ans. 15:94] 


„% | | 


7. Calculate the variance of the following dist, : 
Marks No. of students Marks No. of students _ 


30—35 5 50—55 16 
35—40 TE MED 12 
40—45 LN 60—65 7 
| 45-0 20 65—70 5 
80 

[Ans. 82:44] 


8, Calculate the variance of the following data ; 
Marks М№, of students Marks No. of students 


10—14 2 34—38 10 
14—18 4 | 38—42 8 
18—22. . 4 42—46 4 
22—26 8 46—50 6 
26—30 12 50—54 2 
30—34 16 54—58 4 
[Ams, 110'15] 
9. Find the standard deviation and co-efficient of variation from 
the following data : n 
Wages No. of persons Wages No, of persons | 
Up to Rs. 10 12 Up to Rs, 50 157 | 
15 OREL 20 30 „ „ Rs. 60 202 | 
„ „Rs, 30 65 „ „ Rs. 70 222 | 
eoo» RS. 40 10) „ » Rs. 80 


230 
[Ans. 17:26 ; 42-69%] 
10. Find out (a) median co-efficient of dispersion and (b) mean co- 
efficient of dispersion from the following data : ide 


Age. group No. of men Age-group No, of men 


(in years) (in years) 
15:20 5 35—40 49 
202128 9 40—45 28 
25—30 82 45—50 6 
30—35 58 50—55 3 


[Ans. 0:17 ; 0:16] 


DK 
T9 


24 
11. Calculate co-efficient of variation of the marks of 40 en 


given below: 

Marks Students Mares Se 

80—84 BSN ci 50—54 6 

75—79 1 45—49 6 

70--74 1 40—44 6 

65—69 4 gr 35-39 $ s 

60—64 4 30—34 0 
5-59 yj 25—29 1 


E 
(Ans. 21 19%] 


12. A sample ofS етв is taken from the робот of a n 
Length and weight of the 5 items are given below: : | 


Length (in inches) : 3 4 6 Tos; 0 
Weight (in ounces) : 9 11 14. 1 16 


By comparing the co-efficients of variation of two 3 
conclude which of them is more variable, [Ans. Length] 


13, During the first 10 weeks of a session the marks of two students 
X and Y taking the course were ; d 
Xx: 58 39 60 54 65 66 52 75 69 52 id 
vis 56 87 59 78 71 73 84:65 6^ 46 Mg j 
Which of the two is more consistent? [Ans: Y] 


14, The scores of two golfers for 24 rounds sach аге: y 
4% 74 78°98 78 72 77 79 81 76 72 Жат 
74. 70078 79 80 81 74 30 75 71 73 

B: 86 84 80 88 89 85. 86 82 82 79 86 80. 82 
76 86 89 87 83 80 88 86 81 84 Meum 
Wich may be'eonsidered to be more consistent? Ans. i 
15, Goals scored by two af 4 and h in a Too! bal sedin: were 
as follows: у 
Nd, of Goals scoted in à match: tf 2 3304 

No. of matehes by A: 54 18 16 10 8 
No. of matches by В: 34 Is 12 10 6 


Which eines is more ‘consistent and why? 0°. {Ans 


16. The following table gives the dist. of ше Holds according ti 
size in tuo cities A and B. 


$ 
74 


50 


Size of house-hold 


о з чл чь = 


City A 
24 


Derive a measure to study the ae, of the dist. 
(Ans. 4:59:6695 ; В: 51:47%) 


The index numbers of prices of cotton and jute shares in a 


particular year were as follows : 
Month Index no. of prices 


of cotton shares 


Index no. of prices 


of jute share 


Which yi the two shares do you consider to be more variable 
in price (Ans. 


Cotton shares) 


vem Karl Pearson's co-efficient of skewness from the 


following data : 


Marks Wo. of students 


Above 0 
» 10 
» 20. 
» 30 


1500 
1400 


Marks 
Above 40 


No. of students 


780 
700 
300 
140 


0 
(Ans. 0:925) 


— 


2.51 


19. The table below gives ages of children in two nursery schools, 


Compare their variability. 
Age (in months) No. of children No. of children 
school A school B 
15—16 — 1 
17—18 1 2 
19—20 2 2 
21—22 5 5 
23—24 7 10 
25—26 9 7 
27—28 8 6 
29—30 5 3 
31—32 3 3 
33—34 1 1 
35—36 1 — 
37—38 — 2 
42 42 


(Ans. Ages of children in school B are mote variable.) 


20. Find the co-efficient of variation and Pearson’s co-efficient of 
skewness from the following data: 


Years 


1910 
1911 
1912 
1913 
1914 


Price Index 


No. of wheat 


83 
87 
93 
100 
124 


Years 


1915 
1916 
1917 
1918 
1919 


Price Index 
No. of wheat 


126 
130 
118 
106 


104 
(Ans. 14:85 ;10:396) 


21. Find Pearson's measure of skewness for the data given below: 


Weight 

(in lbs) 
70— 79:99 
80— 89:99 
90— 99:99 
100—109:99 


No. of persons 


Weight 

(in lbs) 
110—119:99 
120—129:99 
130—139°99 
140—149:99 


No. of persons 


50 
45 
20 


8 
(Ans. —5:719) 


2152 


22. Find the co-efficient of dispersion and Pearsons’s co-efficient of 
skewness for the following data t 


Wage No. of persons ` Wa, *a, of persons 
гыи ( А) 


(in Rs. 

70— 80 -12 110—120 50 

80— 90 18 ` 120-0 45 

90-100 35 130—14 20 

100—110 42 140—150 8 
230 


(Ans. 016; —0:33) 


.23. For data in Ех, 2 locate median, quartiles and hence co- 
` efücient of skewness (Ans, 0'08) 


24. Calculate the Pearson's co»cfücient of skewness for the followin; 
i dist, of weights of boys aged 3 years : 


Weight s Frequency Weight Frequency 
(in lbs) (in lbs.) 
20'5--23'5. 17 295—325 194 
23.268 555 193° 925355 27 
265—295 00065399. 0678S SBS 10 
Wad «сй (Ans. 0:07) 
ho "m ed en relation Кырла f-coefücients for 
"мү. D бер, 
(I) Gl 


26. If in a series of measurements, there ate m values of magnitude 
Xi, ma of magnitude x» etc, and if X is the mean of all the 
measurements, prove that standard deviation is 


, 


eee 
where ¥=-+3 and k is any constant. 
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Theory and Association of Attributes 


31. Introduction 


Attribute means quality or property, The capital letters. A, B, 

DA ORE are used to denote the several attributes, An object or 
individual possessing the attribute A із termed simply A and 
the class of individual possessing А is termed the class 
A. The Greek letters a, | NEA Te are used to denote the absence of 
attributes A, B, С,...... respectively e.g. If a represents the attribute 
honesty, « represents dishonesty. The combination of attributes is ` 
represented by grouping the letters representing the attributes, e.g. if 


A represents deafness and B blindness, AB represents combination 
deafness and blindness. 


Any letter or combination of letters like А, AB by means of 


which the characters of the members of a class are specified are called 
class-symbol. 


Class-frequencies. The number of observations in any class is 
called the class-frequency. It is denoted by enclosing the corres- 
ponding class-symbol in brackets. eg. (A) denotes the number of 
objects or individuals possessing the attribute A. г 


Order of Classes and Class-fr uencies. 4 class specified 
by r attributes is known as a. class of order rand its frequency asa 
sequen у of rth order. e.g. A, AB are classes of first and second 
order and (А), (AB) are frequencies of order one and two respectively, 


The total frequency is denoted by N, 


Ultimate Class-frequencies, The frequencies of highest order 
are called ultimate class-fr equencies, 


Positive and Negative Attributes, The attributes denoted wd 
capitals are termed as positive attributes and those denoted by Gree 

letters as negative attributes, A a class-symbol includes only. capital 
letters, the corresponding class is termed as a positive elass and if only 


Greek letters, a tive class e.g, the class AB is positive class and 
the class «p is negative class, Я nt 


(3.1) 


3.2 А 


Symbol. 4 symbol A. N. is used for the dichotomising N 
according to A and is written. 
A.N—(A) 
which is the symbolic way of saying that if N is dichotomised accord- 
ing to A, class-frequency (A) is obtained. 


‚ Condition of Consistence. - The necessary and sufficient con- 
dition for the consistency of a set of independent class-frequencies is 
that no ultimate classs-frcquency is negative, 


Ex. 3-1, Show that if there are m attributes, the number of 
distinct classes is 3^. 


Sol There is only one class of order zero. If Aj, 43,..... An 
be п attributes the possible classes of order one are 


Аз, 4,...... An, ul, 42 «n («'s denoting the absence of A's) 
which are 2n=¢3.2 in number. 


To find classes of order 2, consider two attributes Ау and A». 
These two attributes give the classes 


, A342, Ахаз, 234; and ajag 
of order two. These are 2?—4 in number. Since out of n two 


attributes can be chosen in "су ways, total number of classes of 
order two 
el. 


Similarly the number of classes of order 3 
- ="с3.23 
and in general the number of classes of order r 
р nc, 27. 
„Total number of asses 


==1--*с.2-Е”с;.22-Ь......-Елс.2г-Ь......"с„.2* 
=(14-2)"=3" 


Ex, 3-2, A number of school. children were examined for the 
presence or absence of certain defects of which three chief descriptions 
were noted A, development defects; B, nerve signs; C, low nutri- 
tion. Given the following ultimate frequencies, find the frequences of 
д уулын Pene ЕБ bond of ү defects .i.e., those involving 

e Koman letters, A, B, C but not the Greek letters a includin; 
the whole number of observations N, shies UT ati 


(ABC) rs 7i («ВС) 78 
(ABy) ` 281 BY) 670 
(48C) 86 (egt) = 65 


(48) 453 (aß) 8310 
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Sol. M- Total no. of observation 
=Sum of frequencies given above 10,000 
Now (A4)=(AB)+(48) 
(AB)=(ABC)+(ABy) 
(48)—(48C)--(49y) 
(A)=(ABC) --(ABx)--(48C)-(Agy) 
257 4- 2814-86 4-453877 
Similarly (В) (4BC)- (4By)-- («BC)-- («.By) 
2574-2814-784-670—1,086 
(C) (4 BC) - (48C)--(« BC) + (a8C) 
=57+86+78+ 65—286 
(AB)=(ABC)+(ABy)=57+281 =338 
(BC)=(ABC)+(«BC)=57+78=135 
(4C)—(ABC)--(48C)— 574-86 — 143 
Also (АВС)=57. 


Ex. 3-3. From the frequencies given below find all the class- 
frequencies. 

N=10,000, (4)2877,  (B)=1086, (0) 286 

(4B)—338, (4С)=143, (ВС)=135, (ABC)=57 


Sol. Now (4B)=(4BC)+(ABy) 
{ (АВү)у=(АВ)—(АВС)=338-— 57—281 
Similarly (48C)— —(4BC)--(4C)—143— 57—85 
(~BC)=(BC)—(ABC)=135—$7=78 
Now  - (Afy)=(A8)— (48C) 
—(A) - (4B) (АВС) 
—877—338—86—453 
(aBC)=(8C)— (48C) 
—(C)- (BC) (48C)—286 — 135— 86—65 
(ET) (8) — («8C) 
=(a)— («B)— («8C) 
={N—(A)} - (08) —(AB)) - («8C) 
= 10,000— 877— 10864-338— 65—8310 
(«By)=(«B)—(aBC) 
=(B)—(AB)—(«BC)=1086—338—78=670. 


Thus all the ultimate frequencies are known. From these re- 
maining frequencies can be obtained as in last example. ‚ 
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Ex, 3-4. Show that ne where A, 4 aad 1 are operators 
. defined by A.N (A), u. NS (a) and J. N Deduce that 
(up) ү (А)—(В)— (C)-+(AB)-+(AC)+(BC)=(ABC) 
Sol, By def. A.N=(A) and a. VS (a) 
„ A. Na. Nes (4) (a) № 
or (Aa). VSI. 
T ; Atam] 
414. 
: има p=1 +> and ү=1— -c х 
'. (aBy)=apy.N=(1—A)(1- SN -O 
=(1—4—В-С+АВ+АС+ВС- ABC).N 
=LN-A, re. N 
ABC. N 
i =N-(4)- (B)- (C)--(4B)--(4C)-(BC) — (ABC) 
} Ex. 3-5, Given that 
ов N 
Sn that иву; TORE 
2 Sol, t 
BALO RUAN 
={l—a—8+28},N 
Nes фаер 


N. b: N T 69-65 
(Ach AN (1-4) (1— Y N 
ж {1—@- BTR N 
—N-(«)- (8) (48) (a). 
Ex. 3-6, hen that 
(о) mC) н). 
and also that | (ABC) (ay) 
show that aue dne te d n 
bee ur. enen dd 
^ -A h 
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Ex. 3-7, Measurements are made on ai thousand husbands and - 
а thousand wives, It the measurements of the husbands exceed the 
measurements of the wives in 800. cases for one measurements, in 700 
cases for another and in 660 cases for both measurements, in how 


` many cases will both measurements on the wife exceed the measures 


ments on the husband? à 
Sol, Let A and B denote the husbands exceeding wives in 
first and second measurements respectively. -Then 
N=1000, (A)=800, (B)=700 and (A= 
(49) ag. N= 401 N. N 
={|-A—B+AB},N=N-(A)—(B)+(48) ' 
= 1000 - 800 — 700 4-660 2: 160, 
Ex, 3-8. 100 children took three examinations. 40 passed the 
first, 39 passed the second and 48 passed the third. 10 passed all 
three, 21 failed all three, 9 passed the first two and failed the third, 


19 failed the first two and passed the third, Find how many children 
passed at least two examinations. 


Show that for the question asked certain of the glven frequencies 
are not necessary. Which are they? 


Sol Let А, B,C denote passing first, second and third 
examinations respectively, Then Di 
N=100, (4) «40, (B)--39, (C)=48, (ABC)=10 
(57) 21, (ABy)=9 and (a8C)=19 — . 
Now («BC)—«BC.N-(1— A}BCN={BC—ABC}.N 
=(ВС)- (4 BC) M 
and (00) = ABC.N (1 —«)8C. N (9C «BCY.N y 
(0С) - (48C) 4 . aY 
No, of children who passed at least two examinations ^. 
(а BG)-- (АВС) -H(ABY) HABO) A 
=(BC)~(ABC)-+(8C)—(a8C)-+(ABy) +-(ABC) 
(C) («PCF (ABY) = 48 — 19.79 88% 
Evidently three frequencies have been used and hence others 
аге not necessary). г 


(o5 Ex. 3-9 - Show that if A occurs in. a. larger proportion tof ithe: 
cases where Bis than where B fs not, then B will occur. in га larger 


proportion of the cases where 41i than where A 18 пої. ; Toe 
Bol. Ttis given that 2 


илы. ave 


T 


Oo cher TE (8) 


7 i 
3.6 
and it is to be shown that 1 


From given $ ^5 
Tit 450 
F Qj a) | 
s @ ав) | 
or 1+ e 
or 0 ee: 


Ех. 3-10, Ata competitive examination at which 600 graduates’ 
appeared, boys outnumbered girls by 96. Th 


(B) 


adir 


(i) the number of boys who qualified for interview. 


(ii) the total number of Science graduate bo 


ys appearing. 
(iii) the number of Science graduate girls who qualified. 


Sol Let 4, Band C denote the attributes of. being a boy 
qualified for interview and science candidate, Then 


N=600, ( («)=96, (В) —(8)=310, (4BC)=300, (аВү)=25,. 
(077135, (8)=33 апа (400 18. 


Since N=(4)-+(«)=600=(B)+(8)=(C)+(y) 
(4)—348, (a)252, (8) 5-455, (8)=145 and (C)—465; 
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| „ (D) (AB) (4) (49) 5348— 18—330 
(ii) (AC)=(ABC)+(ABC)=(ABC) +(4p)—(ABy) 
=(ABC)+(A8)—(By)+(«By) 
=300+ 18—33+25=310 
(iii) (aBC)=(BC) —(ABC)={1—}{1—y}.N—(ABC) 
=N- y)—(8)+(By)— (ABC) 
600135145 33— 300-83. 


Ex. 3-11. In a free vote in the house of commons, 600 members 
voted. 300 Government members representing English constituencies 
(including welsh) voted in favour of the motion. 25 Opposition 
members representing Scottish constituencies voted against the motion, 
The Government majority among those who voted was 96. 135 of the 
members voting represented Scottish constituencies. 18 Government 
members voted against the motion. 102 Scottish members voted in 
favour of the motion. The motion was carried by 310 votes. Analyse 
the voting according to the nationality of the constituencies and party. 


Sol. Let A, B, C denote the attributes of being. Government 
members, voting for the motion and being members of English 
constituencies respectively. 


Then N=600, (4BC)=300, (x8y)—25, (A)—(a)=96, (ү)=135 
(48) 218, (By) 2102 and (B) — ()—310. | 
It is required to find all ultimate frequencies. | 
Now N=(A)-+(a)=600=(B)-+-(8) 
? (A)=348, (а) = 252, (B)=455 and (8)—145. 
| „„ (C)=N—(y)=465. 
Now (АВ)=АВ N—A(1—8).N—(A)— (48) 
—348— 18=330 
(BC)=(B) —(By)=455—102 = 353 
(aß Y) N= (A) (B)- (C) -(4B)-- (4C) - (BC) - (ABC) 
^ САС) (x8) +(48С)+(4) -(B)- (C) - (BC) - (4B) - № 
225-300 -348 4- 455-465 —353 — 330— 600 
=310, | 
Now (АВү)=(АВ)—(АВС)=330—300=30 
(A8C)=(AC)—(ABC)=310—300=10 
(aBC)=(BC) —(ABC)=353—300=53 
(485) —(48)- (48C)—18— 10—8 
rr B)C.N— (C— AC— BC+ ABC).N 
=(C)—(AC)—(BC)+(ABC) 
—465— 310— 353--300— 102 
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(231) (B) (4 В) (ВС) (АВС) 
455 330— 3534-3002 72, 
А Ex. 3-12. Prove that in case of two attributes A and B, the 
conditions of consistency are 
(i) (AB) 20 (її) (АВ) S(4) (iii) (АВ) < (B) and 
(iv) (48) > (4)-(B)- М. 

f m" IN оаа . Jel veut 
ten 8 at по u uency tive £e, ( ! 
(49) 0, Ce and (es) > 0, - 

Now (АА) {AP}. N e 4(1 = BN AN (АВ). ү 
SA d N 
„ (AB) > 0 implies (4) > (48) 
Similarly (42) > 0 implies (2) > (4B) 
Neo (28) (a) Ne ((1 = A1 — Ву. 
gsm "(17 A7 B FAB) N=N- (4) (B)J-(4B) 
^ GB) > 0 implies (48) > (A)+(B)=N, 
Ех, 3-13, Prove that in case of three attributes A, B and C, the: 
conditions of consistency. are 
(i) (ABC) 2 0. (il) (ABC) > (AB)+(AC)—(A) 
(ii) (ABC) 2 (4 B)--( BC) — (B) (iv) (48C)2 (4C)--(BC)- (C) 
Е (0 (ABC) < (АВ) (vi) (ABC) < (AC) (vii) (АВС) « (BC) 
and (viii) (ABC) < (4B)--(4C)4-(Bi 7(4)-(B)- (CEN 
Hence deduce 
(4B)-HAC) (ВС) > (4)+(B) (ON 
(AA (BC) < (A) 
j (AB)=(4C)+(BC) < (B) 

| p TAB) HAC (ВС) < (С) ; 

. Sol. For consistency it js necessary and sufficient that all 
ultimate frequencies are non-negative ѓе, 

(i) (ABC) > 9), tase 
(ii) (ABY) > 0 die. аву > фа 
Le {A BY CRN > 0 
Le, {d4~AB~AC+ABCLN > 0 : 
ien (4)- (AB) (AC) (ABC) 2.0, 
Le, (ABC) > (4B)+44C)—(A) ec 
Similarly (2 By) > O and (28C) >0 implies (iii) and (iv). 


SIE 


(—————— 


() (АВ) > 0 
Le, {ABy}.N > 0 
ie, AB(I-C)N > 0 
Le,(AB—-ABC).N >0 
i.e., (АВ) > (ABC). 
Similarly (vi) and (vii) follow from (48C) > 0 and (aBC)> 0. 
(viii) (apy) > 0 
he, (I- AN > 0 
he, (1— 4— B= C-EAB-- ACH BC- ABC)N 20 
ће, N= (4)= (B) -()H- (4B) -(AC)- (BC) - (ABC) > 0 ` 
Le. (ABC) < (4B)--(AC)-- (BC) - (4) - (В) (C)-- N. 
From (/) and. (viii) 
e (AB)+(AC)+(BC)=(4)=(B)=(C)+-N > 0 
Ге, (4B)-- (AC): (BO) > (4)--(B)4-(C) - М 
From (її) and (vii) 
(4B) +(AC)=(A) & (BC) 
he, (4B)-+(AC)=(BC) € (A). 
Similarly from (/) and (vi), (iv) and (0) 
(АВ) + (BC) (4C) < (B) 
and (AC) (BC)- (АВ) « (C). 


Ex. 3-14. If a report gives the Following frequencies as actually 
observed, show that there must be a misprint or mistake of some sort : 


N=1000, (4) 2510, (B)=490, (C) 427 (4 В)=189, 
(AC)=140, (BC) 85 
Sol. Now (4B)+(4C)+(BC)=189-+140-+85=414 
and (A) +(B)-+-(C)—N=510+490-+427— 1000-427 
(АВ) (АС) (ВС) <(A)+(B)+(C)—N 


Data is not consistent and hence.there must be а misprint 
or mistake of some sort. 


Ex. 3-15. Jf in an urban district 817 per thousand of the women 
between 20 and 25 years of age were returned as "occupied" at a 
census and 26 per thousand as married orwidowed, what ts the 
lowest proportion her thousand of the married or widowed that must 
have been occupied ? у - А С 

Sol Let and В denote the attributes of being occupied and 
being married or widowed respectively. Then ^^ ^ ; FL 

N=1000, (4)—817 and (80 23 ees 


3.10 
„ (AB) > (4)-(B)- N—817--263— 1000—80 


Lowest proportion ре thousand of the married or widowed 


that must have been occupie 
} 80 
= 365 x 1000=304 


Ex. 3-16. A market investigator returns the following data. Of 
1000 people consulted, 811 liked chocolates, 752 liked toffee and 
418 liked boiled sweets ; 570 liked chocolates and toffee, 356 liked 
chocolates and boiled sweets and 348 liked toffee and boiled sweets : 
297 liked all three. Show that this information as it stands must be 
incorrect. 


Sol. Let A, B and C denote the attributes of having liking for 
chocolates, toffee and boiled sweets respectively. Then 
N=1000, (4)=811, (B)=752, (C) —418. (4B)=570, 
(AC)=356, (BC)=348 and (ABC)=297, 
Now (sy) - N— (4)- B)-(C)--(4B)--(AC)2-(BC)- (АВС) 
=1000— 811 —752—4184-5704-356-+-348-—. 297 
=-4<0 


`. Information is incorrect. 


Sol. Let 4, B and C denote the attributes of being white, armed 
and possessed with ammunition, Then 


(4) « (x), (4B)> (ag), (BC) « (48v) 
and it is to be shown that 
(«By)» (48C) 
Now («Вү)=(«В)— (a BC) 
5 >(«В)- (А) (4) — (a8) — (48y) 
>(4)- (4B) - (48) (48) - (48y) 
=(480°). 
Ex. 3-18. If, in a series of houses actually invaded by small- 


pox 70% of the inhabitants are attacked and 85 % have been vaccinat- 


ed, what is the lowest percentage of the vaccinated that must have 
been attacked ? 


Sol. Let 4 and B denote the attributes of being attacked and 
vaccinated. Then 


N=100, (4)=70 and (B)—85 


are C's. 
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Now (4B)>(A)+(B)— N—70--85— 100255 
Lowest percentage of the vaccinated that have been 
attacked 
55 
=з X100— 657; (approx.) 


Ex. 3-19. Jf all A's are B's and oll B's are C's, show that all 
A's are C's, 
Sol. It is given that (4B)=(A), (BC)= =(B) 
and it is to be shown that 
(AC)=(A) 
From Ex. 3-13, (4B)~(4C)+(BC)<(B) 
(A)—(AC)+(B) «(B) 
P (A)<(AC) 
But (AC) <(A) 
* (AC)=(A) 
Ex. 3-20. If all A's are B's and no B's are C's, show that no A's 


Sol. It is given that (4B)=(A) and (BC)=0 
and it is to be proved that (4C)—0 
Now from Ex. 3-13, (4B)-+-(4C) = (BC) <(A) 
(4)+(АС)< (А) 
(АС)<0 
(АС)=0 ( (40)20) 


Ех. 3-21. Given that (A)=(B)=(C)= -5 апа 80% of the A's 
are B's, 75%, of A's are C's, find the limits to the percentage of B’s 
that are C's. 
Sol. It isgiven that 
(4B)—0:8 (4)-04 N 
(4С)=0:75 (4)—0:375 N 
and the limits of (BC) аге to be obtained. From Ex, 3-13, 
(AB)+(AC)—(BC)<(A) 
(BC) 2(AB)-(AC)— (4) -0:4N4-0:375N — O- S 
5 (BC)>0:275N=0°55(B) 
and -(AB)—(AC)-+(BC)<(B) 
(BC)<(B)—(AB)+(AC)=0-5N—0-4N-+40:375N 
(BC)<0:475N=0'95(B) 
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(BC) Yo. 
us 55«; — «0:95 
ca^ 
„ Reqd, limits are 55% and 95%. 
Ex. 3-22 Among the adult population ofa certain town 50% of 
the population are male, 60% are wage-earners and 50% are 45 
years of age or over. 10% of the males are not wage earners and 


40% of the males are under 45. Can you infer anything about what 
percentage of the population of 45 or over are wage-earners ? 


Sol. Let А, 2, C denote the attributes of being male, wage- 
earner and 45 years old or more. Then 


N=100, (4) 50, (B) «60, (C) 50, (43)— 10. x 30-5 


100 
40 
and (407 155 × 50= 20 
The limits of (BC) are to be obtained 
i Now (AB)=(A)-( 48)—50— 5—45 
and (4C)—(4)— (4) 50— 20-30 
From Ех. 3-13, (4B)+(4C)-(BC)&(A) 
o (BC) 2(4B)+(AC)— (4)2454-30— 50 
”„ (ВС) 25 
апа (4B)- (4C)-(BC)«( B) 
Aa (BC)«( В)+(АС)— (4B) = 604:30— 45 
n» (BC)<45 
ES 25<(8С)<45 


©. Percentage of the Population of 45 years old or more who 
are wage-earners lies between 30 100 50% and E *100=90%, 


Ex. 3-23, (a) The following are the proporti ns of b ed 

Sor certain classes of defects amongst a number of — ee at 
A=development defects, B=nerve signs, C= mental dullness, 
N=10,000, (4)=877, (В 


)== 1,086, (C)=789 
(4B)—338, (BC)=455, 


Show that some dull boys do not exhib 
and state how many at least mid boon exhibit development defects 


(b) The following are the corresponding figures for girls : 
N=10,000, (4)— 682, (8)—850, (C)=689 

(4B)—248, (BC)=363, 

Show that some defectively developed girls are not dull and state 
how many at least must be so. 
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Sol. (a) It is required to find the lower limit of («C) 
Now («C)=(C)—(AC) 
Now (AC)+(AB)—(BC)<(A) 
and —(4B)--(4C)--(BC) < (C) 
*- (AC) € (А) (BC) — (4B)—877 +455 — 338. 
* (AC) < 994 
and (A OD 7894-338 —455 
°. (AC) «672 
(ac) > (C)—672—789—672—117 . 


(b) Left as an exercise. 


Ex. 3-24. Given that 50%, of the inmates of an institution are 
men, 60% are aged (over 60), 80% non-able-bodled, 35% aged men, 
45% non-able-bodied men and 42% non-uble-bodied and aged, find the 
greatest and least possible proportions of non-able-bodied aged men, 


Sol Let 4, Band C denote the attributes of being man, aged. 

and non-able-bodied. T 
Then N-100, (A)=50, (5) 60, (C)=80. 
(AB)==35, (AC)=45.and (BC)=42 

and the limits of (ABC) are to be obtained, 


From Ex. 3-13, (ABC)>(AB)+(AC)—(A)=30 ' 
(ABC) > (AB)+(BC)—(B)=17 
and (ABC) > (AC)+(BC)=(C)=7 

2. (ABC) > 30 satisfies all the three inequalities, wa 

Also (ABC) < (AB)=35, (АВС) (АС)=45, (ABC) &(BC)=42 
and (ABC) € (AB) (4C)-- (BC) —- (4) – (B) - (C)+ N= 32 

. (ABC) & 32 "15 ! ' 
30 < (АВС) « 32. > 

Ex, 3-25. 50% of the imports of barley into a country come 
from the Dominions : 80%, of the total. imports go dq brewing ; 75% 
of the imports are grown in Northern Hemisphere ; 80%, of Northern 
grown barley goes to brewing; 100% ~of foreign Southern-grown - 
barley goes to stock-feeding. Show that the foreign Northern grown 
barley which goes to brewing cannot be less than 30% nor more than 
50% of the toval imports. (ЇЇ is assumed that brewing and stock- 
Seeding are the only two uses to which imported barley is put). 

Sol. Let A, B and C denote the attributes of the barley coming 
from dominions, being used in brewing and growing in Northern 
Hemisphere respectively. Then EAA 

N=100, (4)—50, (B)=80, (C)=75 Г; 
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0 200-100 X 75 60 and (ay)=(aßy) 


and it is to be shown that 
30<(aBC)<50 
Now  («Sy)=(ay)=(aBy)+(aBy) 
(aBy)=0 

or («B)—(aBC)=0 i e., («B)=(aBC) 

From Ex, 3-12, («B)>(«)+(B)—N=30 
and («B) < (a) = V- (4) 50 

30 < (ABC) < 50. 

Ex. $28. 4 penny is tossed three times and the results, heads 
and tails, noted. The process is continued until there are 100 sets of 
` threes. In 69 cases heads fell first, in 49 cases heads fell second and in 

53 cases heads fell third. In 33 cases heads fell both first and second 
and in 21 cases heads fell both second and third. Show that there 
must have been at least 5 occasions on which heads fell three times 


and that there could not have been more than 15 occasions on which 
tails fell three times, though there need not have been any. 


; Sol. Let 4, Band C denote the attributes of getting head in 
] first, second and third trial respectively. Then 
N=100, (4)—69, (B)=49, (C)=53, (AB)=33, (BC)=21 
é From Ex. 3-13, (4BC)>(AB)-+(BC)—(B)=5 
(By) S (x8)—28.N— (1 = 4)(1— B).N 
= N—(A)—(B)+(AB)=15 
and (aY) < (By) =N—(B)—(C)+(BC)=19 
(By) < 15. 
Ex. 3-27. Given that -N and that 


(4B) _ (4C). 
Nee oh 
find what must be the greatest and least values of p in order that we 
may infer that 9 exceeds any given value, say 7, 


Sol. From Ex. 3-13, (4B)+(BC)+(AC)> (4)+(B)+(C)—N 


„ 2Np+(BC) > X 
` (BC: 1 
0 o > 2 2 (1) 
and (4B)--(4C)-(C) € (A) 
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2pN- (Bc) < У 


BC 
oS 2p- 4- D 


Since 20) is to exceed 4, from (1) and (2) 


1 I 
2 2 > 41022-5 > д 


Le, PS | (1-29) and p 21 Q0) (3) 
From Ex. 3-12, (AB)<(A) 

- je gi 

Since (AB) £0, р> 0 


++ p must lie between 0 and 1 (1 — 24) or between ja +24) 
1 


апа PE 
A B) (C 
Ex. 3-28. Show that if 4) =х= HO 
(4B) (AC) (ВС) 
- Nr FRET 


the value of neither x nor y can exceed T 


Sol. From Ex. 3-12, (BC) > (B)+(C)—N ie., yp5x-1 
and (AB) € (4) i e, y & x, 


x25x-lie,x« т 


"x«i. 
Ex. 3-29. Show that for n attributes A, B, Cien M 
(АВС......М) > ((A4)-(B)--(C)9-......--M)) - (n— 1) N 
where N is the total frequency. 
Sol From Ex. 3-12, 
(AB) > (4) (B)- № 
Replacing B by BC 
(ABC) > (4)-(BC)- № 
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Also (BC) > (B)+(C)— № 
| (ABC) > (A)-+(B)+(C)—2N 
Tn general for m attributes A, B, C, ...P, let 
"Uv ABC... P) > (A+ (B)- (C) *-......-(P) (m= 1N 
Replacing P by RS and using ^ 
j T (RS) > (R)+(S)—N, 
for (m+ 1) attributes й 
(ABC...... RS) > (4)--(B) 3-......--(S)-mN 
Ifthe inequality holds for m attributes it also holds for 


(hi4 1) attributes, Since the in:jvality holds for three attributes, 
it also holds for four and hence five and any number of attributes. 


Ex. 3-30. In a very hotly fought battle 70% at least of the 
combatants lost an eye, 75% at least lost an ear, 80% at least lost an 
pid ae 85% at least lost a leg. How mony at least must have lost all 

‘our 


Sol. Let 4, B, C. Р denote losing an eye, an ear, an arm and 
A leg respectively, Then N==100, (4) > 70, (B) 2 75, (C) > 80 and 
(Ру 85. Now from Ex. 3-29. : 


(ABCD) > (A)+-(B)+(C)+(D)—3N 
> 70--75--80 4-85— 300 
=10 
10% at icast have lost all four. 
3.2. Association of Attributes 


Independence. Jf there is no relationship of any kind 
between two attributes A and B, it is expected to have the same pro- 
ел of A's among B's as among not B's Le,B's. Two such attri- 

utes are termed as independent and the criterion of independence of 
two attributes А and B is 


LAB) _ (49) 
(2) (8) >. 


Association. IfA and B are not independent, these are rel 
in some way or other, however complicated, These are said ga 
positively associated or simply associated if 


(AB)> dx 


negatively associated if 
(AXB) 
Hnc P 


In statistics A and B are said to be associated only if ti 


«ppear together in a greater number of cases than is to be expectei 
these are independent. 


Complete Association. Two attributes are said to be com 
tely associated if one of them cannot occur without the other tho 
the other may occur without the one ie., all A*s are B's or all. B's 
41's according as whether A's or B's are in minority. 


Complete Disassociation. It may be taken either as the c 
when no A's are B's or the case when no «'s are B's. 


Coefficient of Association. It is given by 
— (48)(«8)— (ACE) 
(4B)(«8)+(48)(«B) 
Coefficient of Colligation. Ir is defined by 
RMÍAB)GB) — У{(Аз\(«В)} 
V LB)(B)) + у {Ape В)} 
Symbols (AB)o= aye. 


3—(4B)— (4B). 
Ex. 3-31. Jf A and B be two independent attributes, prove thi 


jy @В)_ (88) % (8) _ (48) (AB) _ («B) 
O rer map ЧӘ eem O 


. and (iv) (a5) XD 


Sol Since A and B are independent, 


(AB) = 148) 
(В) (8) 


(4B) _ (В) _ (АВ)-+(«В) 
(i) From (1), "(4B (B (9) Fa) 


: (a) 
each ratio= (eB) 


(В) e „ (аВ) _ (29) 
в) (б) ? (B (В) 
А (AB) û (48)... (AB)+(48) _ (A) s 
(P) From (D, gem RR TN. 
(48) _ (4) 
@ X 
_ (48) . Об (48) (4) 
(B-(4) N-A (8) (9) 
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E NC) MN CO NE 


^s nmm e) 
(iii) From (2), Ga 

ae F 
п 2040 FA ©" eB) а) 
X ` MB) _ (0B) 
: (4) (а) 


(h) From (2), (43 42 


Ex, 3.32. Show, whether A and B are independent, positively 
associated or negatively associated in each of the following cases : 


(i) N= 100, (4)=47, (B) 62, (40 32. 
(il) (4)—490, (AB) 294, («)—570, (4 B) 350. 
(Hii) (4B)= 256, («B)=768, (48)—48, (aß) 144. 


Sol (i) ANB) _ 462) —29:14— (AB) 


Since (4B)> (AB), attributes are Positively associated, 
(ii) N=(2)+(A)=1060, (B)=(4B)+(2B)=674 
(A Вуу= КЗ) UP). =311°6 (nearly) 


^ ` (AB) <(ABjo 
Attributes are negatively associated. 
(iii) (4)—(A4B)4- (4) —256-1-48—304 
ў (B)=(4B)+(« B)=256+768§= 1024 
(2)—(xB)-- (a8) 768-- 144—912 
^0 N=(4)+(«)=304+912=1216 
.. ape (D) = 0001029 у 


A and B are independent. 


two thousands. Do you find any association between literary and 
criminality ? 


Sol Let A and B denote the attributes of bei it 
criminal respectively. Then сезм 


(4)=20 lakhs, (В)=26 thousands 0.26 lakhs 
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(AB)=2 thousands O02 lakhs and N=250 lakhs 


(AB)o= xm d —0:0208- (4B) 


. A and Bare Меча associated. 


Ex. 3-34. Show that (i) Q= and deduc 


* 
(AB)(@B)+(A8)(@B) 
that Q—0 when A and B are independent. 
(ii) Q=1 for complete association. 
(iii) Q= * i complete disassociation. 


(iv) = ee where R is the co-efficient of colligation. 


Sol (i) 8=(АВ)—(АВ»=(АВ)= ex) 


N8—(AB)((A)- (2) — (4)1(A B)- (B) 
=(АВ){(«В)-Е(«В)}— ((4B)4-CA8)) (B) 
=(4В)(28)— (48)(«.B) 
Q- № 
| (ABya)--(A8)( В) 
If A and B are independent, 3=0 
Q—0 
(ii) Yf there is complete association, all 4's are B's or all B 
аге A’s according as .4’s or B's are in minority. 


. Either (43)=0 ог («B)=0 
Q=1 


(iii) If there is complete disassociation, either no A’s are B’s ¢ 
No a’s are Qs. 


Either (AB)=0 or (ag) = 
= — |, 
V (AB) a8)}— v/{(AB)(0B)} 
(i) By def. R= авав) E (ABB) 
R _V ABD 


I-R NA 


+R) |, 
fea 
(acme tif 


0= 
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Note. From (i) Q>0 for positive association 
< 0 for negative association 
= for independence. 


Ex. 3-35. If A and B are independent, find the (AB), (4), «ву. 
and (aß). 


Sol. Since A and B are independent, (48) з) 


~ в-ва i- ооа) 
_ 48 
N 


(«B)=(B)-(4B)=(B) { 1-50}. 
(a8) N- (4)- (B)-(AB) 
=N=- (+ 


O- N N-uy 


=w] ИТЕ 


Ex. 3-36. Show that $= O) | (AB) (48) 
ow that 8 У . Y В $1 


Sek 3—=(45)~ ANP) MaB Cay 
1 

er LAH (8) — (43) CA 

- LABO- UDB 


-EP AO . (A 1 0 


Interchanging А and B 
wn (ANG) ( (AB) _ (eB) 
P ee 


Ex. 3-37, Show that 
--- -H) (9))--2N8 


* 
| 
| 
| 
1 
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Sol R. H. S. (CA) - O- -x { (4B)- E 
=[{(4B)+(A8)}— {(«В)- (8))1(AL.B) 4- (:B)) 
— ((A8)4-(49)]-2N(4 B) - 2(4Y(B) 
={(AB)— (ap- (48) — («В)}#-+-2{(А)-Е(«)}(АВ)— 2(4)(8) 
={(АВ)- (а8)}%— (49) (-= + 2()(4 B) 
=={(4B)— (p- ((48)— (a8)? — 2{( 4B) 3-(48))(«.B) 
+2{(aB) (PNA) 
=(АВ)%+-(«8)%— (40)#— (a) 
Ex, 3-38. Show that if 
(AB), («В)у, 148), («8 
(ABhe, (В), (А8), (28) 


be be aggregates corresponding to the same values of (A), (В), (e) 
an 


(4B) – (АВ) = (а В) («В) — (48) — (48)1 = («8)1 — (8)2. 
Sol. (4)-(AB3 -(48)1— (4B)o (As): 


(4B) – (Aa- (482— (48) 0) 
(B) (AB) +(e B)r=(AB)o+(aB)o " 
* (АВ). — (AB)s—- (a Ba- («B (2) 
(0 («Bh (agi (ABD (a8)2 | 
(«В)у— («B)a—(a8)2— (8)i ...)3( 


Fron (1), (2) and (3) result follows. 
3-39. Investigate the association between eye colour of 
йд апа eye-colour of wife from the data given below : 
Husbands with light eyes and wives with light eyes=309 
„ „ in e pala, , 14 
” ” ” n ” „ hot,, ” = 132 
” ” ” ” ” „ »» » =119 
Sol. Let A, B denote the attributes of husbands with light 
eyes and wives with light eyes respectively. 
Then (АВ) 309, (Ap)== 214; (48) 132 and (aß) 119. 
‚о. (ABY aS) (AB) _ (309)(119)—(214)(132) 
“= АВАВ) Е (ABB) —. (309) (119) 2-214132) 
xi 36771 — 28248 0:13 
36771-4-28248 
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„ There seems to be positive association of small degree. 
Working out percentages : 


Percentages of light-eyed amongst the wives of light-eyed 


Бор =595 f light-eyed 
husbands= 244 jog X 100—597; and percentage о! ght-ey 


amongst the wives of not light-eyed husbands— 


132 
=53%. 
132-119 X 100—537, 


Comparison brings out that the association is small, so small that 


по stress can be laid on it as indicating anything but a fluctuation of 
sampling. 


Ex. 3-40. Investigate the association between darkness of eye 
colour in father and son from the following data: 


Father with dark eyes and sons with dark eyes— 50 


„ „ o» „ „ „ Without „ „ —79 
» without , „ „ „ „n „ » =89 
» ioi qus. „ „ without, „ =782 


What would have been the frequency of ‘fathers with dark eyes and 
sons with dark eyes’ for the same total number, had there been 
complete independence ? : 


Sol. Let 4 and B be the attributes of father and son to be 
with dark eyes respectively. Then 
(AB)=50, (48)—79, (5) 89 and («8)—782 
— (50)(782)—(79)(89) 32069 


(50)(782)-+(79)(89) 46131 797 


here is a positive association of high degree between the 
darkness of eye-colour in father and son. 


Now (4)—(4B)--(48)— 50--79—129 
(8)=(48)+(«B)=50+89=139 1 
> AXB 125)(139 
^% (АВ)о= XE) 029039) ig (approx.) 
Had 4 and B been independent, 
(АВ)=(АВ)= 18. 
Ех. 3-41. The following data relates to literacy and unemploy- 
. ment in a group of 500 persons. You are required to calculate Yule's 

co-efficient of association between literacy and unemployment and 
interpret it. 

Illiterate unemployed 220 

Literate employed 3 20 

Illiterate employed 180 
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Sol. Let 4 and B denote the attributes of being literate ana 
unemployed respectively. Then i 
(4 B)—500— (220-1-20--180)—80 
(A8)=20 (3) 220 and (Ag) 180 
о (4B)(aB)—(48)(@B) _ (80)(180)— (20220) 
(AB)(xB)--(48)(xB) (80)(180)+-(20)(220) 
=0'5. 
Thus there is a positive association of high degree between 


literacy and unemployment. Thus in general literate person is 
unemployed, 


Ex. 3-42. From the following, find whether blindness and 
baldness are associated. 

Total population 16,264,000, number of bald-headed— 24,441, 
number of blind=7,623, number of bald-headed blind— 22]. 


Sol Let A and B denote the attributes of being bald-headed 
and blind respectively. Then : 
(AB)— 221, (A)=24,441, (B)=7,623 and N=16,264,000 
— (AB) _ (24,441)(7,623) 5 
(AB)o= CN = "(16262000) ^ 11 (nearly) 
(AB)>(AB)o 


„There is positive association between baldness and blind- 
ness. 


Ex. 3-43. Do you find any association between the tempers of 
brothers and sisters from the following data : 


Good-natured brothers and good-natured sisters 1230 


» بر‎ CT o» „ sullen „ =850 
Cullen E „ . good-natured ,,  =530 
» » „sullen » 980 


Sol. Let 4 and B denote the attributes of being good-natured 
for brother and sister respectively. Then ; 


(AB)=1230, (48)=850, («B)—530 and (x8)—980 
(A BY(a8)— (Ap) B) (1230)(980)— (850)(530) 
O= ABNA + ABa В) (12305980) BOG 
—0:46. 
There is positive association. 


Ex. 3-44 Can vaccination be regarded as a preventive measure 
Sor small-pox from the daia given below 
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‘Of 1482 persons in a locality exposed to small pox, 368 in all 
were attacked’. 


‘Of 1482 persons, 343 had been vaccinated and of these only 35 
were attacked.’ 

Sol. Let А and B denote the attributes of being vaccinated 
and attacked respectively. Then 

N=1482, (AB)=35, (A)=343, (B)=368, 
(4)(B)__ (343)(368) 85. 
(ABYo= “ү 8 c852 

^ (AB) «(AB)o 

„. There is negative association and hence vaccination can be 
regarded as a preventive measure for small-pox. 


‘Ex, 3-45. In an antimalarial campaign in a certain area, quinine 
was administered to 812 persons out of a total population of 3248, 
The number of fever cases is shown below : 


Treatment Fever No, Fever 
Quinine 20 792 
No. quinine 220 2,216 


Discuss the usefulness of quinine in checking malaria. 


Sol. Let 4 and B correspond to fever and quinine. Then 
(AB)=20, («В)==792, (48) = 220 and (a8)=2,216 

З Q- (202216) — (792)(220) 
us (20)(2216)-4- (792)(220) 


„ There is a negative association of high degree. Н 
quinine may be taken as preventive malaria. coe ye 


Ex, 3-46, A group of 1000 fathers was studied and it was 
found that 12:975 had dark eyes. Among them the ratio of those 
vo sons with dark eyes to those having sons with not dark eyes 
was 1: !'58. The number of cases where fathers and sons both did 
not have dark eyes was 782, Calculate a co-efficient of association 
between darkness of eye-colour in father and son. Give the frequencies 
that would have been observed had there been completely no heredity. 


Sol Let Aand B denote the attributes of havi 
for father and son respectively. Then W eyes 


2-06 


.129 ut i: (4B) 1 

(А)= 100 х1000=129, N= 1000, (46) = T58 and, (aß) 782 
(АВ) (48 _ (AB)+(48) (4) 129 

Ne рт TIT E e 
(4B)=50 and (48)—79 


| 


e 


2. 
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(D- (AT (ag) — 79 --782— 861 
(8)—N— (8)—1000— 861—139 
(4B)+(«B)=139 

Ae: (aB)=89 

Now see Ex. 3-40. 

` EXERCISE 3.1 


If a collection contains N items, each of which is characterized 
by one or more of the attributes A, B, C and D, show that with 
the usual notation 
(i) (A4BCD)2 (AY-(B)-- (C) - (D) - 3N 
and (ii) (ABCD)=(ABD)+(ACD)—(AD)+(ADBy). 
where g and y represent the characteristics of the absence of B 
and C respectively. 
Three aptitude tests 4, B, C were given to 200 apprentice 
trainees. From amongst them 80 passed test 4, 78 passed 
test B and 96 passed the third test. While 20 passed all three 
tests, 42 failed all the three, 18 passed A and B but failed C 
and 38 failed 4 and B but passed the third. Determine (i) how 
many trainees passed at least two of the three tests and (ii) 
whether the performances in tests 4 and B are associated. 
[Ans. 76, Q—0:3] 

In a college 50% of the students are boys, 60% of the students 
are above 18 years, and 80% receive scholarships. 35% of the 
students are boys above 18 years of age, 45% are boys receiving 
scholarships and 42% ace above 18 years and ieceive. scholar- ' 
ships, Determine the limits to the proportion of boys above 
18 years who are in receipt of scholarships. / 

[Апв. Lies between 30 and 32] 


A study was made about the studying habits of the students of 
a certain university and the following summary is given at one 
place in the report, 


‘Of the students surveyed 75% were from well-to-do 
families, 55% were boys and 60% were irregular in their 
studies. Out of the irregular ones 50% were boys and two- 
thirds were from well-to-do families. The percentage of 
irregular boys from well-to-do families were 8. Is there any 
inconsistency in the data ? [Ans. Yes] 


The following data relate to flexibility and selling ability of 
20 salesmen, Test whether the two attributes are independent. 


Flexibiliiy 

Selling ability Good Poor 
* Good 7 3 
Poor 2 8 


[Ans. 0=0'8] 


326 


6. Calculate the Co-efficient of association between illiteracy and 


10 


1. 


criminality from the data given below and interpret it. 


The total population of a city is 244,000 out of which 
40,000 are literates. The number of criminals in the Broup of 
literates is 300 and in the Broup of illiterates 4,000. [Ans. 0:5] 


The following data were Observed for hybrids of Datura. 
Flowers violet, fruits prickly (4 B) 47 

» „ „Smooth (48)—.15 

„ white „ Prickly (a0 21 

” „ Smooth (ag) 3 


Investigate the association between colour of flower and 
character ‘of fruit, Ans. (—0:28)] 
From the data given below, Compare the association between 


literacy and unemployment in the rural and ur 


ban areas, 
Rural Urban 
Total number of adult males 25 lakhs 200 lakhs 
Literate males 10 i 40 „ 
Unemployed „ 5 Lom 
Literate and unemployed males 3 á 4, 
Їп ал assortative mating study to find whether tall husbands 
tend to marry tall wives the following information about the 
wives of 125 ta Short-statured husbands was 
published, 
Tall husbands Short husbands 
(percent) (percent) 
Tall wives 56 13 
Short wives 11 48 
Find the Co-efficient of association between the stature of 
Wives and husbands, ignoring medium-sized wives. [Ans. 0:9} 
From the figures in the following table compare the association 
between literacy and unemployment in TUral and urban areas, 
Urban Rural 
Total adult males 25 lakhs 20 lakhs 
Literate males БӨЗ 105.5, 
Unemployed males ae 122 
Literate and unemployed males 4 SS 
In a state 


With a tota] Population of 70,000 adults, 34,000 are 
males and out Of a total of 6,000 gra uates 700 are females, 
Out of 1200 graduate employees of the State, 200 are females. 
Is there any sex bias in lucation among the People? The 


* — 
Ss رج‎ ————— — 


42, 


MU ER 


14. 
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state holds that no distinction is made in appointments in res- 
pect of sex. How far is their claim substantiated by the data 
given above ? 


A census revealed the following figures of the blind and the 
insane in two age groups in a certain population. 


4ge—group. Age group 
(15—25 years) (over 25 years) 


Total population 270,000 160,200 
No. of blind 1,000 2,000 
„ „ insane 6,000 1.000 
„ „ insane among the blind 19 9 


(a) Obtain a measure of the association between blindness and 
insanity in each of the two age groups (b) Do you consider 
that blindness and insanity are associated or disassociated with 
each other in the two age groups or more in one age group 
than the other ? 


Obtain the co-efficient of association between un-employment 
and educational attainments from the following results of an 
urban survey. 

Employed Unemployed 
Illiterate or below matric 5997 432 
Matric and above 572 96 
[Ans. 0:4] 
The following table gives the number of literates and criminals 
in three cities of U.P. 


Kanpur Allahabad Agra 


Total number (in thousands) 244 184 230 
Literates („ $ ) 30 47 33 
Literate criminals (in ,, ) 3 2 2 
Illiterate criminals (in ,, ) 40 20 24 
Compare the degree of association between criminality and 


illiteracy in each of the above three cities, 
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Difference Operators and Interpolation 


4l. Divided Differences. Let the values of f(x) for x= 
X1, ... хп be known. Then у: у= 
/(х)-Д(хо) 
X1— Xo 
fa, x2) -f(xo, x1) 
X2— Xo 
Qa, xe, xs) —f(xo, x1, x2) 
X Хо е 
and so оп, are called divided differences of first order, second order, 
third order etc. . 
Ex. 4-l. Compute the divided differences of f(x) from the 
following table : 
x: 1 2 3 4 7 
fx): 2 4 8 16 128 


fixo xi) = 
(xo, х1, xz) 


(xo, X1, Xa, xs) 


Sol. 
x f(x) Ist order 2ndorder — 3rdorder 4th order 
Eu S 2351 
2 4 $4 3-1 2-11 16 | 
T m4 Snide? . dcm 4 М 
3-2 dcs 22 53 1 
3 8 16-8 4-2 mi) ——— = < 
e diga nd i c 
4 „ quei iia uh AER 
таве eeu 1 LP 
Ex. 4-2. Obtain the divided differences of f(x)—x*.. 
Sol Let xo, x1, ...xn be the values of x. Then zs 
Дх x) - ھا‎ 3 xot =x1+x0 


X1— Xo Xx1— Xo 
(4.1) & 


42 
inex: ok fn, 0 A) 


5 
: 72 — Xo 
to, X1, xa, x3)= fam = Jm села 
Evidently all higher order divided differences will be zero, 
Ex. 4-3; Prove that the divided qi, ifferences are symmetrical 
ih their arguments. 
+ Sol. 


Let xo, x1, ...х be the arguments. 


Then f(x, чу ЛЛ _ fta) as. 


ў Xp Xo on». xo x1 * 
Hi, х, "a= Лоа, аз) — (xo, x1) 
X2-— Xo 
io fX.) fa) “ig Лол), f(x). ۱7 
оч 6 n f de E } 
Л). IED фы Г) 
оа xo); (*¹ S ETT Qro K- хә) 

Let in general 

mn Лхһ) 
X0, A, :.. vu) 
Fo, ж, . n) B I [p 
Fm. 1) 
(m-1 x0)( xm 3 — 31). (e 1-Х 20а 1 Xn) 
Pe foc _ 
( = xiro x3) 8 (%0 = Xm) 
Then x, з охан) = LAs Җа... xm), эу, у) 
i Xn41— Xp 
Er ET] Гь) 
* 11 — X9 e ncm 
Fa (xn) 
x 


m= X1) (Xm — x3) 


—ͤ g—v—— 
(m= xm) a ul) 


ex le T) LE 


fe 
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mL uo fma) 2 
(Хт+л — xo)...... (FI Xm) 
(Xm — xo)...... (ха Xn. 1)(Xm— Хил). Tee 
A 
(хо-- TI) (70 — Y) 
By induction, 
- f (xs) 
Дхо, м, serene х») OE ба и. 
аа ре з) 
+ (X21 — Xo)...... (71 *. 3) сха), dee 
л f) 
(хо—Х1)......... (хо—х„) 


Evidently f(xo, x1, ... х„) remains unchanged on interchanging 


Decrement, Hence f(x, x1, . x») is symmetrical im its argu- 
ments. 


Ex. 4-4. Show that divided differences of the sum of two 
functions are equal to the sum of the divided differences of two f^s. 


Sol Let f(x) and g(x) be two f"s and 


h(x)—f(x)--g(x) Е 
Al xn) A(xn_1) 
Now h(xo, xi. х) Еу у 
ien izn—l 
LA) _ 
tnr) 
$ i340 


"pcs НӘ no Ut) беа) 
hen ign-l 


tem NSU P 
140 НА 
= fon) N ) fao) 
{ + 1 +...... + П (xo— x) } 


П (x,— x) П (хо 1—24) 
ien istn—1 


gx) £x) inis 
+{ T= x) + i (mac) Ж ар Te 
n pit 


xo, xi, ха) - g(xo, x1, ...... Xn) 
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Ex. 45. Show that the divided differences of ‘cf(x)’, where ‘e 
is constant, are ‘c’ times the divided differences of f(x). 


Se. Let (x) dix) 


Xn) ф(хх-1) 
Then (xo Xi, ...... Xn) T (n-3) ( et x) 
n 
(xe) 
det qz) 
0 
fix») foni) fixo) 
ME {п (х»— х) ti (ax) Й (х0— х) } 
den 1#п-1 i0 
А =f(x0, хь... x.) 


E. 46. Show that nth order divided differences of x° are 
constant, 
Sol. Let lc) = х" 
Хоп) — f(x). A.- x0" 


Ухо, ж) = 


xnl n-2. Wak 4-1 
XL XO us. eek qi" +x" - +20! 


fias 38) — f(xo, ху) 
X3— хо 
mE E a t a FR) (xoxox L. - I-. 
¥2— Xo 


E 971) (хата xo") + SSH 4-1" (ж хо) 
2 Xo 
f Ga esa Brot... exo 73) r(x Branto... 
хо" 0) F. . . Ext 


Thus if /(x)=x", f(xo, x1) is a homogeneous function of degree 

(1— 1) in xo, x1, ; (хо, x1, хә) іза ротоло function of degree 

(n— 2) in хо, x1, хэ, and 30 On, Thus the operation of taking the 

divided difference lowers the degree by unity. Hence finally, 

Siro * 5 4 x») will be a homogeneous function of degree n—n=0 
les а s 


Ex. 4-7. Prove that the third order divided difference with argu- 
ments a, b, c, d of the function * is equal to — Ad 


fro, xy, x)= 


4.5 


x fx)- xx Ist order 2nd order 3rd order 
x 


1 
К “a 2267 
1 ab 1 
? Aoc o аре sinat Ee} 
© 1 be 1 abcd 
е 0 xo er юка. 
1 са 
d uw 


42 Descending and Ascending Differences 
Descending Differences. The first descending difference of 
f(x) is defined by 
4 Aft) foc h) — fox) 
where h is the increment in x. The operator ‘A’ is called descend- 


ing or forward difference operator, The second, third etc., diffe- 
rences are defined by ACA f(x)}, ALACA Nl ete. 


Operator E. The extension or shift operator E' is defined by 
Ef(x)=f(x+h) А 
Ascending Differences. The first ascending difference of 
f(x) is defined by 
VH fox) fix-- № 


The operator ‘7’ is called ascending or backward difference , 
operator. The second, third etc., differences are defined by 


TAV foo} VIV(V ЛО) ete. ; 
Central Differences. The first central difference of f(x) is 
defined by 


ye-( х+т)-/(х- 2 


The operator ‘3’ is called central difference operator. The 
second, third etc., differences are defined by 3(3/(x)), SIBA] etc. 


Central Mean Operator. It is defined by 
ue pU EA) 
Relations between Operators. (i) As&EÉ-I. 


„ 
ш) = E THA 


(lil) Am V. 


l-V 
(v) Hu- FAM A E 18 y EH, 
Relation between divided differences and ordinary differences. 
. x)= A'S (хо) 


nih 
Factorial Notation 
x" = x(x—h)(x—2h)......(x—m—1 h) - 
x = (x-E)-1x + 25)71......(x--mh yt 


Ex. 4-8. Given 070—3, U1—12, 05=81, Us—200, Ua 100 and 
Us=8. Find A5Uọ. 


Sol Difference table is 


x U(x) А n» em At 45 
0 3 4 
oe M % 50 10 
119 2690 7239 755 
100 #2100 7213. 2 %%. 
—92 
5 8 
. A500 = 755. 


Ex. 49, Show that Bij, 
Sol. By def. ^ f(x) =) Ee =f) 


x 
=(E~1) f(z) х 
where Lf(x)esf(x) 


959 AmE-] or EIL. 


Ex. 4-10, Show shai Bese"? where D denotes the derivative 
operator and deduce that Ae 1. 


Sol By def e eee уа. Epi 
ou h2 
=( ТА. Di... )л® 


МЕ * N 


TAN or дыг 


UAE. 


Ex. 4-11. Show tha: 
G) Dy-4( ду- A Adds Er ) 


(ii) р?у= al vire vire vy. ) 


Sol. From Ex. 4-10, ID =I+A 


(i) .. D= + log (1+ A) 


a ata} 


1 
Ру . 47-3. 9+ Ау...) 
AD. 7 1 
(ii) e "I4 EY "ig 


* hDm-log(I- V)ss + 2 aL V T VS 
iy be- ved viet VER Ves Y 

=2 ye Vi. 
E Dy V+ vy 4 Гову... ) 


Ex, 4-12. Show that 
(i) ЛЕЛ) (9) A fo) + g(x) 
(1) E( f(x) 800) e E f(x) + Eg( x) 
(ш) Ale f(x) m cA f(x) 
(% E(c f(x) = cEf(x) 
(У) AESEA 
(vi) AMA" A^ A" Amm 
(vii) En E EE Ет" 
(ili) Ла) = Agi x) а(х) д f(x) 
Дх) = (2) л Л) х) ^ ge) 
w ale eG) vo) 
Sol. (1) AOL (OG B) EgGe-8)) - Cfo) (х). 
ch) Л) (Qc -h)— go) 
= Д) As) 


4.8 
G) ECf(x)2- e Ef (x) + Eg(x) 
(iti) Atc fi) efe h)— fx) 
eC fix--h)— fix) e Af(x) 
(v). Efe. f(x)) сўхт) = cEf(x) 
O) AEf(x)— AC f(x b) f(x-- 2h) fix+h) 
—ECf(x-. b) — foe) EA f(x) 
AESEA 
(00) A" A* f(x) (A Q...m times)(A A ...n times) f(x) 
—(A А...(т+Ел) times) f(x)= A» f(x) 
XA А" At= Amn 
Similarly AAS Amt 
(vii) Ey y I (x)=(EE...m times) (EE. in times) f(x) 
={EE...(m+-n) times} f(x)=E"** f(x) 
En Ea Emi» 
ФШ) АЛ} =). а(х) —f(x) SC 
Set B) g(c--8) — 8()) а(х) Лх) — f) 
=Й) Дах) а(х) ^ f(x) 
(ix) A }- AHH) f(x) (хх) у(х) (х) 
g(x) B(x+h) g(x) g(x).8(x+h) 
= BONS +A) — fo) -Agh к(х)} 
g(x).g(x--h) 
80) A fo) gx) - 
g(x).g(x--h) 
Ex. 413. If(i)f(E)isa polynomial in E, show that 
Yard 
(i) f(A) is'a polynomial in A, show that 
S(A)a*=a*f(a— 1). 
for (i) Let f(E)&po-F-piE4- paE24-....... TE 
^ S(E)a*=(po+-prE+ pgE24....... Ea 
—poa* pa F. pogtt2h . . pagetnh 
=ar dpo Pa? Than. 1 st p,an*) 
' =a f(a) 
Ше Аш Cj Apu BÀ: NOS +pnA* 
„NOD (Qon A Apa NT4-...... рал ае 
{roa + pi(E= Der. py(E— ec f . n, (E- Ly 


49 
a" (po--pi(a^ — 1)-- p(a^ — 1)84- ....... --pa(a^ — 1)"} 
SH = 


Ex. 4-14. Show that 
e 
e =( Е E 


A2 Ee 

si — HS =( e) 
E oh 
ы At (Ee). (Ee = er). Aes 


—(e^ A2e-*). сб Se. H. S. 
h е 
х) aan 1 l 
Ex. 4-15. Show that Altan? x)=tan [s }. Lip 
h is the interval of differencing. 
Sol  L.H.S.—tan l(x-4-A) — tan ix 


FEE h р 
stan { VERSER] ар af T Fah 


A U. 


Ex. 4-16. Explain the difference me A? ) Us and (s 
and find the values of these functions when Us= 


2 
Sol. ( A) Us=Result of operating BE on Us 


. р 
апа (S) =Ratio of the results of operating A? and E 
а 


оп Ua. 
A2 Vs 
( m дг зов) Att hh A (7 6-99) 
Ge- 2x84 (x— bj 


Ol (X+ 2h) UEFAS) 61.6% 6h? 
Ex, (А) GB 7 (rn) 


Ex. 4-17. Iff(x)—e', show that f(x) and its leading differences 
are in G.P. 
Sol Ny) ens, A fix) ater ene engen 1} 
Дд) = Afem(e*— 1}= (е 1) Лет 
= (e^ — Гуе, 
Similarly A3/(x)=(e**— 1)8е and so on. 
Evidently f(x), A, A2f(x)---are in G. P. 
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Tm 


B “stk 


Ex. 4-27. Show that 


Ex. 423. Show that (i) Y=" (ii) VE AesEV. 


Sol. (i) By def, Vf(x)&f(x)—f(x— №) 
af)“ E-Yf(x)e(1— E-Uf(x) 
1. Е—1 
Væl- E= E7 
() VE=(1- E") ESE- lA 
Е\ў=зЕ(1— Е-)њЕ- |= /. 
Ех. 4-24, Show that (i) (1+ Д\)(1— 9)=1 
(i) A A= 
Sol (i) (1+ Д)(1— V)&E(1- V) E- EVSE- gl 
(ii) AVe(E-1)V&EV - VmA- V. 
Ex. 4-25, Show that () A ^x "(mem h) 
(ii) Ax N mh) (nh) „(mn 
Sol Ax" —(x- ER) — xt 
=(x+h)(x)(x—A)...(x-+h—m=1h)— ., i h) 
-G m—2h((x-- h)— (x — m= 18) 
= (mx 1) 
Ax — (mh) m= hx Zh) — (уа 0m 2h) 
Proceeding likewise finally 
Axim mile xl nh) 
(ii) Let as an exercise. 
Ex. 4-26. Show that (i) Gaben (e 1) abes 
(it) Ax =rx(r-D 


Sol. (i) Haber abge- i — ape арны 1) 
(ii) See Ex 4-25, 


(i) n- I= DD Oe. +21= (n+1)n(n—1) 


(ii) n(n— 1)(п— 2)+(п— 1)(n—2)(n—3)+...... +3.2.1 
4 =i n 1-2) 


* 


х 413 
ol (i) Let S—n(n—1)--(n— 1(л—2)+......-+Е2.1 ; 


=n -F(n—1)94-......-- 20. 
Now Ап®=3п® : 


п® =. 4 ((n4- 1) — 5) 
Changing n to n—1, 1—2,......3 


(n= а= {n'®)—(n—1))} 


(n= 2) = la- 9 ب‎ = 2)9) 


30, lae -38) 
Adding Sz 340+ 1)80 — 35) +20 2 * 
= 100+ Dn(n— 1) - 3.2.13} 4-2.1 


3 6 I)n(n—1) 
(ii) Left as an exercise. 


Ex. 4-28. Express x8—3x+1 in the factorial notation and 
use it to obtain its second difference. 


Sol. Let ф(х) - 3x 4- 12249 d- a1x V ах + agx 
Then Ad(x)—a 4-207agx(1) +3 gg 
Дах) = 2043430. 20430 


= و222‎ 43 Vagy V ; x p 
and Оноор а; : Ы De 
аз= ei l ^340) 
‘ а= + ASQ) 
a= A¢(0) 
ao=9(0) 


tn MEKO AOD E ASHO 
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Difference table of ф(х) is given below 


x 600 ^ At A3 
n i -2 6 
m | 
2 3 4 12 6 
3 19 16 
КА ( ) I- 2K ASX 
20006 LE —6-L6x 


_ Ex, 429. A third degree polynomial f(x) is passed through 
the points (0,—1), (1, 1), (2, 1) and (3,—2). Find the value at 


x-l2. 


Sol. Difference iabic of f(x) is 


x Хх) A A? AS 

EN R B 

АТ ner 1 
—3 a 

P sd -3 7 


, ДЛО АЛОХ AHO L AYO) 


I Ab- Lys 


= 1625-х (X-) r- 1-2) 


32 3-1@ د = ]>= 


Let go(, . S1) S0 (x= 2)— 1, 
#205) =(х— Dg)? 2, 3800 E 1. 
1 1 2 
1:2)=-—, D= — +) овур 26 
02) n02-(- b.) (1-25 


gx(1:2)— (0/2) ( — * 25 I 
* "4| à 
a12)-02 (52-12 1192-50) 


The calculations are best carried out usin s: 
computational scheme which is clearly related to ms ibm ‘ones 


¥ 
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60=80->(x— 20 (x— 2)go 


G-Dane(x-1)e gy 
сз 


— 


82 x vb хез 


2 
#&з=Дх) 
For the above question 
- > (2-2). 04 
-1 


52 26 
-7 *(12-1)-- "AD 


2 ал: 5 


348. (12) 2.192 
3 —1 
E Tsx) 
Ex. 4-30 Show that 
x t» Tess men 270 
Ед эе өөө [ote K. r2 Ao... 


So. LHS. 1+ E+ ir E... 2 
e, -e, 


See Yome 1 5% ез po 


Se etre. Arot... [=R HS, ў 
Ех. 4-31. Show that 
ху d xSyo H- хЗуз-- —y— . = 


quA (apart =x Aant.. seose 
Sol. L.H.S, Costa ол. e yo 


xE xE 
Е An IX Jo 


=т=; x [1-24 il Jo 


4.16 


HMM E M AR po 


2 
mu: DPuat deant ats x4 yt. 
Ex. 4-32. Show that 
Yo=Yo_1+ Ayo 2- Дуг 84- ...... HA” Yat A". Aina 
Чч A, A At 2 
Sol. R.H.S.=E il 17 +2 BS p. yum 
mE (L- V VH-..-3- V^7Dys A, 


=ғ10279 ay УЭ EV "Ya-n 


I= 1— 
— EQ д" MALA Уз Yat = £ У" 


(1—7 у V y. 
Ех. 4-33, Show that 


4 b 44 atm 135 AAN ...... m terms. 


Ean m ү" 
ane (e (4) 
where h=1. 

Sol. Since ae for cae 


L. H. S. Ax"— . 15 1 


S Aen. .up to oo 


. = ДНД) 1 x= Een 


ы 812 1. 1 \" 
202 y -(»*) ( 
Ex. 4-34. Show that 
Yea ynt er Mie ea cg ДЗу, g- ders 


2 
Sol. &x.&-( 1+2. ete А фено = LUN ) Yn 


-(1 $ EISE CDD хн )» 


-( 1- 2-): Ja E* yo pate 


——— N 


— — 


— A 


— Siig 


417 
Ex. 4-35 Show that ys— i EY, +--+ 


2 5 

al Jx—4778 AY, ais Ja, 
=l panf 1. A 13/1 y A* 

Sol. RHS.=+ E- {1 7 e+ (Ж) Ж 


-A35(1 97 


L paa L ANNE 
mg E (1+4 ) Ув 


Е 
=} (K ) 2 {e+ 0-17 | 


ереен 


==(1— E+E3— E94- ...... ) Ye 
=Yo— 1-5 . . . . . L. H. S. 
Ex. 436. Show that 


1 1.3 1.3.5 
Ж * A3ys 1+ 3716 A2 8.16.24 A est IN 


- = papa. St At 
„IT Meat ua Meat 

x LAP 313 A .L3:5 A? 
sol. Ls (1g + irc kien ro)" 


1 A2yi8 ~| 4Е4-(Е--1)2 318 
-( +) „ 


r 
J 
22EU (14 Ey Lya 
=2Ё1 {2-+ AY уз 2 
KR 
AT Ne 
af IT { Js Te 


-юл] I-A At EAS. Tos 


1 1 
ORC AV ty A3 ya CHRIS 
R. H. S. 
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Ex. 4-37. Show that Jo--*c Ay1-4-*ca Ays+“cs Aya J- 
=ys +" Дуг 0 G4 2 . 


Sol, * а-к A^ )» 


TER +...... 
А? \= 
-( 1+4) Ув 
mE (Ed A(E~1)}* у, 
mE (E- A+ AE) 5. 
Ee AE) Js 
e AE +, GE Le. ASEM4- 


ToT“ Ayı +c Ayo зоа A3yg4- 
. H. S. 


Ex. 4-38. Show that 


ТОЯ } ув 


GA n= "ey Je-1+ "ea Ja-g-...... TC 1)" Jen 
Sol, R. H. S. —(1— c Ehe E. ..) Ja 
=(1-— Е-1)» Je=EKE=1)" y, : 
TET Дуа Any, p 
Ex 4-99. Show that 
Uo +... Do A Uot.. 


Sol, L.H.S.—(1-- EEA. Ds +E")Uo 
Emi] 


vet A"Uo 


= HAI) Uo 


= (Ча Ate At... +A", Uy 


=" Co ＋ Ao. 
Ex. 4.40. Sum the series 


up to n terms 
Sol U,=nth term=(2n—1)8 
Difference table is 

x Un A 


A3 A3 
1 1 26 
2 27 98 72 
48 
3 125 218 120 48 
4 343 386 168 
3 729 


4.19 


From Ex. 4-39 
Ф+0+...... Vac UI GUI +A”? U 
Sant 07D 264 e 
TUA ES) £g 


zn(1-4-13(n— 1)4-12(n?— 354-2) 
+2(n8— 6n24- 11n 6)} 
-n(2n9 — n) «n*(2n2— 1) 
43. Interpolation Formulae. 


(1) When the values of the argument are mot equidistant, the 
following two formulae are used: 


(i) Newton's divided difference formula. 
(x) s f(xo) +(x xo)f(xos х) (х xo) (x хл) (хо 21, xa) 
+.. H= хо)(х xi). ( x; л) хо X1...) 
Derivation. Let f(x) be a function which takes m values 


F(X); Ха),.... fixo) at the points хо, х1, ...... хп which are not neces- 
sarily equidistant. Then by def. 


Дх, x)= Le) 
5 Дх)=/(хо)+(х— xo)f(x, xo) 


__ fx, xo) Ухо, x1) 
Дх, xo, r 


Nx, xo) f (xo, 23) 3- (x — 2a) f(x, Xo, х1) 
Similarly 
Nx, xo, xi) = (хо x15 x2)-- (x — xo)f(x, xo, x1, xa) 


Nx, xo, X1,---Xn-1)—f(Xo, xi. . x) -- (x хаух, xo, . xn) 


Multiplying eqs. by (x— хо), (x— xo)(x— x1),......(x—xo)(x— x1) 
velis (х— х„_1) and adding. 
f(x) m f(xo)-- (x — xoYfixos x1)- (x — xoY(x — х1) (хо, x1, хә)+... 
＋ (x— х0)(х— x1)......(x— x, л) хо, ... Xe) +R 


where К=(х— xo)(x— x1)......(x—xs)f(x, xo, «< xa). 


This formula, due to Newton, is called Newton's divided- 
difference interpolation formula. When the values of f(x) for 
& x, X1, ... Xn are known, the evaluation of f(x) is reduced to the 
problem of evaluating R. If it is known or negligible, the required 
value of f(x) can be calculated from above formula. In the case 
of a polynomial of nth degree, since (n--1)th order divided 
difference is zero, R=0. 


4,20 


. WM f(x) is polynomial of nth degree, 
Дә) Јо) - x хо) (хо, x1) (х xo)(x— ха) (хо, ха, *) . . 


+(Х—х0)(х— ху)......(х— x, 1Jf(xo, x. 
(ii) Lagrange’s formula 


? ^ (x-x) 
>) f(x) {л o G } 
бтн 
Dxivation. Let f(x) be a function which takes values fio), 


Лха), ,) for (n+1) distinct points xo, xi x» and it is 
required to find a polynomial 


P(x)-ao--a1x4- ...... anx" 
with the property that 
P(x)=f(x) i=0, 1,......... n. 


The resulting polynomial is called Lagrange's interpolation 
polynomial or formula, 


Evidently the Marg polynomial P(x) (of degree < n) with the 
required property is 
PSL Nro) а(х)... (х) xn) 
where LA) is а polynomial of degree n in x with the property that 
L(x)-0 Ji 
=1 ei 
Evidently Lu) has the form 
LAX) А‹ -- x1)...... (x= N - . (х хә) 
: Бурыч шан s ALL: CL yan 
(xi xo) rc xi). Q6 NIN = N) (i= Xn) 
1 


n 
П rtm) 
JZ 


эп E (=x) 
Lax) -5 (=x) 


2 


у= > ло f em Ta 
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Note. The polynomial P(x) is unique because if P(x) and 
Q(x) be two such polynomisis, then {P(x)— Ое a polynomial of 
degree < n, will have (n+1) zeros xo, xi......X« which is possible 
pee when P(x)= Q(x). 


x. 4-41. Use Newton’s formula for unequal intervals to find 
Д8) {чы the following set of values: 


x: 4 5 7 10 11 13 
2 4 8 10⁴ 114 452 


Sol. 
Divided difference table 


x f(x) Ist order  2ndorder 3rd order 4thorder Sth order 
4 2 2 0 1 
5 4 5 
2 6 23 se 
S 32 i БЎР 12 5 
10 104 ->= 35 24 
10 2 117 cS 
11 114 169 = 24 
13 452 53 12 


. 48)2--(8— 4(2)--(8— 4X8 5X0) 
--- L- O- -10 (77) 


+(8—4)(8—5)(8—7)(8— 106-10 (5 a ra 
Ex. 442. Given the values : 
oi 4 5 7 10 11 13 
fo): 48 100 294 900 1210 2028 
form the table of divided differences and use it to obtain f(2) and f(15). 


Sol. 
Divided difference table 
(x) Ist order 2ndorder 3rd order 4thorder Sth order 
4 48 
55 100 20d 15 t 
7 29% 202 21 0 0 
10 900 310 27 1 0 
11 1210 409 33 
13 99 


. f(2)=48+(2- 4)52)+(2— 4)(2— 501 5) 
4-2—4)2— 5(2—71)—4 


f(15)—484-(15—4)(52)-- (15 —4)(15—5)(15) 
+(15—4)(15—5)(15— 7)(1)—3150 


i, 


Ex. 4-43. The ion 3° tables, as it should, the values 1, 3, 
9 and 81 when x equals 0, 1, 2, and 4 respectively. Obtain the value 
corresponding to x=3 and explain why the resulting value differ from 
38— 27. 


Sol. 
Divided difference table 
x 3°" Iost order 2nd order 3rd order 
0 1 2 
а ; 6 d 2 
0 
4 8 36 


t- ff -O- 1)(2)-+(3— 0)(3— 13— 2)(2)—31 


Interpolating value differs from actual value because f(x)=3° 
is not a polynomial. 


Ex. 4-44. The mode of a certain frequency curve y=f(x) is 

y Ace х=9 and the values of the frequency density for x=8'9, 

and 9'3 are respectively equal to 0:30, 0:35 and 0:25. Calculate 
the approximate value of the mode, 


Sol. 
Divided difference table 
x Лх) Ist order 2nd order 
89 0:30 0:5 
9:0 0:35 de —2-08 
р 0:25 


„ Sl%)=0'30-+ (x — 8:9)(0°5)-+ (x— 89)(x—9-0)(— 2:08) 
„ /'(х)=0-5— (2:08)(x— 9:0) + (x— 8:9)) 
For modal value of x, f" "(x)=0 
+. 0°5—(2:08){2x— 17:9} =0 
46 416 x=0'5+37:232—37-732 
. x=9'07. 


Ex. 4-45, Use Lagrange's formula for interpolation to derive 
the form of the function y fix), given 
0 


^ AB 2 3 6 
Дх: 659 705 729 804 
Sol. /(x)= (x—2)(x—3)x— 6) G 0)(x— 3)x— 6) 


@—2)(0—3)(0—6) °+ 595—556) (105) 
(x— 0)(x— 2)(x— 6) (x—0)(x— 2)(x— 3) 
*6-93-24—$) ee ce (804) 


1 29 „89 
=-7 PY x Er x+659, 
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Ex. 4-46. Use Lagrange's formula to find f(5) from the follow- 
ing data: 5 
x: 2 3 4 6 7 
Дх): 1 5 13 б 125 
Sol. 
_ (5—3)(5—4)(5— 6)(5—7) ,.. | G—2)(5—4)(5—6)(5—7) 
П) 5732-42-62) 0 (3—2у3—40(3—6)(3—7) ©) 
(5—2)(5— 3)(5—6)(5—7) (5— 2)(5— 3)(5— 4)(5—7) 
+@—2у%—304— 604—7) 13 (6-25636-406-7) © 
(5—2)(5— 3)(5— -= 
(7— 2)(7— 3)(7— 4)(7 — 6) 
Ex. 4-47. The following values of the function f(x) for values 
of x are given: 
SD=4, f(2)—5, f(7) 5, f(8)—4 


Find the value of f(6) and also the value of x for which f(x) is 
maximum. 


(125) 9 28:6 


(x— 2)x— 7)(х— 8) 

(1-2)01—7)1-8y 
(x= 1)(х— 2)(x— 8) 

TUG-100-2(0-8): 


1 


(х— 1)(х— 7)(х— 8) 
^to 1 Y2—7)2—8)" 
(- 1x—2)(x— 7) 
(8— 1)(8— 2)(8—7)` 


Sol f(x)= 
5r 


2+3. E. 


6 
LE 
f(6)— > 
T- جج‎ 
Put f'(x)—0 
9 
x= T 


Since "(x)= — + < 0, f(x) is max for х=5. 
Ex, 4:48. The following table gives the normal weights of babies 
during the first 12 months of life. 


Age (in months) 0 2 5 8 10 12 
Weight (in Ibs) 7'5 10:25 15 16 18 21 


Estimate the weight of the baby at the age of 7 months. 
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(7=2)(7—5)(7—8)(7— 10)(7— 12) 
0020—50 8)0— 10)0— 12) 
(1-07 57-80 1007—12) (49.95) 
'(2-9(2-5)0—9)2— 102—12) 
(7—0Y1—2Y1— 8(7— 10)(7— 12) 
*5-0)6—26-— 00 12) 0? 
(7—0)(7— 2)(7— 5)1—10y1— 12) 
+ (8-0)8—2)8—5X8—10)8—12) (16) 
0—007—27—507—807-12) a 
+(10—б)(10—2)(10— 5J10— 8 0- 12) 
(-07-2Y0- 50-87-10) — (i 
**(2-9)02-2)12— 5X12- 8X12 10) 
-1567. 


Sol. Д7) (7:5) 


Ex. 4-49, The observed values of a function are respectively 168 
120, 72 and 63 at four positions 3, 7, 9 and 10 of the indepen- 
dent variable. What is the best estimate you can give for the value of 
the function at the position 6 of the independent variable ? 

_ _(6—7)(6—9)(6—10) 
до. fe (3— 7)(3— 9)(3— 10) e) 
(6—3)(6— 9)(6— 10) (6— 3)(6— 7)(6— 10) 
*'a-3(-97-19) 129+-(9—зуө—7уә—тбу 02 
(6—3)6— 7)(6— 9) 
(10—3)(10—7)(10—5) ©) 


=147, 
Ex. 4-50. Given the following table, find logio 656. 
ў sic, 654 658 659 661 
f(x)-logpo x :2:8156 2-8182 2:8189 2:8202 


Sol. 
..(636—658)(656—659)(656—661) „ 
(636) — (54 — 658654 — 659 (654—661) (2 8156) 

(656—654)(656—659)(656— 661)... 

+(658—654)(659— 659у(65к— 66у 5182 
(656—654)(656— 658)(656—661) |. 

+" (659 654659 658)(639—661) (281850 

4. (656— 654y656— 658)(656— 659) 


(661—654)(661 —658)(661 — 659) 
—2:81681«2:8168. 


(2:8202) 
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. Ех. 451, Four equidistant values Ол, Uo, U1 and Ua being 
given, a value is interpolated by Lagrange’s formula. Show that it 
may be written in the form 

s 
K- лр, 


E 
U,- yUy xU 2977 v ue T2 


where х+у=1. 
Sol. RHS.-(1- Uy tat, + LAD (E-19U. 
+ 8D g- pu, 


(1 -atan + 2 (Uy—2U + Us) 

2D qu, 20,400)‏ ر 

1 2—1 
=AL DEPU tU { (1-3)- Y (1 xe 2) 2 


f os A) 2 
TU: QA m хоё |н (2-0) 


_х(х— 1)(х—2) Um (x4-1)(x— 1)(x—2) 


—'(-i-0(-1-1«-1-2) (0--1)(0—1)(0—2) ° 


(х-Е1)(х— 0)(х— 2) (х-Е1)(х— 0)(х— 1) 
TDA + 01000-0) (4 


Us. 
Ex. 4-52. Given log 100 2, log 101=2:0043, log 103—2:0128. 
log 104—2:0170, find log 102. 
pa io па HE 
aso bh ere 
an 
d бї oum 


—2:00857 22:0086. 
(2) When the values of the argument are equidistant the following 
formulae are used: 
A" 


Uo 
(i) f(x) oU? Ayot-zT f 
4 (Newton’s forward interpolation formula) 

It is used to interpolate near the beginning of the table. 
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Uo n) 
(ii) fix) y E US Vy, sy Va- . . H V 
(Newton's backward interpolation formula) 
Tt is used to interpolate near the end of the table. 
(iil) Central Difference formulae. 


2 2-1 
(0) Y= yo + Updo rgo LD gy 


20072 2— 12), (072 (7-1) 
mu муу... DURDU (n 1) = а D % 


"n 


4 
GI y ко 
ie 4 |», tasn” (0-3 )( A). 
— 102 
{ -f ау +... (Bessel’s formula) 
1 
where V-U- 2 


(c) eee b,, 4 LUA 8270 


(Ur) 
21 2 


82r Yo 
U+r) +1 
ма a +... (Gauss backward formula) 


It is used when U is negative, 


0% fa) jS ty, 4U 


21 
Een uu, ору Tan 
Gr-1)! n MM 


(Gauss forward. formula) 
Tt is used when U is positive, 


Central difference ormul. S 
paa I Ld ie | fo ae are used to interpolate near the 


Ex. 4-53. Derive Newton-Gregory forward interpolation formula. 


ore 
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Sol. Let у=/(х) be a function which assumes the values yo, 
р. Yn for equidistant values xo, x1..... xn of x. Let 


T(x)—ao--a(x— хо) Нах x9)(x— I) C. 
+... анх хо)(х— I). . (- xn 4) 
where the coefficients ар, а, ...... аһ are to be determined s.t. I(x 
takes the values yo, J1...... Уп for Х= 0, x1 ...... X» respectively. Since 
the values x; are equidistant, 
X1— X9— X3 — X179... N.. /i (Say) 
*. xo=ih 11. . n 
Now 1(x9)=a0=yo 
101) ao a6 — x9) =y1 
Ji—Jo 
h 


1 
а= cT Ayo 


Lx) ao--a1(Xa — xo) Ca — xo)(xg— хл) =уз 


1 1 
m=z 027 21+ Yo) rs Ayo 


E 3 1 ' 
Similarly а . -f A"yo 


omnt FE) a жа) pay, 


(x= хо) х)...(х— хыл) an 
T... T iugum TNT xp 70 


х- х0 
h 


Then (x= xo(x— x, (etis (x— x4) 


(xe) (а т) 


-U(U- 1)......(U-n— H 


Let Uz 


2 n) 
NN) =уо+ UD Ayo+ ir G ......+ n] Ao 
Ex. 4-54. Given the following pairs of corresponding values of 
x and y. 
x: 20 25 30 35 
y:73 198 573 1198 
Find the estimated value af y for x22. 
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Sol. 
Difference table 

x y Ay | A? 

20 | 73 — 

25 | 198| 375 250 VRE] 

30 573 625 250 22—20 —04 

35 | 1198 NS cd 
„ Un- 0.025) L 090799 250) 


Ex. 4-55. Given sin 45°=0°7071, sin 50°=0'7660, sin 55°== 
0+8192, sin 60°=0'8660. Find sin 48°. 


Sol. 


Difference table 


x9 y = ein x!“ Ay | A? ASy 


45 0:7071 


sin 48*—0071- (0600589) + COX 09) — 010057) 


0°6)(—0°4)(— 1° 
+ (СО 19 (— 000 
=07431. 


Ex. 4-56. Find the number of men gettin, be 
and Rs. 15 from the following pd ace dac sic d 


Wages per week (in Rs.) 0—10 10—20 


20—30 30—40 
Frequency 9 30 


35 42 


_ Sol. Rewriting data in cumulative frequency form and taking 
differences : 
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Difference table 


No. of persons 
getting less Freq. A д? 


than 

10 9 

20 394 0 89 
30 ы ыз а 
40 116 


No. of men getting less than Rs. 15 
=9+(05)(30)+ OKO) (5) 


4451-09-19) (зузаан. 
*. No. of men getting between Rs. 10 and Rs. 15 
=24-9=15. 


Ex. 4-57. Use Newtons formula for interpolation to find 
annual net premium at age 25 from the table given below : 


Age Annual Net premium Age Annual Net Premium 
20 0:01427 28 0:01772 
24 0:01581 32 0:01996 
Sol. 
Difference table 
Age | Premium A A3 A3 
20 | 001427 |o. 25-0 
24 | 001581 0.00151 | 000037 | 609994 77-4 — 
28 | 001772 | 0.00224 0:00033 =1:25 
32 | 001996 


premium at age 25=0°01427-+(1-25)(000154) 
is 252029 (0:00037) 0290020019 (000004) 


= 0۰01625. 


4,30 


Ex. 4-58. The following are the marks obtained by 492 candi- 
dates in a certain examination. 


Not more than... Candidates Not more than... Candidates 


40 212 60 460 
45 296 65 481 
50 368 70 490 
55 429 75 492 


Find out the number of candidates who secured more than 42 
but not more than 45 marks. 


Sol. 

Difference table 
, e З AS NAS ASTA. A" 
BOs) УЙ 


. 
5 368 gt Ig 0 539 
1 ADE 1 20 “дз 9 $4 120 og 
6 40 5 -10 "5 -2 "ә 90 


65 481 giam 12 5 
70 490 ou 7 
75 492 
0-22-40 =0'4 


-. Number of candidates getting marks less than 42 
212+ (0484+ 90-09. 2+ 9-09 9 (1 


йске: (=20) 


+ COC 10026-36) (eg) 
T QA" TEE (120) 
r.. N PORE ESE) (210) 


=256 (approx.) j 
Number of candidates getting marks more than 42 but not 
more than 45=296— 256— 40. 
Ex, 4-59. Find (00477) from the following data: 
x: 0 0:05 0°10 015 0:20 
fe): 100000 0:99750 099005  0:97775 0:96079 
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Sol. 
Difference table 
x f(x) A д? A? A‘ 


.. f(0'0477)= 100000 +-(0954)( — 000250) 
» DE (2000495) 


217046) (0000100 
OIS- 0046) - 1046-2046) (бокой 


4 £0'954)(= AN 


= 09977240 9772 


Ex. 4-60. Derive Newton-Gregory backward interpolation 
formula. 


Sol. Let y=f(x) bea function which assumes the values 
Jo, Yı, ...уп for equidistant values xo, х1, . Xn of x. 

(x)= ag-- ay(x— x») -as(x — xs) (x — xn- 1) - 

| у ) Fada Xe) ха) . G- 


where the co-efficients ао, 41,.....a, аге to be determined s.t. I(x) 
takes the values yo, yi, «+. yn for xxo, Xy +». Xn respectively, 


Let xj xom xg — Xie , * *. 11. 
ce X= xo™=ih i=l, п 
Now Ц[(х)=ау=ул 
x-) =p +41(xn_1— X«) 
Ва alo». Уу" 
(xo. 2) a9-- G1(Xn. 2 — xn) Нодхи-2— Xa) (3m 2 32-1) 


^ -g b. r- gig УЭ» 


Similarly 


432 


л)(Х— Xn_1) 


E I(x)=yn+ к بر‎ E m Vy, 
(х—х)...... ( xi) 3 
E MM T TA "у 


Let gom, ie, x=xn+ Uh 
Then (r- xn)... .. (x- x)=h"U(U+1)........ (U+n—1) 


=н 
where Ut" — U(U4-1)...... (О+п-– 1) 
(2) (n) 
I x) ys UD yy, + T Vy ...... T ZT ony, 


where Ut - U(U4-1)......(U4-n— 1). 


i Ex. 4-61.. Estimate the population in 1925 of a place having the: 
following record. 


Year 1891 1901 1911 1921 1931 
Population 
(in thousands) 46 66 81 93 101 


Sol Since 1925 is near the end of the table, Newton's back- 
ward formula will be used. 


Year | Population A | A2 | A8 | A4 


—5 1925—1931 
1 =a 24 — | Y=—~5 
3 — =—06 


. Population in 1925=101+(—0:6)(8)+ eoo (-4) 


ENT. —0*60:4(1:42:4 
4C090904) pyl Sey 424) رو‎ 


z101— 4'8--0:48 .-0:056--0: 1008 — 96:8368 
£296:84 thousands, 


Ex. 4.62. Find the value of an annuity at 52% from the 
Following table : 
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Rate percent Annuity-value Rate percent Annuity-value 


4 17:29203 s 14:53375 
41 16:288889 6 13:76483 
5 1537245 


Sol Since 54% lies near the middle of the table, any central 
difference formula can be applied. 
Difference tab:e 


Rate Annuity- value A A? AS At 
40 1729203 
45 1628889 —0.94644 008670 0 00896 
$0 1537245 091608 007774 — 00796 000100 
55 14:53375 лу) 006978 
60 13:76483 ` 
Here x9—5:0 ; h=0'5. 
55-5 


8 à 
سپ دل‎ 7915 


(1) Using Stirling’s formula. 


2 U(U?-1 U*XU?-—1 
ys yy Ui Т yo+ we pd yot X 41 ) aye 


U(U?-1 
y + UA a+ р Aya : 31 ) pAsy_s/2 
СУАР 


=»+ of antara) 275 A? yat пат ayat asa 
0g Aya d- 
—15:372454-(0775) [por 99154 j rooms 
p007- m { =000796= 0.00896) 
(1 1} (000100) 


eo 


= 14-7365892 14°73659 
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(ii) Using Bessel's SPON 
x) oe TV ( y3— —- Pe 


ya uyus-- У$уцз+ 3¬ 10 T 
(N- v) 


where Ve U- 1- 
hin +VAyot 270 y2- 1 e ) 

shy (md) av 
(Ne 


Here V—0:75—0:5—0:25 


)083870 025( 75 322454153 قل „ 


Be » | (0283-02) f C'06978+0:07774 } 


+ (@25)(0-25у5- 0:25)(= 0.00796) 


1 X — aa ANT 


t E ((0:25)2— 0:25)((0:25)2 — 2-25)(0:00100) 


714:95310—0:209675.— 0 0069150+-0:0000622+0:0000171 
1473658922 14:73659 
Ex, 4-63, From the following data, find the annual premium at 


_ the age of 33. 
Age 24 28 32 36 40 


Annual Premium 28:06 3019 3275 3594 4000 
(їп Rs.) 


Sel. 
^ и |Premium a} at] as | м 
y 
e 32 
28 — 19 (43 33- 
32) 0| 3275 | 236 |063 020 о | U =( Sm ) 
36| 1| 3594 0:87 20-25 
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By Stirling’s formula, we have 
025732715 (0:25) Ex: 194256) eu (0:63) 
0°25){(0'25)2— 11 (0:24--020] | (025(025* 1 
+! Жо: ) 1 : |+ O2 ) (004) 


2232:75--0:719 70 02- 0:00» — 0:000 
223348 
Ex. 4-64. Show that 


a 25(c— b)-3(a— с 
У 7 e+ eb Hare) 


where a=yotys, O=yitya, cya ys if A bye are constant. 
Sol From Bessel's мла) 


n= YT идут n 
ron anne Lon tt 


74 
1 2 * —4 5 
+770 4 ( LA 4 \( 14 4 Afris 


ly „Aot Ана. ) 


Let хо=2. 

Then yo7—J», Y-1= Yi» Y-27J0 118, ya=ya and ak 

Also ve U- Ge- x)- 2— 242) 2 9 

fn ee --Ь (E- ro HE 0н) 
+в E 17471 HE- Ds) 

n - 1 ((Y2—2n--Yo (1 2x04-Y3)) 


+ 
2 
aen 412-611 — 4101-1) (127 4үу+6үв— 41-11-32) 
nm 160. 5-1 yty} 
ty erm 3y +у0 
T^ 19-075 la- 35-20) 
+ ggg Ө@-9д+2Ме-®%У 
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Ex. 4-65. If third differences are constant, show that 


1 1 
ур 7707 +) 16 (A- APY): 
Sol. From Bessel's formula 
хот 1 Ж 1) Arot Ara ) 
DT o ( PE 2 
1 1 
PEL 1 8 
ADF (и) ota 
Let  xy—x 
Then yo=yz, Y1—Je41, Y-1— 2-1, etc. 


v-( xt) 3 


2 
ЗАЛЫ ups 
and Vel =0 
a Yat Vert E 1 
d Peay SUR ig (Ave Aye). 


Ex. 4-66, The following table relates to income earned per 
month by a certain number of workers in a big manufacturing 
concern: 


Earnings per month Freq. Earnings per mcnth Freq. 


up to Rs. 10 50 up to Rs. 40 500 
up to Rs, 20 150 up to Rs. 50 700 
up to Rs. 30 300 up to Rs. 60 800 


Find out the number of workers falling within the Rs. 25—35 
earning group. 


Sol. 


J-2 


20 |1) 150 „ 1% А 
30 | 0| 300 % 200 —50 [20 0 |y, x30 
40 1 300 „ 200 —100 — 10 
50 | 2| 700 „ | 200 
60 | 3| 800 55 

U(for x=25)= NUT у 


10 


437 
35-30 _ 
10 


For x=25 since U is negative, we apply Gauss’s backward 
formula, by this formula. 


0:5. 


U(for x=35)= 


5 „300-0. 9080 C090) (50) 
+996 cn Voy Эн coc 1)}{1°5} (—50) 


—300— 75—6:25—1:17—217:582218. 


For x=35, since U is positive, we apply Gauss's forward 
formula. By this formula we have 


уо:5=3004-(0:5)(200)+ 050-05) (50) 


199827 D (800 G 0277 1-15 (500 


—300--100—6:254-3:125— 1:17 
= 3957056. 

. No. of persons earning between Rs. 25 and Rs. 35=396—218 
=178. 


Ex. 4-67. If p, d. r, s be the successive entries corresponding 
to equidistant arguments in a table, show that when third differences 
are taken into account, the entry corresponding to ‘ argument 
half way between the arguments of q and r is 4+ 24 B, where 


A is the A.M. of q and r and B is the A.M. of 3q—2p—s and 
3r—2s—p. 


Sol, In Ex. 4-65, let 
ув 1==р, Уе=Ч, Yor =r and vs 


1 
Then y 447 ar - 4g E- Diy,-HE- 1027-10 


= 7 EN Ge- Руел) 
=A- 16 4 
Also B= 2 {(34—2р—з)+(3;—2з—р} 
3 
=> Otr- 


D 
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1 
no yy eat 74^ 


To Find Missing Terms 
Ex. 4-68, Given UykUs 1925, U1 +U,= 1-9590, Us+Us 
=1°9823 and Us+-Ug=1'9956, Find Us. 


Sol. Since eight entries are ven, from these values a poly- 
nomial of degree seven can be obta ed and hence A"U, is assumed 
to be constant and Consequently Д 807, 0 for all x. 


in ASU, m0 
he, (E-1 EU m0 
le, (Es- 87 L 28 K 56E5 4-70 E4— 568.28 E2— 8£+-1)Up=0 
le, (08+ Up)~8(Uy+-U;)-+28(Ue+ Us) 56(Us + Ug) 4-700, 0 
*. 7004 — 1:9243 -8(1 9590) — 28(1:9823)4- 56(1 9956) 


69.9969 
„ 9. | 0 09995621000, 
Ex. 4-69, Find the missing terms in the following data : 
x:20 21 2:2 23 24 2'5 26 
y: 13:5 ? 111 10 ? 82 74 


Sol Taking the missing entries as x and У the difference table 
is given below : 


Xx y A A2 AS At A5 
2:0 13:5 | 
2 * 1375 24 624 ; 
22111 1Г1-х х—122 3x—36:8 — 4x--40*1 
231900 „00 Y-89. 50433 27 7401 5 163 
24 у 32.00 1822, 2 1% х 3 . lüy-x—78-1 
25 82 82-y ودر‎ 3-272 9"- 
2674  —08 
Taking ASy=0 
$x—5y—16-3=0 
—x+10y—78:1=0 
no х=12'3 and y=9-04, 
hi Ex. 6-70, Find ihe value of y for x=5 from the set of 
values, 
X1 2 3 4 6 7 


y: 1 3 13 61 125 
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Sol. 
З y А д? A3 AA As 

1 

4 

3 5 4 
4.550018 И go 120—4x 107. 286 
5 x 74-2 95-3 F- 166 !0*— 
m 17 273 3x-71 
7. 125 9 


Assuming A5 y=0, x«28:6. 


Ex. 4-71. The following table gives the age of mother and the 
average number of children born per mother. Find the average number 
of children born per mother age 30—34 yeurs : 


Age of mothers: 15—19 20—24 25—29 30—34 35—39 40—44. 


No. of children; 07 21 35 ? 57 58 
Sol, 
— —— ä ũ·ä ʃ—äöͤ a n — 
Age of mother in No. of children 
years y 

با نے ——— —— 

15—19 0 07 yo 

20—24 1 21 yı 

25—29 2 35 ya 

30—34 3 ? уз 

35—39 4 57 ya 

40—44 5 58 ys 


Л5уо=0 or (E- 1)5уо=0. 
.. ув— 354 10% — 10ya+ 91-0. 
58— 5(5Л)+ 10ys—10(3'5)+5(2'1) -07—0. 
or уз=4`79. 
Ex. 4-72. Interpolate the missing figures in the following table 
of rice cultivation: , 
Year Acres (in Millions Years Acres (in Millions) 


1911 76'6 1916 ? 

1912 78:7 1917 50:6 
1913 ? 1918 776 
1914 777 1919 78:6 


1915 787 


Sol. 

о е л ан нш ыз ы RM 
Year | Acres Year Acres 
1911 0 |766 | yo | 1916| 5 ? J5 
1912 1 |787 | yı | 1917 | 6 | 506 | yg 
19130 2 уз | 1918 | 7 |776 | yy 
1914 3 | 777 yg | 1919 | 8 | 78-6 | ys 
1915 4 | 78:7 | y4 


As two missing terms are to be determined, two equations are 
meeded. We take them to be 
A* ...(1( 
and A’y1=0 ...)2( 
Eq. (1) and (2) gives 
Yr— Tye-21ys 3504 4-35ya— 21yg-- 71 — 50 
and J8— 7¥7 t 21yg— 35ys -35y4 — 21ys-- 7yo — y1=0 


Eo 21ys—21yo— —162:7 
or 3575 — 772 == 1 

үт у5=60"58 = 60:6 
апі y2=68:3. 


Ex. 4-73. Estimate the production for the years 1935 and 1945 
with the help of the following table: 


Year : 1920, 1925, 1930, 1935, 1940, 1945, 1950 


Production in : 


900,000 200, 220, 260, 7, 350, 7, 430 
tons jj 
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We take Л5уо=0 


апа Ady =0 

ie, ys—Syat 10ys— 10y2+5y1—y0=0 

and ye— 575 ＋ 10% — 10y3+5ye—yi=0 
s 55 -＋ 1053-3450 

and 5y5+ 1085010 


v y5=390 and уз=306. 
Ex. 4-74. Interpolate Us from the following table : 
Aus 1 2 3 4 5 
Us: 7: — 13 21 37 


and explain why the value obtained is different from that obtained by 
putting x=2 in the expression 2*4-5. 


Sol. 
we take Atyo=0 
beg 54-47 PE Va- 491-300 
t y1—95. 
EXERCISE 41 


1. If (i) f(x) 9x"*!, show that 
хо xl, . X O Xo Xie +х" 


(ii) feat, show that 


(iii) Show that nth order divided differences of a nth degree 
polynomial are constant and higher order divided 
rences are Zero. 
2. Show that 


A*(ax-bxti)en!a (= 


4.42 


4, 


5, 


Find the values of 

(1) 2x) 4-3x( 4- xD — 7 at х=5. [Ans. 298] 
(2) 2233—3x?--3x— 10 at x—5. [Ans. 180) 
Represent the following polynomials in the factorial notations. 


1) x*-—1239--42x2— 30x 4-9; 
n Ans. x0 — 6x19) 4 13x12) 4 xt) -- 9] 


(2) x1—3x!d-2x-F6. [Ans, x9 .- 6319 + 4x 4-6]. 


rim a Sol anm of x mace has the values 1, —3, — 1, 13 
when x =I, 2, 3, 4 respectively, 
BERS: [Ans. $—2x-3314-x3] 


Sum the series 
U) 23436-4411 4... (n- 1) (4-2). 
[ Ans. 2 Gn + 10024-21438) | 
(2) 1%, 2242232432424 ...... upto n terms. 
[Ans. ant 15n8+25nt+15n+2) ] 


Apply Lagrange's formula to find f(5) and f(6) given that 
х: 1 2 3 4 7 
Дх): 2 4 8 16 128 
and explain why the result differ from those obtained by com- 
pleting the series of powers of 2. [Ans. 329; 66:7] 


Use Newton's formula for interpolation to find the annual 
premium at the age of 33 from the table given below : 


Age 24 28 32 36 40 

Annual premium 

(in Rs.) 2806 3019 3275 3594 40:00 
[Ans. 33.48} 


From the following table estimate, by using Newton's formula, 
the premium payable at the age of 22 years: 
Age (in yrs.) 20 25 30 35 40 45 
Premium (in Rs.) 25 28 32 37 435 5225 
[Ans. 26:05] 
Use Newton’s formula to find the annual premium ble at 
the age of 26 years from the following table giving od 
1 charged by an insurance company for a policy of 
ГА U 
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Age next birthday : 20 25 30 35 40 
Annual premium 
(in Rs.) 23 26 30 35 42 
[Ans. 26:73] 


11. Using Newton’s formula for interpolation estimate the i 
lation for the year 1905 : ЕР popu 


Year Population 
1891 98,754 
1901 132,285 
1911 168,076 
1921 195,690 
1931 246,050 


(Ams. 1,47,841] 
12. From the following information find the number of students 
who obtained less than 45 marks : 
Marks 30—40 40—50 50-60 60—70 70—80 
Frequency 31 42 51 35 31 
[Ans. 48] 


13, Determine the number of workers earning Rs. 124 or more 
but less than Rs. 125 from the following data : 


Earnings No. of workers Earnings No. of workers 
less than Rs. less than Rs. 
120 276 135 918 
125 599 140 966 
130 804 
[Ans. 54] 


14. From the following table estimate the number of persons 
earning wages between Rs. 60 and Rs. 70, 


Wage No. of persons Wage. No, of persons 
(in 


Rs) (in thousands) (in Rs.) (in thousands) 
Below 40 250 80—100 70 
40—60 120 100—120 60 
—80 100 
s [Ans. 54] 


15. The following table relates to income earned per month by a 
certain number of workers in a big manufacturing concern : 


Earnings No. of workers Earnings No. of workers 
per month per month 

upto Rs. 10 50 upto Rs. 40 500 

„ GA 150 „„ 0 700 


„ 300 Sa ise OO. 800 


4.44 


Find the number of workers falling within the Rs. 25—35 


earning group. [Ans. 178) 
16. Find f(4) from table given below : 
* * 1 2 3 5 6 7 
Дх): 2 4 8 32 64 


128 
[Ans. 16:1) 
17. Find (0:6538) using the following data : 
x Jo) x fx) x f(x) 
062 06194114 0°64 06345857 067 06566275 
0:63 06270463 0:65 06420292 068 0:6637820: 
0:66 06493765 [Ans. 06448325] 
18. Find log 324 using the following data : 
x 310 320 330 340 350 
log x .2491362 2505180 2518514 2:531479 2 544068 
[Ans. 2:510545] 


19. Use Stirling’s formula to obtain /(1'22) from the following 
data : 


x:0 05 1-0 1:5 20 25 3:0 
f(x):0 019146 0:34134 0.42319 047725. 0.49379 049865 
; [Ans. 0:38871] 


20. If I, represents the number living at age xin a life table, find, 
sire op А as the data will permit, в for x—35, 42 and 47. 
iven : 


Ж 20 30 40 50 
3512 439 346 243 
[Ans. 395, 326, 274} 


21. Find 4/12516, using Gauss’s backward formula, from the 
following data : 


x: 12500 12510 12520 12530 
Vx : 111:803399 111:848111 111:892806 111:937483 
[Ans. 111°874929] 


5 


Numerical Differentiation 
and Integration 


5.4. Numerical Differentiation. Ii is the process of. finding 
the derivatives of a function which may not be given in explicit mathe- 
matical form but for which a certain set of values are given. The 
procedure is to represent the function by an interpolatian formula and 
then to difierentiare this formula as many times as desired 


Rules of representing tbe function by an interpolation. 
formula. 


Argument Values Formula use 
( Newton's forward ( for differentiating near the 
EU beginning of the table) 
Equidistant : Newton's backward (near the end) 
{ Stirling's or Bessel's (near the middle). 


Newton's divided difference 
Non-equidist nt or 
Lagrange's 
Ex. 5-1. Find the first and second order derivatives of the 
function tabulated below at the points x , 0:03 and 0:06. 
x 0 001 0:02 0:03 0:04 0:05 0:06 
fix): 0 00301 00604 0:0909 0:1216 0:1525 0:1836 


Sol. 
Difference table 
x Nx) A A? 
0:00 0:0000 0.0301 


uoi — 00301 900303 00002 
602 00604 00303 00002 
0:03 0:0909 0:0307 0:0002 
C04 01216 0.0309 0100 
$05 01525 000511 09002 
0:06 0:1836 


(5.1) 


(i) Atx=0. 
Since the differentiation is to be done near the beginning of the 


table, Newton’s forward formula will be used. By the said formula, 


2 1) 


fix)=f(x0) +UA Дхо)+ A? f(xo) 


Here 5-5. =100x. 


. 1= ЕЯ . 100 [ aros 2021 noo] 
= 100{0:0301 +(U—0'5)(0'"002)} 
+, f'(0)=100{0 0301 --(U— 0:5)(0:0002)) U 0 
=100{0 0301 — 00001) 23. 
ло o= 1772 . 27} =000)400002)2 
x=0 
(i) At x= 0.03. 
Since the differentiation is to be done near the middle of the 


table, any central difference formula can be used. By Stirling's 
formula. 


„h- lan + Up Ла) 27. 82f(x0) 3- — MaU 1) ue (xo) + 
CAT A 1% 


=f(xo) +U ^ 1 x-4 И A*f(xo—h) 


ш EE 3h 
33 — S ae Xo 2) “Ate 


D 


„ o=o (45) 100 {A fist e + 6 + y ars gl 


0:0307 
22100 {2907-00305 --U(0:0002) } 


. £'(0°03)=100{0'0306-+-(0°0002(U} 77.9 
=3'06 
7"(003)= {2 д -F =a: 0002}=2. 


x=0°03 


5.3 
(iii) At x=0-06. 


Since differentiation is to be done near the end of 
Newton's backward formula will be used. By the said cd Te 
Ла)= fos) + UY fas). ED. gag) + 


x— 0:06 
0:01 


e Годо [ vos 201 vau } 
—100(00311 4.(UYT0· 900.0002) 
b = 100(0:0311 --(U--0:5)(0:0002) p. 
= 100{0-0311 +-0°0001} 
=з12 
гоо) {FO - 0000) b 00022 
x=0'06 


Here U= 


=100х—6 


Ex, 5-2. Find the value of cosh 42 {sinh x) at x=159 
from the following table: 


x sinh x — sinh x 

r5 2:129279 rs 2:942174 

1:6 2:375568 r9 3:268163 

1:7 2˙645632 2:0 3:626860 

Sol. 
Difference table 
x  f(x)—sinh x A A3 A3 A“ Д5 
15 2129279 
L6 — 2375568 057004 0023775 0.002703 
17 2645632 096542 0026478 0.002969 0000266 0-000025 
18 — 2942174 0238989 0029447 003261 0000292 
19 3268163 0.358697 0032708 
2:0 3:626860 
х- 1:5 
О = =10х-15 


For x-1:52, U=0°2, 
Now from Newton’s forward formula. 


5.4 


D Азхо , UU- 0-9. A*fixo) 


ү жн 200—3) Aio) 


- fte) + UA fe) ue 


4 U(U-1(U— 2XU- 3yU— 4) ASf(xo) 


(neglecting higher proe 
U?--2U 
= 6 T UAfG t Dr A? f(xo)-- — Af(x0) 


4 2.- 
QU дь Ч 60 aifi) 


5— 4 з 2424 
a 05—100 P 50U?--24U Aso) 


2—6U+2 
L Afix) 202—602 Nf) 
t 2 = 
tout saat aay ee 


^ гө=їо[ Af 


4— 40U3— 10502— 2 
ү SUt- 40U* 5 1000-+24 ase) | 


۰. f'(n52)— 10 0:246289 --(— 0:3)(0:023775) 


«es Jo 002703)4- (-% 286 2256 )0-000266)+ (5$ 9 ots ye 000026) | 
= 103[0°246289 0 0071325 C0. 00041446 0-00002536 0.000001711 
=2'395473. 


Ex. 5-3. Assuming Newton's forward interpolation formula 
show that 


j dj 1 
ш fea FO} лә atre y t 
x=x0 


1 
-4 att} 


os 1 1 
ш) Pa- farat Ata у tace] 


where yo-—f(xo) etc. 
Sol By the said formula, 


U(U—1) U(U—1)(U—2) 
31 


/од=уо+ОЛАуо+ 1 A" ASyo t --- 


` 5.5 


do) _1 Af} 
dx h dU 
201. : S 


* { Avot MAL 


Ayo t... } 


x 1 1 1 
fo) i ar + att з до) 
To obtain (ii) put x xi so that 


ш Кы булы. М hk И 
U= ==! 


h 
? 1 T Ls 
G 4-1 Avot ＋ ö vA уо... } 
Shifting the огіріп to x1, 
Ў 1 1 1 
GO I [Aat [RALIS 05 AS. ] 


Ex. 5-4. Assuming Newton's forward interpolation formula 
show that 
hf" (xo) = A*yo— A®yo+--- 
Sol. By the said formula 
U(U— 1) 


U(U—-1(U— 
| f(x) yot UAyo Уа Ayt LEADED) pays... 
_ хт 
Now Ue 
х=»+ Uh 


д. foe hU) eye - Ute TD pay, т 


U(U—1XU-—2) 
+ F 


A3yo --- (1) 
Now by Taylor’s theorem 

5 BU? „, 
f(xo-- hU) —f(xo) ВОГ (* —51 f" (xot... 

Equating co-efficients of U? in (1) 
270 1 
r T= 2 Bee 

ХА юу" (хо) = Дуо AD 


5.6 


Note. Equating the co-efficients of various powers of U in 
(1) expressions for derivatives of various orders at х=хо can be 
obtained. 


Ex. 5-5. Assuming Newton's backward interpolation formula 
Show that 


1 
@) Ах) = V 2 V*yoc = V 
() MG Vn. V5n- yay +... 
Sol. Jey=yo+ Uv yc UD. V3yo 
i кли) Уз. 
(where the origin is at xn) 
D уо) 0 vo- m yn, Ut SU 0 
o - AM++ узу. 
(i) Putx=x1 80 that U——1 
„ M vo- 2 Viy- Û vint.. 
Shifting the origin to x 1 
Au- V- 2. Vin-l Vint... 
Ex. 5-6. Show that 


Of (3v = {avo Att } 
@у( x -4 = 90 f.. 
Sol (i) f’ ( mth Rinn 

T-F AI? Dfixo) 


К 1 1 Le 
Now 5 A- AM zat} 


(+) а+луа( a-d and Ae) 


where yo—f(xo) 
Similarly (ii) can be proved. 


Ex. 5-7. Assuming Stirling’s formula find the expressions for 
First six derivatives of. f(x) at x—xo. 


Sol. From the said formula 


U? U(U?— 
fü) E Up -Z. yo FEY agg y. 


U*(U?— 1).. (U?(r—1)3) 
FF 
U(U2- 1)...(U2—r2) 
+ 2r+i! 


8?ryo 
pdt 1. 
1 l 85 1 7 
=»+щ pbyo— -5 Lö- 30 U 70 — T40 pd? yo 4 ...... } 
з [a ЕВ 1 
tmu Jot 30 Myo- 360 0 . 


Us 1 7 
TT { но 4 70K 120 L »-..... 


+] уо Le 36 W } 
sil 4857 — 42870 ( 
+e { tyo- -7 yp. } ee ee 
By Taylor’s theorem, 


f(x)=f(xo+ Uh) —f(xg) + Uhf (xo) A em (x0 ai 
Equating co-efficients of different powers of U 

1 1 
MGM udo qu 30 5 70 — 140 (3 od- 


1 1 
Kno) 85 4 Boty $%уе— 365 90 


5.8 


1 T 
is f ® (V%. -grt 120 18770 
7 
hå f &(xo)—85yo— i 36yo4- 749 9» SS 
һҺ5]'®\(хо)=н85уо— + 70. 


nf Ө (х)у=дбуо 1-399 
Ex. 5-8. Show that 
1 
дт = 4 (уе Ул) 12 052790 
Sol. From Ex. 5-7 ang h=1) 


( 2. үн dam =p3yo- ج‎ Fad yo (neglecting higher differences) 
=хо 


рене ен 


dj Gin EMEA EM 
e- Ro» D ind 
— 10-37 3; (Et E*- XE- E)» 
=1 aya) O- 0177-9 


2 1 
—3401-)2-35 (y2— Уа) 
„ the origin to x 


4) 1 
= - G- 17 (-a) 


Ex. а. Starting with s formula obtain the expressions 
of first four derivatives of f(x) at х= хо 


Sol. From the said formula 
1 U(U— 
N юла U-+ ) yat TU- P atyn 
1YU(U-1 
+( 0-5 ر‎ Syr +... 
ORS Utm 3 SP). 


a E ) (Ur- 1(U--r—2).....(U—r) 
aL I) Bry at... 


2.2 


1 1 
Now миз U- 25 T Syus— PUN ＋ e- -z 01770) 


S U8yue 
"s ) 


. = луп oe 


а р 2) 92255 gee Ann 


be er nee Ж (Ui 


Л TI 


1 T 1 
=%+0{ 3yu2— 2 481 Tg Yuet 1 2845172 


U2 
EE poda 2 yue- qus 24 quiin eee } 
U3 1 
317 1 [ала DRE eee e 
U4 
41 al pd4yy/o— E 38yy2- e cT 
. Asin Ex. 5-7. 
1 1 1 
M= 2 2 av) Syusti; нуша 12050 yuan 
1 1 1 
hf (xo) ui*yus- 2 Syua- 12 pMyys 24 91e 
1 
hf 9 (xo) 8851/2 — 2 89 e 


hf ®(xo)=p84y1/2— + 8571. 
Ex. 5.10 Using Bessel 's 1 show that 
dys 
ie Ay reet ST 4 AS 228 ++ "m 
Sol. From the said formula, 


1 
yz=py at (v- 2 nac 77 - ) ty 2 


+( U- > LS Dirt AR В 


5°10 
me 2 
A (v- 1 Javo ч ieu ул 


р" DIF 2 
-1 
+ 0-1. چ ر‎ ASy ats 
Here =х- х0 (^ k=1) 
.. Change x to xt . Then U changes to 0+2. p 


(9+5 4 A*yot+ A?y 3 
21 2 


; A Я 
s^. Mm T +U Avot 
v(ve3 (o- 3) 
T 5 АЗу_1+......... 
1 
dy 3U?- — 

^ xti 20 А?уо+Л?у_ 
e A*yat 


Put x=Xp so that U=0 


1 
O 4 ASy a ...... 


d 
pu 


Shifting the origin from xp to 1-4 
dys 1 
| di =; 74 AY, at NA 


5.2. Numerical Integration, [г is the process of computing the 
value of a definite integral from a set of numerical values of the | 
integrand. When the function to be integrated is of single variable 
the process is called Mechanical Quadrature. The procedure is 
to represent the integrand by an interpolation formula and then to 
integrate this formula between the desired limits. 


Quadrature Formulae. 
(1) Trapezoidal rule. 
Xo-- nh 


(2) Simpson’s one-third rule. 
xo nh 
| p Oo De ee 202 Hyaa) 
хо (Can be applied onty when ‘n’ is even) 


І 


5.11 


(3) Simpson's three eighth rule. 
Xo- nh 


3 
ydx— > h[(o--y«) 3(01 - ys) + (a d- ys) - ......-E (oca Ys 
Xo 0 
T 2(ys - Yo t- ...---- yn-3)] 
(Can be applied only when ‘n’ is a multiple of ) 
(4) Weddle's rule. $ 
* xod-nh 


| yax= وک + ورا‎ +yo+6ys+ya+Sy5+ye) 
хо 
++Оз-+Е5у:1-++ув-Ебуе +узо-Е5уз1-Еузв)-+}......... 
+Ол-в-Е5ул_5-Еуп_а-Ебуп_з-Еу„-о-Е5уп_1-Еу'] 
(Can be applied only when ‘n’ is a multiple of G.) 


Ex. 5-11. Derive general quadrature formula for equidistant 
ordinates and deduce from it. : 


(1) The Trapezoidal rule. 

(2) Simpson's one-third rule. 

(3) Simpson's three-eighth rule. 

(4) Weddle’s rule. 

Sol. Let y=/(x) be the function and it is required to evaluate 
b 


n | Лх) dx. 
а 


Divide the range ‘a’ to ‘b’ into n-equal parts and let the points. 
of division be 


* d, X= Xo-- h,......... Ха= xo4-nh— b. 
Let tis values of y at these points of division be yo, ys; ... yn. 


fhe method is to represent the integrand f(x) byan inter- 
polation formula and then to integrate this formula between the 
desired limits. Thus representing f(x) by Newton’s formula of for- 
ward differences. 


fe) Uant ee, 000—2 дау. 


X — xo 
h 


where U= 
b хо+пћ 
=| Дх4х= [ Дх) dx 
а 


Xo 


5.12 


n 
m —1XU-2 
=h H 0 LU Apt T A®yo+ ow) E ) Ayo 
0 


. . FOU 
4 ZU- XU- IRE 3YU-— 4) to} 


ge ee) S090 28 |а 


2 2 2 4 AS 
=r [oen n (5 -5 ars mm $ 


ESE 4 в 35 
(pre aed sted ee n 
5o д5» (. 18 yy gg 28. 
- тот) 57 +) +7 : 
7 6, 
+27 авон) 290 +... [ E 4) 


This formula is general quadrature formula. 
(1) Trapezoidal rule. 
Putting л=1 in (A) 
x 
1 
h-| S(x)dx=h be Луо 
Xo 


Second and higher differences have been neglected as, since 
the interval of integration extends from хо to xı — Xo-- h, there are 
only two values and with these there can be no differences higher 
than the one. 


фе; X-yo] ^ 
as һ=»+ | Qo) 
хз 
Similarly = | fa) dx=} (yı +a) 
ха 
Xn 


die | fea) G- (улун) 
Xn1 


543 


xo nn xi Xn 
B rf fe) =| fz) "m JO US +{ f(x) dx 
Xo хо x Xn-1 
zh... +n 


-F{ yo-201 ya ------ ++) 


(2) Simpson’s one-third rule. 
Putting п=2 in (А) and neglecting third and higher differences. 


m а= 20+2404 f. At } 


Xo 
=n 2208-993 (ED } 
0 yo. 3 0 
=H 2»202 9943 Or- Hd } 
h 
Srg і yo +4yı +e} 
Similarly 


x4 
һ=| fade & Ont 
x2 


——U—ͤ . — 2 — 


Xa 
TET OL b Ae (assuming п to be even) 


¥n-2 


“+ жү eT Xia Apc yo) 
=E (ovy) Ов Eye) 20+ yet tal 


5.14 
(3) Simpson’s three-eighth rule. 
Putting n=3 in (A) and neglecting all differences above the 
third, 
T 9 9 3 
he | доде 1-7 Ayo 7 Aty Ayo } 
хо 
9 9 2 
=h I» 01. (E- yot (E-1)8y9 
=h {30+ OA (E2 2E» 
vy G-3BA3E- 1y } 


-— n{ Yot3yi+3ye+ys } 
Similarly, 


һ-|л® dra h Dye ] 
хз 


Xn 
Ins | fto dro af Jn-37-3y, 2.351 TY 
Xn-3 
(assuming n to be a multiple of 3) 
Xn 


Xo 
3 
=з RIOT Fy) +O)... 
"Frac yo 1) 20 The-. . . Бун 3)] 
(4) Weddle's rule. 
Putting n—6 in (A) and neglecting differences above sixth. 
x 
I ee 2 A 
1= Дх) а= b ou jo--24 Ayo 123. 
Xo 


10 дво onm 


ا 
=k e- Lis yo +-27(E— exo Е 1‏ 


123 33 E 1 
+10 E- + 10 (E- Dot- E- D|- 140 ^ Ayo 
3h Ў 
101 YotSyit+yat+byst+yatSys+ye }- d^ Ayo 


Choosing ‘h’ s.t. the sixth differences are small, the last term 
can be aeglected. 


3, 
Then hey pesce ta Sen] 


Similarly, 
X12 
= fedem ig Oc Sr забув S- aa) 
х6 
Xn 
h= | dx = Ed - -s + Ja-a 6yn-3F-Yn-2 F 5Yn-1+Yn} 
Xn. 6 
(assuming n to be a multiple of 6) 
Xn 
ides [roin 2 Le 
Xo 


2 10 Do 51 tya EGO Ya--5ys T (уву? ув 


VO 19 L511 T1) +...... O- уа-уа 
T 6ys.3-Y,-2- Sys A -9)] 
Note. Since in Trapezoidal Rule’ second and higher difference 
are neglected, у is assumed to be linear. Simillarly in Simpson one- - 
third rule’, Simpson's three-eighth rule’ and *Weddle's rule’ y is 
assumed to be polynomials of degree second, third and ‘sixth 


respectively. 
i r3 
Ex. 5-12. Evaluate {у та 
10 


by (1) Simpson's rule. 
(2) Trapezoidal rule. 


5.16 


by 


Sol Take h=01 
x: го 11 r2 19 


y=4 x: 000000 1°048809 1-095445 — 1140175 
(1) By Simpson’s three-eighth rule 


1.3. Moe رور‎ +3 Ол 


= 301002 1401754-6:432762 ] 
20:321485 
(2) Ву Trapezoidal rule. 
rif 29328 Hort | 
—(0:1)[1:0700875-1-2:144254] 
—0:3214341520:321434 


n/2 
Ex-5-13 Evalute 1={ cos x dx 
0 


(1) Trapezoidal rule. 

(2) Simpson's rule. 
Sol. Take 12 
x ys=cos x x De cos * 

۰ бт; * 

0 1:000000 70 0:587785 
20, ‹ Tr к 

20 0:987688 50 0:453990- 
2n 8x s 
50 0:951057 70 0:309017 
3 : 9 

50 0891007 55 0156434 
ped 0:809017 y 0000000 
20 20 
Бы 07707107 


(1) By Trapezoidal rule, 


= T [0-500000 4-5:853102] 
—0:9983446220:998345 
(2) By Simpson's one-third rule. 
h 
1 Kyoto) (is + ye) 20 tya... ye) 


20 ll 0000012784904 + 5:313752] 
—1 000406 


dx 
Ex. 5-14. te 1242 
х. 5-14. Evaluate 1 я 
0 


by (i) Weddle’s rule. 
(2) Simpson's one-third rule 
(3) Simpson's three-eighth rule. 


Sol Divide the range of integration into twelve equal parts by 
taking h=0'5 Ё 


x fe 1 тте х Дх= гга 
0:0 1:000000 35 0:0754717 
0:5 0:800000 40 070588235 
ro 0:500000 45 0:0470588 
15 0307692 50 00384615 
2:0 07200000 5:5 0:0320000 
25 0137931 60 0:0270270 
3:0 0:100000 


(1) By Wedcle’s rule, 
= 10 5) уо 5y1--Ye T ys уа Sys+ye) 


(yet 5yr- yet Oot not V tye] 
0-15 18.335807 + 10440233] 
= 1-406974545= 1:407 


6 eo ву Simpson’s one-third rule. 


I= 03 footy) +40 з N n 
JT-2(ya- Ja . 100 

a [1:0270270- 5600 6140 . 17945700] 

—1:4037018 «1:404 

(9 By pend 5 three-eigbth rule 

io S)[(/9--X12)2-3((01 4-2) + (Yat ys) - O2 3-8) 

-F 104-312) - 2(ys 3- e - Y9)] 

= 3. (0'5)[1-0270270+5'5280631 +0'9095016} 


—1:39961 21:400 
Ex. 5-15. Compute by Simpson's rule the value of the integral 


1000 
r|- 
logio x 
200 
taking eight subintervlas. 
Sol. Here h—100 
x logo x y=(logip x)! х орох  y-(logox)! 
200 2:3010 — 0:434594 700 28451 03514815 
300 2:4771 0403698 800 29031  0:344459 
400 2:6021 0384305 900  2:9542 0:338501 


500 2:6990 — 0:370508 1000  3:0000 0.333333 
600 27782 0:359945 
By -— ii one-third rule, 


) eee 


- 199 [0767927--5:856754--2-177418] 
—293:403322293:4 
Ex. 5-16. Compute log. 2 using a suitable ratur. 
with 7 ordinates to Ws t quadrature formula 
| dx 
1+x 
0x 
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P. A Divide the range of integration in to six parts by taking 


1 1 
Me ND =I * T= I 
0˙⁰ 1-000000 20 0:333333 
0:5 0:666667 2:5 0285714 
го 0500000 30 0:250000 
r5 0:400000 
By Weddle's rule, 
3 
i-| dx 3_ (9-5)(1:000000-1-5(0666667)--0:500000 
d 1+х 10 
4-6(0°400000) +-(0°333333)-+5(0'285714)-+ (0:250000)) 
==1:3867857 
3 3 
Also = | 4% =| log +» | log 4=2 loge 2 
0 1+х 4 


2 loge 2=1°3867857 
loge 2=0°69339285=0'693 


Ex. 5-17. Applying ‘Simpson’s one-third rule’ evaluate 
1 
| dx 
1+х 
0 


correct to three decimal places. 
Sol. Divide the range of integration into 10 equal pai 


taking h=0'1 


rts by 


1 1 
x 10 x | fO "prx 
00 1000000 06 9.625000 
01 0.909091 Q7 0588235 
02 0:833333 08 0.855856 
03 0.769251 099 0526316 
04 0:714286 10 0:500000 
05 0:666667 


1 
Je ue Gott 4ortystost yt) 
ITX 3 
0 ＋20 -T 29] 


Ex. 


by (1) Simpson's rule 


=o {1:5000004-4(3-459540)--202-728175)} 


=0°69315 
220:693 


14 


5-18. Evalute I] (sin x- log x--e*)dx 


(2) Weddle’s rule 


taking ћ=0`1 in each case, 


0:2 


Sol. Let y=sin x— log x-re*. 


1-4 


sin x 
0:198669 
0:295520 
0:389418 
0:479426 
0:564642 
0:644218 
0:717356 
0:783327 
0:841471 
0:891207 
0:932039 
0:963558 
0:985450 


log x 
—1:609438 
—1:203973 
—0:916291 
—0:693147 
—0:510826 
—0:356675 
—0:223143 
—0:105360 

0-000000 
0:095310 
0:182322 
0˙262364 
0:336472 


(1) By Simpson's one-third rule, 


(2) 


h 
I-A L 0 12) +41 -FYa-Ys-- Ya-FY9- 911) 


er y 
1:221403 3029510 
1:349859 2:849352 
1:491825 27197534 
1:648721 2:821294 
1:822119 2:897587 
2:013753 3014646 
2-225541 3:166040 
2:459603 3:348290 
2۰718282 3:559753 
3:004166 3۰800063 
3:320117 4 069834 
3:669297 4370491 
4:055200 4704178 
+2(yo+yatyet+yet+yi0) 


x [7733688-1-80-816544--32:981496)] 
—4:05105762:4:05106 


Weddle's rule. 


T= 40 [yo Ya Tas 510 Рта) ＋ 26 


E 5(y1-y5-FY2- 11) + 6(ys+-yo)] 


521 


— 101) (21-058396-+ 6-332080-+ 67 913895+39°728147] 
—4:05097539 24:05098 
1 


Ex. 5-19. Show that [> а= (5514-80 У-1) 


0 (approximately) 
Sol, By Lagrange’s formula 
2L, 6796-10 (x-- Dx- 1) 
Y= тот) A (10-1) 70 
(x4- 1)(x— 0) 


(1+IX1=0) 7 
el beru- Ger- D Gt x) 
: E fal aA TE ШЕЕ l(1,] 
рае ( د‎ (-1)»* (3+2) 
0 


1 
Tz (5y1-8yo7 93) 
Ex. 5-20. Show that 


12 
1 
| ух У ban Tu |+ (o Ayre 
—172 (approximately) 


Sol. By Lagrange’s formula 


сан ( D 3-1 ti) у-%2 


1 1 9 9 1 1 9 9 
+4(#- z T ty psn xo x¬ = pare 


1 3 1 3 5 
+ 802 а +) уз? 
Ne 1 13 13 1 
is [527-3 y-s2 4 yet 4 1127 24 2 
-1/2 


1 
= аалы у-1/8—У-3/2 )-( 7 2 — Уи? ) 


x 1 
=+{ 7.1/2 Уи? і %- Ayala } 


EXERCISE 
1. Find the first derivative of the function tabulated below at the 
point x=1'002. 
100 1'01 1:02 1:3 1:04 1:05 


f(x) ; 0:841471 0846832 0:852108 0:857299 0:862404 0°867423 
[Ans. 0538673] 


2. vp the values of /'(10), f'(15) and /'(12) from the following 
e: 


x: 10 11 12 13 14 15 


Дх): 3162278 3:316625 3-464102 3605551 3:741657 3:872983 
[Ans. 0158109; 0°1291 0:144337] 


3, Find the value of cos гт 45 {sin x} ] using.the follow- 


x-176 
ing table : 

x din x x sin x 
170 0:99166481 182 0:96910913 
172 0:98888977 1:84 0:96398300 
174 0:98571918 1:86 0:95847128 
176 0:98215432 1:88 0:95257619 
178 0:97819661 190 0:94630009 
180 0:97384763 


[Ans. 0-18807675] 


6. 


5,23 


. Find the values of F (O-) апа f'(0°6) from the following 


table: 
* 0˙4 0˙5 0˙6 0˙7 0˙8 
f(x): 15836494 1:7974426 2:0442376 2:3275054 2:6510818 
[Ans. 2:644225 : 364424] 


Find the values of f (1:0), f (10), f (10), (1:10), f (1:10) 


and /''"(1*10) from the following table: 


x f(x) x Дх) 
1°00 100000 1:20 109544 
1:05 1:02470 125 111803 
110 104881 1:30 1:14017 
1:15 1:07238 


[Ans. 0:50024 : — 0:256 ; 04 ; 04767 ; — 0'216 ; 0'320] 


Find the values of f'(1:72), f (1.7) f£'(1:5), f (2:0), f£" (17), 
f' (1:5) and f"(2:0) from the following table (For central values 
use Stirling's formula) . 

Xt r5 1-6 r7 r8 1:9 2:0 
f(x) : 0405465 0-470004 0:530628 0:587787 0641854 0:693147 


[Ans. 0:581393 ; 0:588230 ; 0:666702 ; 0 500027; —0:345858 : 
—0:445391 ; — 0:248809] 


„ Find the values / (0:425), f '(0'65), £ (0'425) and /"(0'65) 


from the following table : 
хі 04 0:5 0'6 07 0*8 
f(x): 0389418 0:479426 0.564642 0.644218 0717356 
[Ans. 0:911056 ; 0:796092 ; —0:412735 ; — 0:604942]. 


Prove (1) of Ex. 5-3 by (a) the method of Ex. 5-4 by using 
operators. 


Prove (i) of Ex. 5-5 by (a) the method of Ex. 5-4 (b) by using 
operators. 


. Find the expressions of f (xo) and / (xo) in terms of backward 


п. 


12. 


differences. 
10 

Evaluate 1 by dividing the range into eight equal 
2 


parts. [Ans. 1:299] 


5 
Evaluate | 4 by Simpson’s гше. [Ans. 162] 
i 


5.24 


13. 


14, 


19. 


52 
Evaluate s dx by (1) Simpson's rule (2) Weddle's rule. 


(Taking h—0:2). [Ans. 0:262364 ; 0262364] 
90° 

Evaluate 1| logio sin x dx by Simpson's rule (taking ten 
30? 

subintervals). [Ans. —0°095] 


. Using Simpson's rule and the table : 


05 0:6 07 0:8 09 10 11 
y: 0 4804 0:5669 06490 0:7262 0:7985 0:8658 0:9281 
Evaluate the integrals. 


11 r1 1:1 
(i) | xy dx (ii) | y2dx (iii) | xtydx 
0:5 0:5 05 
11 
в) [еа 
0:5 
2j [Ans. 0:3585, 0:3201, 0 3104, 0:2444] 
Compute 1j loge x dx by (i) Simpson’s rule (ii) Weddle’s 
4 
rule. (Taking h=0'2). [Ans. 1:827847] 
4 
. Evaluate | e” dx using Simpson’s rule and the following data : 
0 
N. 0 1 2 3 4 
e: 1 272 739 2009 5460 
03 


. Evaluate | (1— 8331/2 dx using Simpson's three-eighth rule. 
0 


m [Ans. 0:29159] 


Compute | sin x dx by (1) Trapezoidal rule (2) Simpson’s rule. 


0 
(using 11 ordinates). [Ans. 0°9981, 1:0006] 
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Curve Fitting and Method of 
Least Squares 


6.1. Introduction 


Fitting of curves to a set of numerical data is of considerable 
importance— Theoretical as well as practical. It is based on the 
following principle known as principle of least squares. 


Principle of Least Squares 
It says that the best or most probable value of the measured 


quantity is that value for which the sum of the squares of the errors 
is least. 


6.2. Solving System of Linear Equations 
Consider the system of equations 
ay1x1 T axt :.......« -Fayxnbi 
291X1-l- agoXo + + aanxn=ba 
GK T- amoX2 t. tamnxn=bm 
In the case when m > n, the equations are solved by writing 


m 
5=5 (bi- aax1— @0Х...... aux 


and minimizing S. From calculus the equations determining xi, Xo 
LAE xn so that $ is minimum are 


25 65 as 
2 =0, — =0 
oxi xa 


These equations are called Normal Equations and the values 
of xy, X2, * obtained from these are called best or most plau- 
sible values. 


(6.1) 


6.2 


Ex. 6-1. Form the normal equations and hence find the most 
plausible values of x and y from the following. 


x+y=3°01,'2x—y=0°03, x4-3y—7:03, 3x4- y —4:97 
Sol. 
Let S—(x4-y —3:01)?-- (2x — y — 003)? -- (x -3y — 7:03)? 
(х+у-3'01)#+( ery 49 
Normal equations are 


Ox ду 
25 ^ 
Now dx =0 imply 
2(x--y—3:01)2-4(2x — y —0:03)4- 2(x - 7:03) +6(3x-+-y— 4:97) =. 
ie., 15x-+5y—25:01=0 wQ) 
and 5 —0 imply 
2(х+у- 3:01)— 2(2x— y — 0:03)--6(x--3y — 7:03)-i-2(8x - y - 4:97) 0 
} 5x--12y— 29:04—0 (2) 
Solving (1) and (2) : 
x=0'9995, у=2:0035. 


Ex. 6-2. Find the most plausible values of x, y and z from the 
equations given below : 


x+2y+z=1, 2x+y+z=4, —x+y+2z—3 and 4x+2y—5z=-7. 
Sol. 


Let Se(x--2y Ez— 1)8--(2x-- y z- 49 ( х+у+22—3)% 
T (4x -2y — 5z4-7)* 
Normal equations are 
0= 28 —дх+Н2у+-2—1)++40х+у+Н4-4)—2(—х+у+2:—3) 
T-8(4x-4-2y — 524-7) 
. e., 22 11-192 ＋ 220 «(I 
0= = =4(x+2y+z— 1)+2(2x+y+z—4)+2(—x+y+2z—3). 
Tr 4(4x 4-2y— 524-7). 
ie, 11x+ 10y—524-5—0 (2) 
and o- 28 2+27+2 DAA Y- 4-х +223) 


—10(4x+2) — 524-7) 
le., — 19x— 5y4-312—46—0 (3) 
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From (1), (2) and (3) 
x=1'17., y=—0°75, z—208. 
Ex. 6-3, Find the most plausible values of x, y and z from the 
following equations : 

x—y-4-22—3, 3x+2y—Sz=5, 4х+у+42=21, —x+3y+3z=14, 
Sol. 
Let S=(x—y+2z—3)°+-(3x+2y—5z2— 5)2-++(4x-+-y+4z— 21)? 

+(—x+3y-+32— 10% 

Normal equations are Ў 


9 35 = 2(x—y+22—3)+6(3x+2)—52—5) 


-8(4x--y--4z—21)— 2(— x4-3y--32— 14) 
i. e., 27x4-6y — 88 = 00) 


o =- x- y 22-3) 4A Qx-4-2y— 52-5) 


+2(4x-+y+42—21)+-6(—x+3y+32— 14) 
be; GX 15y+z—70=0 (2) 


on 23. =0=4(x—y+2z—3)— 10(3x+2y—5z—5) 


+8(4x-+y+4z—21)+6(—x+3y+3z— 14) 

ie. y+54z—107=0 (3) 

From (1), (2) and (3) 

xm247, y=3'55, 2=1'92. 

Ex. 6-4. A man is three times us old as his son. Ten ih 
hence his age will be twice the age of his son. Five 1 efore 
the age of the man was five times that of his son. Find their present 
ages. 

Sol Let x and у be the ages of the man and his son. 


Then х==Зу, 
х+10=2(у+10) ie, x=2y—10=0 
and x-$25(y-5) ie, x—5y+20=0 


Let Se(x—3y)*4-(x— 2y 100 +(x- 5y--20)? 
Normal equations are 
$ ых—3у)+2(х—2у—10)+2(х— 5у+20) 


95 


о=- 


ir 41 — 105 ＋ 100 PENT 
and - =- éx- 3y)- 4.7 2y—10)— 10(— 5-20) 
„ — 10x--38y— 80—0 — 
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From (1) and (2), 
x=30; y=10. 
6.3. The Method of Least Squares. 


Let y=f (x) be the formula (containing m unknown parameters 
al, йд...... аһ), whose form is to be inferred from the results of 
experiment or observation and in which the unknown parameters are 
10 be determined from experimental or observational data 
(хт, Уу), (Xo, 92). (Xn, yn) (nm). These sets of simultaneous 
values of x and y would, when substituted in the formula, give n equa- 
tions in m unknowns ay, ao,......a» and from these equations the best 
values of ay, ао...... ат are to be obtained. To solve this problem 
method of Least Squares is used. 


The method of Least Squares says that the best representative 
formula is that for which the sum of the squares of the residuals 
(ie, most probable value measured value) is minimum. Since the 
squares of the residuals are positive, the requirement that their sum 
shall be as small as possible ensures that the numerical values of the 
residuals will be small. 


Let =f (х) 
Residual for xx. шту; 
„. By the method of Least squares ar, a9,.....- an are to be 


obtained so that 


n n 
S- Y но Y (ло) 


i=l i=l 
is minimum, From calculus the equations determining a1, aa 
are 
25 25 as 
— sys ——=...... =e 
дау даз дањ 


These equations are called Normal Equations. 
6.4. Curve Fitting 
(i) Fitting of Parabolic Curves. 
To derive the least square equations for fitting a curve of the 
1ype. 
y7a0--ayx Ta 4... . a (an0) 
10 u set of n points. 
Let (xi, yi) i=1, 2, n be the given data and 
yı=ao MN A; +... +аһх" 
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By the method of least squares Sis to be minimized. Normal 
equations are 


i-1 
First normal equation is 


n n n n 
2 ynaskay EZ xita X „. Бап X х," (1) 
i=l i=l i=1 i=] 


Similarly & il]; ^ ege A =0 imply 


n n n n 
2 , bi QA , X x? Tan X з (2) 


п п п п 
X iem 2 I X xX u i ui 563) 
i = i=l i 


=1 = 


Eqs. (1) to (m+1) are required equations. 
6.41. Corollary. Fitting of a straight line. 
The equation of a straight line is 
yzaoctaix 
The normal equations are 
nao Hax 
and Zxycagixdajx? 
The calculations are simplified by taking the variables v and и 


(to be chosen suitably) instead of y and x. Generally, и is chosen 
s.t. Du=0, 


Ex. 6-5. Fit a straight line trend by the method of least squares 
to the fellowing data : 


Year Milk consumption (Million Gallons) 


1940 102:3 
1941 101:9 
1942 105:8 
1943 112:0 
1944 114:8 
1945 118.7 
1946 124:5 
1947 102:9 


Sol, Let x and y be the variables for years and Milk consump- 


tion. 
D 

x u y y u2 uy 
1940 —4| 1023 | — 97 | 16 38:8 
1941 —3 | 1019 | —101 9 30:3 

^ 1942 —2 | 1058 | - 62 | 4 12:4 
1943 —1| 1120 0 1 0 | u=x— 1944 
1944 0! 1148 28| 0 0 |y=y—112 
1945 1) 1187 TA 67 
1946 2| 1245 125 | 4 25:0 
1947 3} 1029 | — 91 9|-2T73 


131 


Let the straight line to be fitted be 
v 


where the co-efficients ‘a’ and 5 are to be determined from the 
normal equations | 


Zyzna-rbZu 
Luv u 
Substituting the values of X», Zu etc. 
—13:158a— 45 (i) 
85'9==(— 4a)--44b ( 


ate b=1'89, а= — 0:69 
2. EQ. of the straight line is 
у= — 0:69-1:89и 
i.e. y—1122 —0:69-1-1:89 (x— 1944). 


6.7 


Ex. 6-6. Fit a straight line trend by the method of least squares 
4o the following series. 


year Price Index 
1951 107 
1952 110 
1953 114 
1954 112 
1955 115 
1956 113 


Sol. Let x and y be the variables for years and Price Index. 


nar‏ ا 
I‏ 


Years Price Index 
x u y v u2 uy 
— —— — 

1951 —3 107 —5 | 9 15 
1952 | —2 110 2225 ЦИ vd у 
1953 —1 114 2 1 d —2 | и==(х— 1954) 
1954 | 0 112 о | o| ol»-(-112) 
1955 1 115 3 1 3 
1956 | 2 113 Lape 

By £i " 22 


Let the equation of the straight line to be fitted be 
yca- bu 
where the co-efficients ‘a’ and ‘b’ are to be determined from normal 
equations 
Ху=па+-ЬХи 
Xuv—aXu--bZuw* 
Substituting the values of Xu, Ју etc. 
—1=6a—3b (1) 
and 22=(—3)a+19b (2) 
Multiplying (2) by '2' and adding to (1) we get 
43=35(b) 
or b=1°23 
From (1) 
6a=2'69 
or ==0°45 
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The equation is 
yz045--1:23u 
or y—112—0:45--1:23 (x— 1954). 
Ex.6-7. Compute the straight line trend equation for the data 
below by the method of least squares; determine the annual trend 
estimates of each year. 


Year Sales in thousands of Rs; 
1949 25 
1950 30 
1951 40 
1952 50 
1953 45 
Sol Let x and y be the variables for years and sales. 
| 
Years | Sales | Total 
x y ч У u? ur Values 
4% 2 2 1 зо, 26 
1950 30 —1 —10 | 110 32 | и=(х— 1951) 
1951 40 0| % 00) 38 
1952 50 1 10 1| 10 44 | v=(y— 40) 
1953 | 45 2 5 41101 50 
0 | —10 | 10 | 60 
| 


Let the equation of the straight line be 
v=atbu 
where the co-efficient ‘a’ and ‘b’ are to be determined from the 
normal equations 
Xv—na-d-bZu 
Zvu—aZu-b Yu? 
Substituting the values of Zi, etc. 
—10=5a ог а=—2 


апа 60=10b or b=6 
The equation is 
у= —2-+би 
ог (y—40)=~—2+6(x— 1951) 


Annual Trend estimates for each уеаг аге shown in the table. 
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Ex. 6-8. Show that the line of fit to the followin; data is giver 
by у=0:7х+11:28 : x x 


N 0 5 10 15 20 25 

y 12 15. 17% 228.244 0 

Sol. 

x y u y и? uv 

0 12 —3 —5 9 15 
„ 4 4 BeOS qs] 
10 | 17 | -1 0 1 0 FUIS 
15 22 0 5 0 0 6 17 
20 | 24 1 1 1 7 o 
25 30 2 13 4 26 

-3 18 19 52 


Let the equation of the line be 
v=a+bu 
The normal equations are 
Lr na +b Хи 
and Svu=a Xu4-b Хи? 
Substituting the values of Zu etc., 
18—6a—3b (1) 
52=—3a+196 (2) 
b—3:486 
а=4743 
The equation to the straight line is 
y24:743--3:486u 


х5) 


y- 11-443--3486( : 


y=0-7x-+ 11:28. 


or 


or 
6.4-2. Corollary. Fitting of a second degree parabola. 
The equation of a second degree parabola is 


у=ао-Еаух+{- ag? 


The normal equations are 
Уу==пау-Еа\®х--аоХх? 
ZxycagZx-kayZx*- ayXx$ 
and Zx?y-agxx?-F a1 Zx3 -as 2x. 


Ex. 6-9 Fit a parabolic curve of second degree to the Jollowing 
data taking x as the independent variable : 


x: 0 1 2 3 4 
i 18/032 09 оз 


Find out the difference between the actual value of y and the 
value of y obtained from the fitted curve when x=2. 


| AU to 


04| 10| 0|34 {11-3 | 8-5 


Let the equation of the parabola be 
v=a+bu-+cu2 
The normal equations are 
Zv—na-Fb Хис Zu? 
Zvu=a Xu4-b Zu?--cZu8 
Ури? =a Уц +-ЬУиЗ--сХиќ 
Substituting the values of xu, Гу etc., 
0:42 5a--10c (1) 
: 11°3=10Ь 
ог b=1:13 
8'5=10a+34c 
c=0°55, а= — 1:02 
E CM ee equation of the second degree parabola fitted to the 
v=—1°02+1°13u+0:55y2 
у=1'48--1-13(х— 2)4-0:55(x— 20 


6.11 


Value of y for х=2 obtained from the fitted curve 
=1:48 

Also, actual value of у for х=2 =1°3. 

Difference 1:3 — 1°48=—0°18 
Ex. 6-10. Fit a parabolic curve of Regression of y onxto 

pairs of values : 

x: 10 L5 20 5 id ao 
y: jul 13 1 2:05:27 34 41 


Sol. 
- cod Sale CO ADIAC шакы а шке c ey 
x | u | y y u? | и | uf | ur | uv 

ro —3 | 11 |—16| 9 |—27| 81 | 48 |—144 

vs —2 1.3 |—14 | 4 |—8| 16] 28 |— 56 x—2'5 
20 | —1 | r6 -u| 1 |—1 LIAI Р ЫЕ 
25| 0|20|—7| 0 0| 0| 0 0 -23 
3:0 1/27) 0| 1 1 1| 0 0 | y= 

35 | 2134 7| 4 8| 16| 14] 28 01 
40 mn 14| 9 | 27| 81| 42 | 126 

0 —27 28 0]| 196 | 143 | —57 


Let the curve to be fitted be 
v=a+bu+cu? 
The normal equations are : 
Zv=na+b ®и-Ес Xi? 
Xuv-a Хи+Ь Zu? +e Lu 
uv 3u? +b Ze Zut 
Substituting the values of Zv, Zu etc. 
—27=7а+28с (J) 
143=28 U 
143 2 
or 5 28 25107 
—57=28a+ 196c 2) 
Multiplying (1) by ‘4’ and subtracting from (2) 
84c—51 
or с=0:607 


6.12 
Multiplying (1) by ‘7’ and subtracting from (2) 
2la=— 132 


or а= — 6:286. 


2. The equation of the second degree parabola fitted to the 
given data is 
у=(— 6:286)4- (5:107)u--(0:607)u? 


or ( 7-27 j= =(= 6-286) +(5° 107) (222) ee 607) ( “з 25) 
у==1`0354— 0 1926x-+(0° 2428) x2 


Ex. 6-11. Fita second degree parabola to the following data, 
taking x as the independent variable: 


y: 2 6 7 82 10 11 11 (10 9 


x и |у v u? | из иё |иу | u? 
1|-4 2| -6 | 16| —64 | 256 |24| —96 
2| =3 6| -2 9| -27| 81 6 | —18 
3| —2 7|-1 44 — 8| 16 2 — 4 
4| =1 8 0 lj 1 1 0 0| и=х—5 
5 0 10 2 0 0 0 0 0 
6 perl 3 1 1 1 3 3 
24-52. |1 азер 8| 16 | 6| 12| у=у—8 
8 3 10 2 9 27 81 6 18 
9 4 9 1 16 64 | 256 4 16 


Let the parabola of second degree to be fitted be 
v=a+bu+ cu? 
The normal equations for this are: 
zv nag Xudc Xu 
yu-a Zu+b Cue us 
Lua Ўи?-ЕЬ ХуЗ--с gut 
Substituting the values of Xu, Ly etc., in these equations: 
2=92+-60c Ex 
51=60Ь 
or 6=0°85 
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—69—60a--708c 
Le. —23=20а4-236с . (2) 
Multiplying (1) by ‘(20)’ and (2) by ‘9’ and subtracting 
924с= — 247 
or с= — 0:267 


2. From (1), 


а 2M )=2002 


Thus the equation of the parabola of second degree is 
v=2'002-+(0°85)u—(0°267) и? 
Substituting the values of и and v 
(»—8)—2:002--(0:85)(x — 5) — (0:267)(x — 5). 
y (— 0:923) 4-(3:52)x—(0:267) x. 
(2) Fitting of Curves of the type yu. 
Taking logarithm 


log19y —-logio a+b logio x 
or y=A+bX 
(where =logig у, A=logig a and X= logig x) 


The constants A and b can be obtained as in (6.4.1) by using ү 
and X instead of y and x. From А, a is obained on taking antilog. 


(3) Fitting of Curves of the type y —ab* 


Taking logarithm 
logigy=logiga +x 10810 b 
or ү=4+хВ 
(where y=logioy, А= 108100, B=logigb) 


The constants A, B and hence a, b are obtained as in (2). 


Ex. 6-12. The population of a state at ten yearly intervals is 
given below : 

Year 1911 1921 1931 1941 1951 1951 1971 1981 
Population in 

Millions 39 $3. T3 96 129 171 232 305 


By fitting a curve of the form y=ab* to this data estimate the 
population for 1991. 


The equation to the curve to be fitted is 


y= ab" 
Taking logio 
logo y=logio a+x logio b 
or *Y=A+XB 
where y=logio y, 4—logio a, B—logio b 
Replacing x by u 
Y= A+ Bu 
The normal equations are 
Zy—nA4- BXu 


Zuy— AZu-- Ви? 
Substituting the values of Ly etc., 
8:3544—84—4B 
and 1:1707—(—4) 4+44B 
Multiplying (ii) by ‘2’ and adding to (i) 
10˙6958 845 
or B—0:12733 
From (i) 
84-2 
4-—1:107965 
-. The equation is 
1—1:107965-1-0:12733u 


—1:107965-1-0:12733 (=) 


Population 
y 

1911 3:9 05911 |—4 | 16 | —2:3644 
1921 53 0:7243. |-3 | 9| —2-1729 
1931 73 0:8633 2 4| —1:7266 
1941 9:6 09823 |-1]| 1| —0:9823 
1951 12:9 1:1106 oj 0 0 
1961 171 1-2330 0141 12330 
1971 23-2 1:3655 2| 4| 27310 
1981 30:5 1:4843 319 44529 

8:3544 |—4 | 44 1:1707 


(i) 
(ii) 


For x=1991, 
y= 1-107965-+-0-50932 
=1°617285 
= 1°6173 
S y=41:43 
* Population for the усаг 1991—41:43 millions. 
Ex. 6-13. (a) Derive the least-square equations for fitting a 
curve of the type v ax +- to a set of n points. 


(B) Fit the curve y=ax?-+—" 10 the data given below : 


Ж 1 5 3 4 
y: —r51 099 8 7:66 


Sol (а) Let (x; ух) i=l, 2,...... п be the given data and 


b 
Ү,=ахё+-—- 
п п E 
Let s-> {Ү;,—у4%= bx! مچ‎ + — 7 } 
i=l i=l 


Normal equations are 


n p n n 

Le, > ухй=а > * Kb 3: x Al) 

i=1 i=l і=1 

п 
and 0= эг, 1 axi?d- — — yi Y ) 

ie px xt b > (4) (2) 
A. Xi 1 х? 

izi i=l iz 


(1) and (2) are required equations. 
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1 1.51 1 —1:5100 
2 09| 4 3:9600 0:4950 
3 388| 9 34-9200 1°2933 
4 | 766 122:5600 


159-9300 


10 


Substituting values in eqs. (1) and (2) 


159:9300—354a L105 ...)3( 
and 2˙1933 10a ＋ 142365 0 
From (3) and (4) 


а==0:509, b= —2:04 
.'. The equation of the curve best fitted to the given data is 


y-0:509x2— A 


Ex. 6-14. Derive the least-square equations for fitting a curve 
of the type y=ax+ 5. to a set of п points. 
Sol Let (x; y)i=1, 2...... n be the given data and 
Ymax- 
n n 
b 2 
Let To- ( ах+ zx) 
t=] 11 
Normal equations are 


A —0— 5 4 ох+ E -»Jjeo 
i=] 


n 
he, > (ax2-+b—xy)=0 
1 
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n n 


i.e. * хута, xe 0 
i= i=} 
25 < b 1 
ша Bao Yo ot ton) 
i=1 
n n 
Les na+b Sa r1 122) 


i= i= 
(1) and (2) are required equations. 


Ex, 6-15. Three independent measurements on each of three 
angles A, B, C of a triangle are as follows : 


A: 39:5 393 396 
B: 60:3 62:2 601 
C: 80:1 80:3 80:4 


Obtain the best estimates of the three angles, taking into account 
the relation that sum of the angles is equal to 180. 


Sol. Let the measurements for angles A, B and C be denoted 
by x, y and z respectively. 
Then Xx—39:54-39:34-39:6—118:4 
2y--60:34-62:24-60:1— 182:6 
and Xz—80:14-80:34-80:4—240:8 
: Let «, В and ү be the true values of angles 4, B and C respecti- 
vely. 1 
Then ү=180— с — В. 
Let S-2Z((a-x)--(8—)?--(—29) 
— Z((a— x) +8- (180-78 29) 
By the principle of least squares, S is to be minimized. Normal 
equations are e 


0= 25 Z- )- 2(180—a—8— 2) 


i.e., 2Za-4-38—Zx— Zz-- 2180. 
i. e., 6a.-+38=118°4—240°8-4+-540=417°6. 
i. e., 2a4-8—1392 : i ol) 


and 07 Oo e z(9-))- X080-«- 8-2} 
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which implies. 
а+28=160°6 
«rom (1) and (2) 
«=39°27, 8—60:67 E) 
17:180— «— 8— 80:06. 
EXERCISE 
1, Find the most plausible values of x and y from the following 
equations : 


x+y=3, x—y=2, x4-2y- 4-0, х=2у4+1. 
[Ans. х=2:5, y=0'7] 


2. Aand В аге two brothers. A is ten years older than B. Five 
years before A's age was twice that of B's. Five years hence 
twice the age of 4 will be same as three times that of B. Find 
their present ages. [Ans. 25, 15] 
Fit a straight line to the data given below : 

x:6 7 7 8 8 8 9 9 10 

5 8 4 5 4 3 4 


3 


3 3 
[Ans. y=—0°5x+8] 
4. Fit a straight line to the following data treating ‘y’ as the depen- 


dent variable, 
mee 1 2 3 4 5 
ye 5 7 9 10 11 
[Ans. y—394-1:5x] 


5. Fit a straight line to the data given below; showing the produc- 
tion of a commodity in different years : 
Year x : 1981 1982 1983 1984 1985 
Production y: 10 12 8 10 14 


(1000 tons) 
[Ans. y=0'6 x ＋10˙8] 


6. Fit a straight line to the following data regarding x as the in- 
dependent variable : À 
* 2 1 1 2 3 4 
y: I 63 
[Ans. y=0°72+1°33x] 
7. The weights of a calf taken at weekly intervals are given below. 
Fit a straight line using the method of least squares and 
calculate the average rate of growth per week. 
S Age: 1 2 3-4 5 6:5 7 Bees) 10 
Weight: 52:5 58:7 65:0 70:2 754 81-1 872 95:5 1022 1084 
Ans. y=79°62+6:16(x—5 5) ; 616] 


10. 


11. 


12, 


13. 


14. 
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. Find the equation of the straight line which comes nearest to 


passing through the following points : 
x: 0:5 TO 20 9/5 2/30 
yt .031 082 129 185 251 30 
[Ans. y—-—0:2854-1:10x] 
Below are given figures cf production of a sugar factory. 
year: 1971 1972 1973 1974 1975 1976 1977 1978 
Production : 


(in thousand 80 90 92 83 94 99 92 110 
mounds) 


Fit a straight line trend by the method of least squares to the 


above data, 
[Ans. y--944-3(x— 1975)] 

The profits Rs, y of a certain company in the xth year of its 
existence are given by : 

xs 1 2 3 4 3 

y: 1250 1400 1650 1950 2300 
Show that the parabolic regression of y on x is 

= 1140+72x+ 32:15x2 


Fit a second degree parabola to the data given below: 


x: 0 01 02 03 0:4 05: 
y: 31950 32299 32532 32611 32516 32282 
х: 06 0'7 0:8 0:9 

y: 31807 31266 30594 2:9759 


[Ans. yz3:19514-0:4425x — 0'7653х2] 
Fit a second degree parabola to the following data : 
x 0 1 2 3 4 


y: 1 5 1 
[Ans. у=5°914+9°1(х—2)-+-3'643(х— 2)] 


Fit the curve y—ae"* to the data given below: 


X 0 2 4 
y: 5:012 10 31°62 
(е=2'71828) 


[Ans. y=4:642 e»t] 


Fit the curve у=аё= to the data given below: 
x: 2 3 4 5 6 
BS 144 1728 2074 2488 298:5 
[Ans. y=100(1'2)} 
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15, 


16, 


7 


18. 


19. 


Fit the curve y gebs to the following data: 

x 2 3 4 5 6 g 8 

7: 153 205 274 366 491 656 $78 1176 

[ Ans. petisse 02987] 

Fit у=ае? to the following data : 

x: 25 50 TS 10:0 12:5 15:0 

y: 76 52 35 25 16 11 
LE pause” 013095) 


Fit the curve of the type xy?—b to the following data : 

x: 05 1:0 1:5 20 225 30 

y». 1:62 1:00 075 0:62 0:52 0:46 

Use the method of least squares to determine <q’ and ‘b’ in the 
formula y—ax--bx? for the following data : 


RT 2 3 4 5 
yi 18 51 89 141 19:8 
Calculate the value of y for æ 2. 
Ans. a=1°521, b=0:49, 5:006] 
Fit y=a+bx® to the following data: 
x: 5 7 9 11 12 
Pe 290 560 1044 1810 


2300 
Lans. y—130714-12572x3] 
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Probability 


7.1, Introduction 


A fundamental principle involved in the experiments of science 
and engineering is that if these experiments are repeatedly performed 
under very nearly identical conditions the results are essentially the 
same. But, there are experiments in which results will not be 
essentially the same even though conditions may be nearly identical. 
Such experiments will be called random experiments or simply 
experiments. 


Below are certain terms which will be used subsequently. 
Trial. Performing of an experiment is called trial. 


Cases. Various possible outcomes of a trial are termed as 
cases. 


Event. It is used to represent the aim with which the experi- 
ment is performed. 

Sample space. It is the set of all possible outcomes of an 
experiment. 

Event is a subset of sample space and cases are its members ie., 
subsets consisting of single members. 

(E.L.) M end Likely Cases (Events) Cases (Events) are 
called equally likely when none of them can be preferred rather than 
ahe other. 

(M.E.) Mutually Exclusive Cases (Events). Cases (Events) 
are called mutually exclusive when no two of them can occur simul- 
4aneously. 

Exhaustive Casas (Events). A set of cases (events) is said to 
be exhaustive if it includes all possible outcomes of a trial. 
е9 Phe cases which entail the happening of 

a£ favourable to an event. 


(7.1) 


7.2 


In a trial, there is always uncertainty as to whether a particular 
event will oecur or not. To measure this uncertainty the idea of pro- 
bability (or chance) was introduced. It is the number between 0 and 
I. If the event is sure to occur its probability is taken to be 1 and 
if the event is sure not to occur its probability is taken to be zero. 
If the probability is + it means that there are 25% chances for 
the event to occur and 75% chances for the event not to occur. 


Below are two definitions of probability of an event. 
7.1. Mathematical Definition 


Let *n' be the number of cases which are equally likely, mutually 
exclusive and exhaustive and m' of these are favourable to the happen- 
ing of an event ‘A’, Then the probability of the happening of A is 


defined to be n. 


7.1.2. Statistical Definition 


If trial is repeated а number of times under essentially the 
Same conditions, then limiting value of the ratio of the number of times 
the event happens to the number of trials, as the number of trials 
increases indefinitely, is called the probability of the happening of that 


Butz (It is assumed that the ratio approaches a finite and unique 
mit). 


Both these definitions have serious difficulties, the first because 
the word “equally likely” is vague and second because of the 
vagueness of infinite number of trials. Because of these difficulties, 
the following axiomatic approach to probability was introduced. 


7.13. Axioms of Probability 


Let S be a sample space. Let C be the class of events in S. To 
each A in C is associated a real numbe P (A) st. 


(1) P(4)20, ASC 
(2) P(S)=1 


i (3) If 43, An... are any number of mutually exclusive events 
in C then 


P (414-42...) - P (41) -P(42)1-... 


Obviously, Pis a real valued function defined on C. P is 
сайи probability function and P(A) the probability of the 
۷ 


Remark. Starting with definition (7.1.1) axion (3) of (7.1.3) 
can be proved. In view of this P(4) is taken to be б( S , where 
O(A) denotes the order of A. 
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Odds in favour of and against an event. 

Prob. of happening 
Prob. of non-happening 
Prob of nor-happening 

Prob. of happening 


Odds in favour of an event= 


Odds against an event= 


To find the no. of ways of getting a certain sum in 
rolling dice. 
No. of ways of getting a sum ‘r’ in rolling *n' f-faced dice 
—co-efficient of x" in (x-+-x2+-...x/)* 
Ex. 7-1. The chance of an event happening is the square of the 


chance of a second event but the odds against the first are the cube of 
the odds against the second. Find the chance of each. 


Sol Let p and p' be the chances of happening of two events. 


Then р=р? 
Odds against the first event re 
and odds against the second event= 
Ip =(-5") 
р p 
=p): Lm 
„ ИЗ 
which implies p-l 
ui 
pe 9” 


Ex. 7-2. The sum of two positive quantities is equal to 2n. Find 
the chance that the product of two quantities is not less than 3/4 times 
their greatest product. 


Sol. Let x be one quantity. 
Then (2p—x) is the other quantity 
Let y=x(2n—x) 


кт. dy _ 
y is maximum when 7, =0 
ie, 2n—2x=0 
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i.e., х=п 


.. Maximum value of yn 
.*, xisto be such that 


x=) ¥ $ ni 


3r? — 8пх--4х2 +0 
ie, On- 2x) 2x) p0 


їе, 


n 
e EX <х< 


* No. of favourable самби. - 


and total no. of cases=2n 


Reqd. prob. 


2n 


3n 


2 


Tn 
Der 
1 

T 


Ex. 7-3. What is the chance that (a) a leap year selected at 
random will contain 53 Sundays, (b) a non-leap year selected at random 
will contain 53 Sundays ? 


Sol. (a) In a leap year there аге 366 days i.e., 52 weexi 
2 days. Remaining two days can be any two days of the week. 


Different possibilities are : 


Sunday and Monday 
Monday and Tuesday 
Tuesday and Wednesday 
Wednesday and Thursday 
Thursday and Friday 
Friday and Saturday 
Saturday and Sunday 


In order to have 53 Sundays, out of remaining two days 
must be Sunday. 


No. of cases favourable to the event of having one Sunday out 
of 2 days=2 


Total number of cases=7 


one 


Reqd. prob. 


(Б) In a non-leap year there are 365 days i.e., 52 weeks and 
1 days. Remaining 1 day can be any day of the week. 
ў Total по. of сазез=7. 

There will be 53 Sundays if the remaining опе day is Sunday. 


«. No. of favourable cases=1 


. Reqd. prob. = T 


Ex, 7-4. Two cards are drawn at random from а well-suffled’ 


pack of 52. Show that the chance of drawing two aces is 227 


Sol. Total number of ways of drawing two cards out of 
32 beg. In a pack of 52, there are 4 aces out of which 2 aces can 
be drawn in “сә ways. 


4 

Reqd. prob. = 1 
кый ыр. 
52°51 221° 


Ex. 7-5. From a pack of 52 cards, two are drawn at random. 
Find the chance that one is a king and the other a queen. 
Sol. Total number of cases 520 


Since in a pack there are 4 kings and 4 queens, number of 
favourable cases— c. 401. 
4c, 4 
ute Sese 
Reqd. prob. = 
3 
“3350? 
2255 
663 ' 


Ex. 7-6. Four cards are drawn from а well shuffled pack of 
cards. What is the probability that they are from four different 
suits ? 


Sol. Total number of саѕез=52с4 
Since there are 13 cards of each suit, no. of ways of drawing 


1 


4 cards belonging to different suits 
==(181)(13с1)(18с1)(18с1) = 134 
(1394 2197 


. Read. Prob. = "P. 20825 


Ex. 7-7. From a set of 17 cards numbered 1, 2, ... 17, one is 
drawn at random. What is the chance that 


(i) Its number is a multiple of 3 or of 7? 
(ii) Its number is a multiple of 3 or 5 or both ? 
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Sol. (i) Total number of сазез=17сү= 17. 
The number on the card drawn will be a multiple of 3 or of 7 
if it is 3, 6, 7, 9, 12, 14 or 15. 
Number of favourable cases=7 
7 


Reqd. prob. = 


(ii) The number on the card drawn will be a multiple of 3 or 
5 or both if it is 3, 5, 6, 9, 10, 12 or 15. 
Number of favourable cases, 
=7 


Reqd. prob. = T 


Ex. 7-8. (а) Vn biscuits are distributed at random among 
N beggars, what is the chance that a particular beggar receives 
r(«n) biscuits ? 


Sol. Since one biscuit can be given in N ways, number of 
ways of distributing biscuits among N beggars— №". 


If one particular beggar receives ғ biscuits, remaining (п— ғ) 
biscuits are to be distributed among (V- 1) beggars and this can 
be done in (V- 1)"7* ways. 


r biscuits to be given to one particular beggar can be chosen 
in "с, ways. 
Number of favourable cases r. (V- I) nge 
"er(N— use 
Ne 
(b) What is the most probable number of biscuits distributed to 
a particular beggar ? 


Sol Let P) . 


Read. prob. = 


Most probable number of biscuits distributed 
beggar is that value of 7 which is s.t. is мо левое 


P(r- )&P(r)2 P(r4-1) 
Consider P(r—1)<P(r) 
ies 101 re « r ê 
бе STOT -Der 
ie, 161 
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ie, r(N-1)<(n-+1)—r 
J. e., rg ZHL 
Consider P(r) >P(r+1) 
"№ 17r... "e, 4(N — 1)7 0 
be Be ua трете 
n! n! 
pen T HY O DS DTG- FDI 
(N=) 1 
i. e., „ > TFI 
ie., r(N—1)+(N-1)>n-r 
le., l 


Most probable value of r is such that 
ntl — nil 
NE OSES 


Since r is the integer, it is the greatest integer less than "ы 


eol 2 п+1 
if Vis not an integer. In case N 


both values aL and 5H =l. 


is an integer, r can tako 


Ex. 7-9. Two different digits are chosen at random from 
the set 1, 2, 3......8. Show that the probability, that the sum of 
the digits will be equal to 5 is the same as the probability that 


their sum will exceed 13 each being I. Also show that the 


chance of both digits exceeding 5 is d 
Sol. Total number of ways of choosing 2 digits = 80228. 
А (i) Different possibilities of getting 2 digits with sum 
are: 


one-digit 2nd-digit 
1 4 
2 à 3 


Number of favourable cases=2 


ғ. Prob. of choosing 2 digits with sum s=- 


7.8 


(ii) Different possibilities of getting 2 digits with sum 
exceeding 13 are: 


Ist-digit 2nd-digit 
6 8 
7 8 


Number of favourable cases=2 
2. Probability of choosing 2 digits with sum exceeding 13 
EU 
14" 
(iii) There are only three digits exceeding 5 and out of these 
three digits two can be chosen in 3c2 ways. 


Number of favourable cases c=. 


3 
Read. prob. g 
Ex. 7-10. V four squares are chosen at random on a chess- 
board, find the chance that they should be in a diagonal line. 


Sol. A chess board is a square divided into 64 equal squares 
parallel to the sides. 


Diagonal BD divides the board in two equal As ABD and 
CBD. In ДАВР, four squares along a diagonal line can be chosen 
along L, 1 MI, La Ma, La Ma, LaM4 or DB which contain respectively 
4, 5, 6, 7, 8 squares. 


A M, M, M, M, B 


3 
Ёл 3 tns 


Number of ways of selecting 4 squares in 
A4dBD=4ca+ cat 904--7c4-1-8c4 
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This is also the nuniber of ways of selecting 4 s i 
of AsBCD, ACD and ABC. анса 
-. Total number of ways of selecting 4 s uares ali 
diagonal line in the sqaure ABCD-— (sc, 5e4 F Sca ае ШОВ a 
=364 
(This is because the diagonals BD and AC a 
АзАВР, BCD and ACD, ABC). тораи 
Also total number of ways of selectin 4 Squares out of 64 
=, 
364 13 


. Reqd. proba, 22692 


Ex. 7-11. A five-figure number is formed by the di its 0, 
2, 3, 4 (without repetition). Find the ‘prob that the, We oral 
is divisible by 4. 
Sol. Total rumber of ways of arranging digits 0, 1, 2, 3,4 
=5!=120! 


If a number start with ‘0’ the remaining 4 digits can be 
arranged in 4!=24! ways and hence total number of five-figure 
numbers=120—24=96, 


Now the number ending with 04, 20, 40, 12, 24 and 32 are 
divisible by 4. 

No. of numbers ending with 04=Total number of № 
arranging digits 1, 2, 3=3 !=6. аа 

Evidently this is also the number of numbers ending with 20 
and 40 respectively. 

For the numbers ending with 12, out of total number of ways 


of arranging remaining three digits 0, 3, 4 the number of ways in 
which ‘0’ occurs first are to be discarded. 


(^^ these will give four figure numbers). 

. No. of numbers ending with 12=3 !—2 1—4, 

Evidently this is also the number of numbers ending with 24 
and 32 respectively. 


Total number of five-figure numbers, formed by the digits 
0, 1, 2, 3, 4, which are divisible by 4 


=3(6+4)=30 
30 25 
Reqd. prob.— 36 = 16: 


Ex. 7-12. Out of (2n 4- 1) tickets consecutively numbered, three 
are drawn at random. Find the chance that the numbers on them are 
in A.P. 
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Sol. Total number of cases—?"*1cs | 


Different possibilities drawing tickets with their numbers in 
A.P. are : 


1950/38093. 5.2... 1, (0+1), (2n4-1) 
2,3,4; 2, 4,6;.........2, (1+1), 2n j 
V 3, (n4-2), (2n+1) 
4, 5,6; 4, 6, 85. 4, (n4-2), 2n [ 
5, 6,7; 5, 7, 9;.........5, (3), (2n-+1) | 
LIII PPP — 1 
and so on. 
Number of terms in first sequence=n 
3» 2d „ (u- 1) 
» F „ =(n-1) 
» „ » » 4th » =(n—2) 
” Poe ny oth » =(n—2) 
and so on. 
No. of favourable cases=n+2{(n—1)+-(n—2)+...... 1} 
=п+2. — ds 
3n 


m 
Reqd. Db ча =" 


Ex, 7-13. Four cards are drawn out at random from a full deck 
of 52. Find the probabilities of the following contingencies. 


(a) The cards are of the four different suits and of different 
denominations (1, 2, king etc.) 


(Б) There is at least one ace-card. 
(c) Only two of the four suits are represented. 
Sol (a) Total number of ways 5204. 


First card (say 41) can be any out 52. Then the second card 
(say 42) must be from the 36 cards obtained on discarding the cards 
belonging to the suit and denomination of 41, the third card (say As) 
must be from the 22 cards obtained on discarding the cards belong- 
ing to the suits and denominations of 4; and Аз and the fourth card 
must be from the 10 cards obtained on discarding the cards belong- 
ing to the suits and denominations of 41, 45 and 48. 
No. of favourable cases 52018601. 2201.1001 
52¢ 866122011001 
e 
(5) and (c) are left as exercises, 


Reqd. prob= 


b. zm 


7.11 
Ex. 7-14. Out Of 3n consecutive numbers 3 are selected at 
random. Find the chance that their sum is divisible by 3. 


Sol Let Зл consecutive numbers be p4-1,............... p+3n 


where p is any integer. These 3n numbers can be arranged as 
follows : 


pti p+2 pt3 ] 

pt6 

p49 } А) 
РАТЕ | 

Р+3п—2 p43n-1 p+3n J 


Numbers in three columns have the property that the sum of 
any three numbers in any particular column is divisible by 3. Now 


Also the numbers in (A) are s.t, if three numbers are chosen 
one from each column, their sum is divisible by 3. 


Now number of ways of selecting three numbers from (A) one 
from each column=n3, 


No. of favourable cases 
—n9--3."cg 


=> [302— 3n-4-2]. 
Also total number of cases 


6 (9291.2) 


23323172 
Reqd. prob m 9% 2 
Ex. 7-15. If 6n tickets numbered 0, І, 2, .. 6n— 1 are placed 


in a bag and three are drawn out, show that the chance that the sum 


pi 3n 
of the numbers on them is equal to 6n is "(6n—1Y6n—2)- 


Sol. Total number of Cases = 6"сз. 
Different possibilities of drawing tickets with the sum of their 
numbers equal to 6n are: 

0, 1, 6n—1:0,2,6n—2 : 
1, 2, 6n—3 ; 1, 3, 6n—4 ;. 
2, 3, 6n—5 ; 2, 4, 6n—6 L. 
3, 4, 6n—7 ; 3, 5, 6n—8 ;. 
4, 5, 6n—9 ; 4, 6, 6n—10; 


2n—2, 2n—1, 2n+3 ; 2n—2, 2n, 2n4-2, 2n— 1, 2n, 2n+1 


3, 30-2, (3n— 1) 
4, 3n—3, 3n—1 
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No. of terms in first sequence=3n—1 
» „ „ „ And „  -—3»-2 
„ » „ „ 3d „ —3n—4 
„ „ » » 4th » =3п—5 
„ „ „ „ 9h „ =3n-7 
and so on. 
-. Total number of ways of drawing tickets with the sum of 
their numbers equal to бл 
={(30— G- 2) -- (8n — 4 T - 5)}-Е{(3л— 7) 4-(3n — 8)) 
{(3п~ 1)+( )-« )+( пса) 
={(3n— G- - +2} 
+{(3n—2)+(3n—5)+-(3n—8)+...... +1} 


=F 4430-1342 ( 1-355 


3n? 3n 
. Reqd. PEO 7 (61463 E 


Ex. 7-16 Four different objects 1,2, 3, 4 are distributed at 
random on four places marked 1, 2,3, 4. What is the probability 


that none of the objects occupies the place corresponding to its 
number? 


Sol. Total number of ways of distributing 4 objects on 4 
places 4 1—24. 


Number of ways in which all the four objects can occupy their 
places = 1. 


If three objects occupy their places, 4rth will also do so. So 
this is contained in Possibility discussed above, 

If two objects Occupy their places, Temaining two can go wrong 
by occupying each other’s position i. e, in only one way. 

Since out of 4, two objects can be chosen in 4c ways, number 
of ways in which only two objects can occupy their places. 

=405х 126. 
If one object Occupies its position, any one of the ramaining 


three can go wrong in2 ways by occupying the positions of other 
two. 


Since out of 4, one Object can be chosen in 401 ways, number of 
ways in which only one object can occupy its place 
=4сүх2=8. 


„ Total number of ways in which at least one object can 
Occupy its place 


—14-64-8—15 
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-. Total number of ways in which none of the objects occupies 
the place corresponding to its number 
—24—15—9 
2 2 
Reqd. prob. 278° 


Ex. 7-17. A and B stand in а ring with 10 other persons. If 
the arrangement of 12 persons is at random, find the chance that there 
are exactly three persons between A and B. 


,. Sol There are in all 12 persons who are to stand in a ring. 
ше the position of one person remaining 11 persons can stand in 
! ways. 


, Total number of ways in which 12 persons can stand ina 
ting=11 !, 

Out of 10 persons three are to stand between A and B. These 
three can be chosen in 10c3 ways and can be arranged in 3 ! ways. 

Also number of ways of arranging remaining 7 persons—7 ! 


Since A and B can interchange their position, number of ways 
of having exactly 3 persons between 4 and B=2.1%3.3 ! 7 ! 


10! 
= ! 
2.3171 31.571 
=2.10! 
2.10 ! 2 
Read. prob. TE ТЕПЕ 


Ex. 7-18 The first 12 letters of the alphabet are written at 
random. Find the chance that there are exactly 4 letters between A 
and B. 


Sol. Total number of ways—12 ! 
Different possibilities are : 
L2 734.5 106: 177080607 10. AT 2 


A. . . : B . 
А» B . 5 зі 
A B . : 
A B . . 
А . B А . 
A Berea: ЖЧК. 
A DEB 


Out of remaining 10 letters, 4 letters are to lie between A and 
8. These four can be chosen in 10cq ways and can be arranged in 
! ways. 


7.14 


Also number of ways of arranging remaining 6 letters=6 ! and 
A and B can interchange their positions. 


* Total number of ways of having exactly 4 letters between 
A and В. 


7.2. 1004.4 . 61 


101 
212. «141.4: 6! 
=7.2,10! 
73.194; 7 
121 ~ 66° 


Ex. 7-19. If the letters of the word ‘REGULATIONS’ be 
arranged at random, what is the chance that there will be exactly 
4 letters between the *R' and the ‘E’ ? 


Sol. There are in all 11 letters to be arranged. 
Total number of ways of arranging 11 letters 


Reqd. prob.— 


8111 
Different possibilities are: 
)) 8^6 "31778 O10 11 
V 3 
R 3 Re N A 
: Us a 
BI e URL. Soo ME RE ИҢ 
s eM Sc pM EIER EC. 
КЕЛУИ QT URP ECL. E 


Therefore, as in last example, total number of ways of having 

exactly 4 letters between the ‘R’ and the E 
62.904. 4151! 
=62.9! 

62.9! 

FEISS 
62 6 
= 1г10 55 


Ex. 7-20. Show that the chance of throwing an odd number 
with a. die is i. 


Therefore, reqd. prob. = 


ex I There are six facesof a die marked with numbers from 
o 6. 


Total number of cases=6. 
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т Oe of six faces, three are marked with odd numbers viz 1, 3 
and 5, 


Number of favourable cases—3. 
Reqd. prob= t 
gun 
тте 

Ex. 7-21. Ina single throw with two dice, find the chances of 
throwing (i) eight (ii) eleyen. 

Sol. Total number of cases=6 x 6—36 

(i) Thé sum 8 can be obtained in either of the following ways : 


First die Second die 
6 2 
5 3 
4 4 
3 6 
2 6 
The number of favourable cases=5 
5 
Reqd. prob— 36 


(ii) The sum 1! can be obtained in either of the following 
ways: 


First die Second die 
6 5 
5 6 


Number of favourable cases 2. 
Reqd. probability =7, 
Ex. 7-22. Find the chance of throwing a total of 3 or 5 or 11 
with two dice, 
Sol. Consider the expression 
(x--x24- ...... x9) 
{ x(1— х6) р 
E a SS МИ 
1-х 
=х1—х6)41-х)72 
=x%(1 —2x8-+-2x12)(1+-2x-+-3x2 +42x8+...) 
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Number of ways of getting a total of 3 
=co-efficient of x3=2 
Number of ways of getting a total of 5 
=co-efficient of x5=4 
-and number cf ways of getting a total of 11 
ы =co-efficient of х11+=10—8=2 
Number of ways of getting a total of 3 or or 11 


=24+4+42=8 
Total no. of cases=62= 36 
7 2 
. Reqd. prob. 36 =>: 


Ex. 7-23. Show that the chance of throwing 15 with 3 dice 
108 
Sol. Consider the expression 
(x+2x2+...+x5)8 
(1-39) 
(1—х)% 
=х%(1— 3x8--3x12— x18)(1— ) 8 А 


ds 


=x8 


=xi(1—3x8-43x12— x18) (143x434 xr 345 Em 


E еа 
Therefore, number of ways of getting a total of 15 
Р —co-efficient of x15 
3.4.5.6.7.8.9.10.11.12.13.14 3.4.5.6.7.8 
Ba t: 13 
=10, 
Total number of cases=68=216 
10 5 
Reqd. Prob. Ife. = 108 T 


Ex. 7-24. Show that, in a single throw with two dice, the chance 
of throwing more than 7 is equal to that of throwing less than 7 


each being 75 * 


TAT 


Sol. Consider the expression 
(х+х24......4-х6)2 
=х®(1—х%)%(1—х)? 
к=х®(1'— 2x8-+x18)(1 +2x +3x2+4x8+...... HHL. ) 
=x2(1 +2x4+3x2+4x8-4 5x44 6x5 + 5x8-4427-+3x8-+ 2x9 210+...) 
Therefore, number of ways of getting a number less than 7 
=sum of co-efficients of x2, x3, x4, x5 and x 
=1+2+3+4+5=15 
‘and number of ways of getting a number greater than 7 
=5444342+1=15 
Total number of cases 62— 36 
Therefore, probability of getting a number greater than 7 
probability of getting а number less than 7 
X IB Or 
36 12 
Ex. 7-25. Each co-efficient in the equation ax?+bx+c=0 is 
determined by throwing an ordinary die. Find the prob that the 
equation will have real roots. 
Sol. The roots of the given equation will be real if b2 > 4ac. 


Now various possible values of co-efficients in the equation 
are 1, 2, 3, 4, 5, 6. 
Since there are 3 co-efficients, total number of cases 


268216. 
Now various possibilities are: 
ge a c Дас b No. of cases 
1 1 1 4 2,3,4,5,6 5x125 
25 | 
2 f D а 4x2—8 
3 
3 f 3 326 
1 4 : 
4 2 2 16 4,5,6 3x3=9 
14 1 
„ 2824 
SQL 
2 5 
6 3 54 24 5,6 2х4=8 
8 i 


7 iE 7 This is not possible as on a die number 
7 1 greater than ‘6’ can’t occur. 
2 4 

8 | т МОД? 6 1х2=2 

9 3.53 36 6 1x1=1 


(Values 10, 11 etc of ‘ac’ are not possible as 52 + 36). 
Total number of favourable cases 
=43 
43 
Reqd. prob.— 916° 
Ex. 7-26. Four tickets marked 00, 01, 10, 11 respectively are 
placed in a beg. A ticket is drawn at random five times, being re- 
placed each time. Find the prob that the sum of the numbers on 
tickets thus drawn is 23. 
Sol. Number of favourable cases=co-efficient of x29 in 
(х0-+-х14-х10+х11)5 i e., (ITX ＋E x10 - x1)6 
i.e., (12-x)9(14-x19)5 
i'e., (1+ 5x4-10x?-- 10x3--5x44- x8)(14-5x194- 10x204 5 Ao 
Tx 


Number of favourable cases=100 
Total number of ways of drawing cards=45 
100 25 
Read. prob. = 45. =56- 


Ех. 7-27. Ап ит contains a white balls and Ь black balls. If 
«+B balls are drawn from this urn, find the probability that among 
them there will be exactly « white and 8 black balls. 


Sol. Total number of cases-—^**c 


«+8 
Number of ways of drawing « white balls 
=% 
a 


and number of ways of drawing § black balls 
E 


B 


„ Number of ways of having « white and g black balls 
among («-+-8) balls drawn 


= b, 
E ср 
a, eg 

he . 


+B 


a Reqd. prob.= 


719 


7.2. Notations 
(1) Capital letters A, B, C etc., denote events. 
(2) (A), (B) etc., denote the happening of events A, B etc, 
(3) (A), (B) etc., denote the non-happenings of A, B etc. 
(4) (AB) denotes the simultaneous happening of A and B. 


(5) (44- B) denotes the happening of at least one of the events 
A and B. 


(6) P(A), P(B) etc., denote the probabilities of the happening 
of the events A, B etc. 


(7) P(A/B) denotes the conditional probability of the happening 
of the event A when it is known that the event B has already happened, 


7-3. Theorem of Total Probability 


It states that the probability of the happening of any one of the 
several mutually exclusive events is the sum of the probabilities of the 
happening of separate events i.e., 


P(Ay Ag . An) P(A1)4- P(Ag)4-...... +P(An) 
where Ay, Аз, ... An are M. E. events. 
Sol. Let 41, Ag... An ben mutually exclusive events. Then 
ws are to show that 
P(Ai- Ag As) PCA P(Ag)--......--P(Ads) 


Let N be the number of cases which are equally likely, 
mutually exclusive and exhaustive. Out of these let 


no. of cases favourable to 41 
no. of cases favourable to Az mz 


no. of cases favourable to dn=m, 


Since 41, 4», ...... An are mutually exclusive, the cases ml, mg, 
а m, are quite distinct and non-overlapping. 


No. of cases which are favourable to (414- AZ ...- 45) 
(i. e., occurrence of any of the events 41, Ag ... An) 


=m +ma+...+mn 
P(41-- 44+ 4,0) = Pat rat tm) 


т m LU 
E eroe y 
Now by def., 
m 
NAD ete. 
P(Ai Aa. 45) P(41) FCA... FA.) 
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Ex. 7-28. Generalize the theorem of total probability for non- 
mutually exclusive events. 


Sol. Let A1, A». ...... An be the events which are not mutually 
exclusive. > 


Consider 4; and 4» to events. Two mutually exclusive and 
exhaustive forms in which 4; can happen are 


(i) Ау happens and 42 does not happens i.e., (4142) 
(ii) 41 happens and Ag also happens i. e,, (4142). 
Let m and тә be the number of cases favourable to (4142) 
and (4142) respectively. 
Then number of cases favourable to (41)=m1+m2 
NAU) ma, m | ms 
n n n 


Where n is the number of equally likely, mutually exclusive: 
and exhaustive cases. 


P(41) — P(41 42) + P4142) v1) 
Interchanging A; and 42, 
P(42)— P(AIA2)/ P(4142) (2) 


Now the three mutually exclusive and exhaustive forms in 
which (414-42) can happen are 
(i) 41 happens and 42 does not happen i.e., (4143). 
(ii) A1 happens and 42 also happens i.e., (4142). 
(iii) Аз happens and Aj does not not happen i.e., (4143). 
.. As before, P(41-+-42)=P(A142)+P(4142)=P(A149) ...(3) 
Subtracting (1) and (2) from (3) 
PA- 42) - P(41)— P(42)— — Р(4145) 
„ P(Ast 42) = P(41) PA- P( 4142) (4) 
Now Р(Ау+4э+ Аз)=Р(Ау+ Аз+ Аз) 
— P(41)--P(424- A3) — P(4142+ Аз) 
= P(41) - P(42-- Аз) — P(41424- 4143) 
— P(41)-- (P(42) 3- P(43) – P(4243)) 
—(P(4142)3- P(4143) — P(414243)) 
C^ (4142414) (414240 


3 3 
= 5 FA) Р(А:43)+(— 1971 P(414243) 
di i<j 


ERE л, 


r 
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In general, 
n n 
Torta E 2 
i= i j= 
i<j 
n 

FE P(4:454,)......-(—1)1 PA1ds...4,) 
i, j, k=1 
i<j<k 


Note. If A1, A2,...An are mutually exclusive, P (A. A,) , 


P(AiAjAx)=0 etc. 


P(41- 42 4-... +41) — P(41)- P(42)4-... (A,) 
7.4. Independent Events. Def Two events are said to be 


independent (in probability sense) if the probability of happening of 
one does not depend on the happening or non-happening of the other. 


Theorem of Compound Probability. /¢ states that the pro- 


bability of the simultaneous occurrence of two non-mutually exclusive 
events is equal to the probability of happening of one multiplied by 
the conditional probability of the other when it is known that first has 
already happened. 


г P(A) P(BIA) 


je; P(AB)—4 or 


L P(B)P(A/B) 
Proof. Let 4 and B be two non-mutually exclusive everts. 


Then we have to show that 


f P(A)P(B/A) 
P(AB)= or 
L P(B)P(A4/B) 


Two mutually exclusive and exhaustive forms in which 4 cam 
happen are : ) 


(1) 4 happens and B does not happen ie, (A B) 
(2) А happens and B also happens i e., (4B) 
Let тү and тә be the number of cases favourable to (AB) and 


(AB) respectively and л the number of cases which are equally likely, 
mutually exclusive and exhaustive. 


Then number of cases favourable to (A) = mim 


PO 
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Now by def., PAB- 72 


mma тә 
LOITUM = ү 
п 71 3- mg mı +mo 


Assuming the occurrence of A, out of n only (m+ 
are left, out of which тә are also favourable to В. 


тә) cases 


Fa tmp Bives the conditional Probability of B when it is 
given that 4 has occurred ie., 


тә 
ад. 
In 


P(4B)=P(A)P (B/A) 


=P(B/A) 


Interchanging A and В 
P(AB)=P(B)P(4/B) 
Note. (1) If 4 and Bare independent, prob of happening of 


one effected by the happening or non-happening of 4 
or B). 


P (B/ A) P(B) and P(A/B)=P(A) 
P(AB)=P(A)P(B) 
Ex. 7-29. It is given that 


Prt dam =, Nu ., Pub- + 


where P (Az) stand for the Probability that А» does m 


Ot happen. 
Determine Ai) and P(42): Hence show that the events En peti E 
are independent. 


Sol Since total Probability is always unity, 
P(434-P(45)—1 

кА P(43)—1— A:) 

1 


AS en 
By additive law for non-mutually exclusive events, 


P(414- 42) — P(41) +Р(45) d P(4145) 


j 5 — 1 1 
oe 77 P(41)4- YE 
2 2 
А NA 


Porn 11 


723. 


А 1 1 
FAA. -7 =y FCA Аз) 
*. Events 4; and Ag are independent. 
Ex. 7-30. m and of one: the ane 1 


N-. NA POT 
where A, B and C are mutually Aon events, 


Sol Since three events A, B and C are mutually exclusive, by 
total probability theorem 


P(A+B+C)=P(A)+P(B)+P(C) 
2.1 
TUUM 
13 
12 > 1 
Since the probability is always less than unity, the statement is 
wrong. 
Ex. 7-31. Two packs of cards are made up in such a way that 
— rst pack consists of 39 red cards and 13 black cards ; second 
consists o, v 39 black cards and 13 red cards. ё. sampling " experi- 
. Is carried out in the following way: A card is drawn from the 
first pack, if it is red, а second card is drawn from the same 
er replacing the first red card. The colour of the second card 
om the first pack is noted. If the first drawn from the first 
pack is black, then the second card is drawn from the second pack and 
the colour of the second card is noted. Both the cards are then repla- 
— their respective packs. What is the probability that the second 
Is red. 


Sol. Two different possibilities are : 
(1) First card drawn is red, 
(2) First card drawn is black. 
ч (1) Now the probability of drawing a red card from the first 


39 
39... 3 
yet Hort 
Since the first card drawn is red, the second card is also to be 
drawn from the first pack but after replacing the first red card. 


Probability of drawing а red card in sex nd дат=3- 1 


we 


724 


This is the conditional probability of drawing a red card in 
second draw when itis known that card drawn in first draw was 
red 


*. By the theorem of compound probability, the probability 
of drawing red cards in first and second draws 


P9‏ ا 
F16‏ 1 
The probability of drawing a black card from the first pack‏ )2( 
1 13 13 


7739413 52 7 


Since the first card drawn is black, the second card is to be 
drawn from the second pack. 


Conditional probability of drawing a red card when it is 
known that a black card was drawn in first draw. 


ixi t 1 
73911374 


-. Probability of drawing a black card in first draw and a 
in second draw 
-(i (70-15 
EX 7) 4 Je 


.. Since two possibilities are mutually exclusive, by the 
theorem of total probability. 


Reqd. prob. „„ ag io ei 


Ev. 7-32. From each of three married couples one of the 
partners is. selected at random. What is the probability of their 
being all of one sex ? 


Sol. Probability of selecting a partner (male or female) from 
either couple j 
2 
There are only two mutually exclusive possibilities : 
(1) All the partners are of male sex, 
(2) All the partners are of female sex. 
By compound probability theorem, probability of either 


possibility 
-(4)-4 


7.25 


By theorem of total probability, 

caesa 

reqd. prob. з +> TU 
Ex. 7-33. In above question, show that the probability of 


choosing two men and one woman is $ Ë 


Sol. Three possibilities are : 


Ist couple 2nd couple 3rd couple 
M M Ww 
M N M 
Ww M M 


Probability of choosing a partner (male or female) from either 
couple 


By compound probability theorem, probability of either 
possibility 


— 


pha ky 
2:3 


By ‘heorem of total probability, probability of choosing two 
men ap. one woman 
SN T 
$8 8 8 
3 


Ex. 7-34. A number х is chosen at random from the integers 
1, 8, 3, ...... n and A and B denote the event that x is a multiple of 
£ and 3 respectively. Show that A and B are independent events when 
m= 96 but not when п= 100. 

Sol The no. of integers іп 1, 2, ...n, which are divisible by 


the integer m is the greatest integer less than z 


(i) When n=96 
No. of integers which are divisible by 2 
= — =48 


2 
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No. of integers which are divisible by 3 


236 3 


No. of integers which are divisible by 3 and 2 both i.e., by 6 
96 


- =6 


P(A)-- Probability that x is a multiple of 2 
1 


and PADEP ORY that x is a multiple of 2 and 3 both 
. e, 
OE T 
96 (6 
P(AB)=P(A)P(B) 
.. Events A and B are independent. 
(ii) When n=100 


No. of integers which are divisible by 2 
100 


8 
No. of integers which are divisible by 3 
100 وو‎ 


greatest integer less than 3 


No. of integers which are divisible by 3 and 2 both i. e., 6 
= greatest integer less than I 216 


and 
P(AB)4P(A)P(B) 


Events A and B are not independent. 


1.41 


Ex. 7-35, A bag contains 5 white and 4 black balls. A ball is 
drawn from this bag and replaced and ihen a second draw of a ball 
is made. What is the probability that the two balls drawn were of 
different colours. 


Sol. The rwo different possibilities are : 

(1) The first draw gives white ball and the second draw gives 
black ball. 

(2) The first draw gives black ball and the second draw gives 
white ball. 


.. Since the ball drawn in the first draw is replaced, the probabi- 
lities of drawing either ball (white or black) in two draws are same. 


Now the probability of drawing a white ball 
5 


9 
and the probability of drawing а black ball 
7 
.. By the theorem of compound probability, probability of 
possibility (1) 


and probability of possibili 2) 


By the theorem of total probability, the probability of 

getting two balls of different colours in two draws 
_ 20, 20 40 
81 81 81 
Ex. 7-36. An urn contains 4 white and 5 black balls, a second 
urn contains 5 white and 4 black balls. One ball is transferred from 
the first to second urn, then a ball is drawn from the second urn. 

What is the probability that it is white ? 


Sol There are two different possibilities. 

(1) The ball transferred. from the first to second urn is 
white. 

(2) The ball transferred from the first to second urn is 
black. 

The probability of drawing а white ball from second urn in 
these two Possibilities willbe different. So we consider these two 
possibilities separately. 


7.28 
(1) Now probability of drawing a white ball from the first urn 


Since the ball transferred from first to second urn is white, 
total number of white balls in second run 
=5+1=6, 
The number of balls in second urn 
=6+4=10 


-. Probability of drawing a white ball from second urn 
6 3 
= — == 5 
-. By the theorem of compound probability, the probability 
of transferring a white ball and then drawing a white ball from the 
second urn 
de dud 
Q3 5515 
(2) Probability of drawing a black ball from the first urn 
5611 5 


d 5. 
Total number of white balls in second urn 5 


and number of balls in second urn 10 
. Probability of drawing a white ball from the second urn 


5 1 


Sm (OR S 
The probability of transferring a black ball and then drawing 
a white ball from the second urn 
5 
I 2 


The two possibilities (1) and (2) are mutually exclusive Hence 

by the theorem of total probability, the probability of transferring a 

ball from first urn to second and then drawing a white ball from the 
second. 
4 5 49 

TUIS 718777907 

Ex. 7-37. Three urns contain respectively 1 white, 2 black balls : 

2 W and I B balls, 2 white and 2 black balls. One ball is transferred. 

From the first urn into the second; then one from the latter is trans- 

ferred into the third. Finally one ball is drawn from the third urn. 


What is the probability of its being white. 


7.29 


Sol. There are in all four different possibilities : 


(1) The white ballistransferred from the first to the second 
ue and then a white ball is transferred from the second to the 
third urn. 


(2) The white ball is transferred from the first to the second 
ша oed then the black ball is transferred from the second to the 
third urn. 


(3) A black ball is transferred from the first to the second urn 
and then a white ball is transferred from the second to the third urn. 
(4) A black ball is transferred from the first to the second urn 
and then a black ball is transferred from the second to the third urn. 
(1) Probability of drawing the white ball from the first urn 
1 
. 
After transferring the white ball from the first to the second 
urn, 
Number of white balls in the second urn 3 
and total number of balls in the second urn =4 
Probability of drawing a white ball from the second urn 
after transferring the white ball from the first to the second urn 
3 
UA 
After transferring a white ball from the second to the third urn, . 
Number of white balls in the third urn=3 
and total number of balls in the third urn=5 


s. The probability of drawing а white ball from the third ura 
after transferring a white ball from the second to the third urn 


— 
2. By the theorem of compound probability, the bility 
of transferring the white ball from the first to the urn ; then 


a white ball from the second to the third and then drawing & white 
ball from the third urn 


2. After transferring the white ball from the first to the second 
urn, the number of black balls in the second urn—1. 

2. The probability of drawing the black ball from the second 
urn after transferring the white ball from the first to the second urn. 

2 А 1 


= 


7.30 
After transferring the black ball from the second to the third 


the number of white balls in the third urn 2 


-. Probability of drawing a white ball from the third urn after 
transferring the black ball from the second to the third urn 


=. 


the probability of transferring the white ball from the first 
to the second ; then the black ball from the second to the third and 
then drawing a white ball from the third urn 


QUE э iog 
314,550 
(3) Proceeding as in above two cases, the probability of trans- 
ferring a black ball from the first to the second urn : then a white 
uel L4 second to the third urn and then drawing a white ball from 
urn 


2 
3 4 5 80 
(4) The probability of transferring a black ball from the first to 


the second ; a black ball from the second to the third and then 
wing a while ball from the third urn 


222252. н 
3475 50 


Since the four possibilities are mutually exclusive, by the 
theorem of total probability, the probability of transferring a ball 
from the first to the second ; then a ball fr 


‘om the second to the third 
and then drawing a white ball from the third urn shed 


F 
60 +60 +60 T 60 = 


Ex. 7-38, Ing bag there are six balls of which 3 are white and 
Jare black, They are drawn successively without тер], What 
is the chance that the colours are alternar ? ey o Ра 


Sol. Let (W) be the event thatin a d hite ball 
= (B) be the event that blackball appears, The Pese j^ ен 
(WB) W)(BW)(B) 
and 5220210210202) 
Probability of drawing a white (or black) bail in first draw 
f 3i] 


=> m 


$312 


EE O 


| 
| 


7.31 


Probability of drawing a black (or white) ball in second draw 
when the ball drawn in first draw is white (or black) 


3 
=з 
Probability of drawing a white (or black) ball in third draw 


when in first two draws white (or black) and black (or white) balls 
have been drawn 


decide 
4 2 
Probability of drawing a black (or white) ball in fourth draw 
when in third draw the ball drawn is white (or black) 
2 
I Y 
Probability of drawing a white (or black) ball in fifth draw 
1 


T 


and probability of drawing a black (or white) ball in sixth draw 1. 
By compound probability theorem, probability of either 


1 3 1 2 1 
-(z Xs X X5 Xz)o 
RM 
25.20 
By total probability theorem, probability of getting balls of 
1 1 
alternate colours=2 x 20 = 10: 


Ex. 7-39. Ап urn contains 3 white and 5 black balls. One ball 
is drawn and its colour unnoted laid aside. Then another ball is drawn. 
Find tiie probability that it is white. 

Sot. There are two mutually exclusive possibilities : 

) In the first draw a white ball appears. 

Prob of drawing a white ball in first draw 

3 


8 
Number of white balls in the urn before second draw 


sequence 


Therefore, conditional probability of drawing a waite ball in 
second draw, when in first draw a white ball has been drawn 


S 


7.32 


Therefore, by compound probability theorem, prob of drawing 
а white ball in second draw 


dim. 
736 


(2) In the first draw a black ball appears. 


Prob of drawing a black ball in first draw 
5 


da. 
TES Л 


Number of white balls in the urn before second draw 
=3 


Therefore, conditional prob of drawing a while ball in second 
draw, when in first draw a black ball has been drawn 


23, 
ym) 
Therefore, prob of drawing a white ball in second draw 
2 45 
ABUSE 79563 
6 1555.21 
Reqd. prob.— 36 56 56 


Ex. 7-40. A lady declares that by taking a cup of tea with milk 
she can discriminate whether the milk or tea-infusion ‘was first added 
to the. cup. It is proposed to test this ussertion by means of an 
experiment with 10 cups of tea, five made in one way and five in the 
other and presenting them to the lady for judgement in random order. 


Calculate the probability on the null hypothesis (i.e., the lady 
has no discrimination power) that the lady would judge correctly all 
the ten cups, being known to her that 5 are of each kind. 


Suppose that the tea cups were presented to the lady in five pairs, 
each pair to consist of cups of each kind in a random order. How 
would the probability of correctly Judging with every cup on the null 
hypothesis be altered in this case 7 


Sol. (a) When tea cups are presented in random order : 
No. of ways of presenting 10 cups, 5 of each kind 
101 
58151] 
=252 


Out of these 252 ways, the cups are presented in any one 
manner. The lady has to find which one is that method. 


7.33 


No. of favourable cases =I. 
1 


Reqd. prob. — 257 


(6) When cups are presented in 5 pairs: 
Two two ways of presenting a pair аге: 
MI; IM 
where *M' stands for the cup prepared by taking milk first and ‘J’ for 
the cup prepared by taking infusion first, 


When a pair is presented to the lady, she has to find, out of 
these two which one is the method used. 
Probability of correct Judging for each pair 
TT 


-3- 


Asthe presentation of various pairs is independent of each 
other, by the theorem of compound probability, the joint probability 
of correctly judging the 5 pairs 


ET ( 1 y 1 
ENED Jom B24 
Ex, 7-41. Ina group of equal number of men and women 10% 
men and 45% women are unemployed. What is the probability that a 
person selected at random is employed? 
Sol. Probability for a man to be unemployed 
10 1 
100 —10 
and probability for а woman to be unemployed 
MD 
~~ 100 ~ 20 
Probability for a man to be employed 
e Abe 
10 10 
and probability for a woman to be employed 
. 
20 20 
Since the group contains equal number of men and women, 


probability of selectinz a man= 2 and same is probability of 


=1 


selected a woman, 


7.34 


.. Probability of selecting an employed man 


-( +) 


and probability of selecting an employed woman 


-(z Xs) 
2 /\20 

The selected person may be either man or woman. Hence by 
the theorem of total probability, probability of selecting an employ- 


. A 


pe 1029 
2 {5 +2) 40 

Ex. 7-42. In а random sample of 1000 residents of a large 
city, 700 were found to be reading newspaper A and 400 were found to 
be reading newspaper B. On the hypothesis that the habits of reading 
newspapers A and Baregindependent of each other, (i) what is the 


chance that a person selected at random would be reading both the 


newspapers (ii) How many persons out of 1000 should be expected to 
be reading both newspapers ? 


Sol. Probability for a person to be reading newspaper 4 
m ste AA 
1000 10 
and probability fora person to be reading newspaper B 


Since the habits of reading newspapers 4 and B are indepen- 
dent of each other, by the theorem of compound probability, the 
probability that a person selected at random would be reading both 


the newspapers 
65) ) = 


No, of persons out of 1000 to be reading both the 
newspapers 
T 


=:557Х 1000=280. 
Ex, 7-43. The probabilities of n independent events are py, P2» 
...pn. Find an expression for probability that at least one of the 
events will happen. 


3 


7.35 
Sol. Since total prob is unity, 
Prob. of non-happening of Ist event—1— pı 
وو وو وو‎ » ” 2nd » =1 — рг 
„ وو‎ o» » „ nth „ =1—pn 
Since the events are independent, by compound prob. theorem, 
Prob. of non-happening of all the events. 
z(1—piX-p»)...... (1— ра) 
Prob, of ће happening of at least опе of the events 
-1-(1-p)I —po)......(1—p;) 
Ex. 7-44. A problem in statistics is given to students whose 
chance of solving it are T T and i respectively. What is the 
probability that the problem will be solved ? 


Sol. The problem will be solved if at least one student 
solves it. 


1 
Here ,وکرم‎ P= 


Reqd. prob. =1-( pd (1-3) 1-+) 


Ex. 7-45. Three groups of children contain 3 girls and 1 boy. 
2 girls and 2 boys and 3 boys and 1 girl. One child is ‘selected at 
random from each group. Show that the chance that the three 


selected consist of 1 girl and 2 boys ts 3r 


Sol. Probabilities of selecting a boy from three groups are 


T + and t respectively and probabilities of selecting a girl from 


three groups are i ў 2 and + respectively. 


Different mutually exclusive possibilities of required selection 
are: 


Ist group 2nd group 3rd group 
1 girl 1 boy 1 boy 
1 boy 1 girl 1 boy 


1 boy 1 boy 1 girl 


7.38 


739 
Prob. of A speaking truth= = 
: 80 4 
| Prob. of B speaking truth 19717 | 


Tharefore, A and В are likely to contradict each other in 
pe x100=35% of the cases. 


Ex. 7-49. The probability that a teacher will give an unannoun- 
ced test during any class meeting is Fz: If a student is absent 


twice, what is the probability that he will miss at least one test? 


Sol The student will not miss any test, if on the two days 
he is absent the teacher does not give any test. 


Probability for a teacher not giving any test on the two days 
(when the student is absent) 


(1-3 E وید( ج‎ 
Probability that the student will not miss any test 


Since total probability is unity, 
probability that the student will miss at least one test 


wt da. 9. 
2501255 


Ех, 7-50. А can solve 75% of the problems and B can soly 
70%. What is the probability that either A or B can solve a Problem 
chosen at random ? 


Sol Let (4) and (B) be the events that 4 and B solve the 
problem respectively, 


Then P(A)= + 
and N15 


Now P(A+B)=P(4)-+P(B)— P(AB) 
=P(A)+P(B)— Р(А)Р(В) 
021 


74 110 40 


7.39 - 
Therefore, probability that either 4 or B can solve the problem 


Ex. 7-51. If 4 whole numbers taken at random are multiplied 
together, show that the chance that the last digit in the product is 


16 
J, 3, 7 or 9 is 625 


Sol. In all there are ten digits viz., 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. 


Digits 1, 3, 7 and 9 have the property that when any te. of 
them are multiplied, the last digit in the product is one of these "Tour 
digits. 

Therefore, if the last digit in the product of four whole 
numbers is to be 1, 3, 7 or 9, each whole number must háve its last 
digit 1, 3, 7, or 9. 


Probability for a whole number to have its last digit 1, 3, 7 or 9 
4 2 


55:10: 9:9 


Therefore, by compound probability theorem, probability 
that all the four whole numbers have their last digit 1, 3, 7 or 9 


=a) 
um 
625 


16 
Therefore, reqd. prob. = 525 


Ex. 7-52. A six faced die is so biased that it is twice as likely 
to show an even number as an odd number when thrown. It is thrown 
twice. What is the probability that the sum of the two numbers thrown 
is even? 

Sol. Let p be the probability for an odd number. 

Then 2p is the probability for an even number, 

When the die is thrown, either even number turns up or odd number 
turns up. 

.. 2p p- Total prob.=1 


al 
ре 3 


.. Probability for an odd number + 


Probability for an even number= > 


7.40 


The sum of the two numbers thrown will be even if in both 
throws either we get even numbers or odd numbers. Now probabi- 
lity that in two throws even numbers turas up 


4 


and probability that in two throws odd numbem turn up 


-(5 (3 au. 
3 ) 3 * 9 
.. By the theorem of total probability, probability that the 
sum of the two numbers thrown is even 
4 1 5 
79 09m 9 
Ex. 7-53, А and B throw with a pair of dice. А wins if he 
throws 6 before B throws 7 and B.wins if he throws 7 beofre A throws 


6. If A begins, show that his chance of winning is 57 


ч Sol. Let (A) and (B) be the events that A gots 6 and В gets 7 
with a pair of dice respectively. 
1 


Then PA) 5 and P(B у= 


ООДО bul. 
* 

Since A begins, he can win in following mutually exclusive 
ways: 


Therefore P(A) 1 


(A), (А 5 A), (AB A B A, . 
леа Therefore, by theorem of total probability, probability that А 
=P(A)+P(A B A)-P(A B A B А)+............ 
Since throws are independent, b ili 
езгеш: ере! у compound probability 
probability that A wins 


=P(A)+P(A)P(B)P(A)-+P(A)P(B)P(A)P(B)P(A)-+.....- 


Shaft OGNI 
=%{!+(% . + )+( r3 Beer } 


ls SOM 
7 c 

36 6 
30 


G—————————— 


741 


Ex. 7-54. A and B take turns in throwing two dice, the first 
to throw 9 being awarded the prize. Show that their chance of winning 
are in the ratio 9 : 8. 


Sol. Let (A) and (В) be two events that A and B get 9 in a 
throw respectively. 


Then P(A)=P(B)= — 
Therefore P(A)=P(B)=1 -4 -— 


Since A begins, he can win in following fnutually exclusive 
ways: 
(A), (A EA), JAA. 
А Thérefore, by theorem of total probability, probability that 4 
wins 
—P(A)-- F(A B A)+P(A BAB A)+...... 
=P(A)-+P(A)P(B)P(A)-+ P(A) P(B)P(A)P(B)P(A) +... 


=+{ * )«G- ye 4 5 


Since total probability is unity and one of two players is to win, 

probability that B wins 
Wiss ре: 
EE M. 

Therefore, chances of winning are in the ratio 9 : 8. 

Ex. 7-55. A, BandC in order toss a coin: The first one to 
throw a head wins. What are their respective chances of winning 
assuming that the game may continue indefinitely ? 

Sol. Let (A), (B) and (C) be the events that 4, B and C get 
head in a toss respectively. 


Then PA)- PB) - (C) 3- 
PA) (B) F(C) =1— + =} 


Since A begins, he can win in following mutually exclusive 
ways : Ea 
(A), ABT A), (A BC ABC А),......... 


7.42 
; Therefore, by theorem of total probability, probability that 4 
wins 


=P(A)+P(A)P(B)P(C)P(A)+{P(A)P(B)P(C)}2P(A) +.. ...... 
1 1)4 / 1 ` 
-z) a(z) tee 


1 1 (1 je } qu 4 
= zf z) +(4)+ ИВ тат Ы 
8 
B сап win in following mutually exclusive ways : 


=P(A)P(B)+P(A)P(B)P(C)P(A)P(B) —— 
+{P(A)P(B)P(C)}2P(A)P(B)+.....- 


3 
TES 
QT 
. Probability that C wins 
21-3... XT 
Cap ү арзу айе) 


‘Ex. 7-56. А and B toss a coin alternately on the understanding 
that the first to obtain head wins the toss. Show that their respective 


chances of winning are = and +, 


Sol, Let (4) and (B) be the events that 4 and B get head in a 
toss respectively, 


Then N- 


P(4)=P(B)= 1-4 => 


Since A begins, he can win in following mutually exclusive 
ways : Е 


(4) (4 B A), (АВАВА),......... 


7,43 


. Therefore by theorem of total probability, probability that A 
wins 


. Probability that B wins 
1 
21 373 
Ex. 7-57. A coin is tossed three times. Find the chance that - 
head and tail will show alternately. 1 


Sol Let (Н) and (T) denote the occurrence of head and ‘tail 
in a toss respectively. There are two possibilities : 


(Н)(Т)(Н) 
and (T(HXT) 
Probability of either ref i 
„ * 


Therefore, by total probability theorem, probability of having 

head and tail alternately 
шы TI 
TT 13 т 


Ex. 7-58. A and B are two independent witnesses (i.e. there is 
no collusion between them) in a case. The probability that A will 
speak the truth is х and the probability that B will speak the truth 
is y. A and B agree in a certain statement. Show that the probability 
that this statement is true is 1 


. 
1—x—y+2xy 
Sol. Let (41) and (Аз) be the events that A and B agree in a 
statement and their statement is correct respectively. 
Then Р (Ау)у=х.у+(1— х)(1—у) 
=1—х—у+2ху 
and P(4142)—xy 


7.44 


By compound probability theorem, 
РА Аз) =Р(41) P(42/41) 
P(4142) 
РОА) NA) 4i) 
MEMBER AXE UAI 
1-x—y-t2xy 
7-59. A coin is tossed (m+n) times (mn). Show that the 
probability of getting m consecutive heads is 


n+2 
2" 
Sol. Let pn denote the probability of getting m consevutive 


heads in (m+n) tossing. Two mutually exclusive ways of having 
m consecutive heads in (mn) tossing аге: 


(i) m consecutive heads occur in (mn 1) tossings. 


(ii) Only (n- I) consecutive heads occur in (mn 1) toss- 
. In order to have m consecutive heads, head must appear in 
(m-+n)th toss and there must be a tail in nth toss. 


Probability of possibility (i) 
and probability of possibility (ii) —(Probability of tail 
in nth trial) x (Probability of heads in last гт trials) 
1 
— (3.3 ces PE m times ) 


1 
= par 


By theorem of total probability, 
1 
Pi PY 5 
1 
Nd 2v Pn Pu- P P- .. =p- po 
vs рҥ=ро+ а 


Po=probability of gettin i i 
(m+) z g m consecutive heads in 


145 


Ex. 7-60. (a) What is the probability that two numbers chosen 
at random will be prime to each other? 


(b) Four positive integers are chosen at random. Find the 
probability of their having a common factor. 


Sol. (a) Let ‘a’ and , be any two numbers and ‘r’ a prime 
number. When a is divided by ‘r’ the possible remainders are 


0,12: 7. ee (r-1) 
Therefore, probability that ‘a’ is divisible by ‘r’ 


a i М 1 
i.e., probability of getting zero remainder= ES 


Similarly probability that ‘b’ is divisible by = + 
By compound probability theorem, 
probability that ‘r’ divides both ‘a’ and was 


Therefore, probability that ‘a’ and ‘b’ don’t have a common 


factor ‘r’ 
1 
-( 1-7) 
Therefore, probability that ‘a’ and ‘b’ are prime to each other 
1 
=n( 1-5) „ 


(b) Let a, b, c and d be four integers and r a prime number. 
Then prob. Ant all the four numbers a, b, c, d are divisible by r 
xdi 
ra 
Therefore prob. that a, b, c, d do not have г as а common 


factor 
1 
-( 1= x) 


Therefore, prob. that four integers do not have any commons 
factor 


1 
=n( 1-я) 722, 3, %% 


7.46 


| Therefore, prob. that four integers have a common factor 
Eja 30 
Ei 
Ex. 7-61. Cards are dealt one by one from a well shuffled pack 
until an ace appears. Show that the probability that exactly n cards are 
dealt before the first ace, is 
K(51— n)(50— n)(49— n) 
|. 13515049 
If cards continue to be dealt until a second ace appears, prove 


that the probability that exactly r cards are dealt in all before the 
second ace, is 


r(5$1—r)(50— ғ) 
13.17.50.49 


Sol. Since п cards are to be dealt before first ace appears, 
these n cards are to be dealt from the remaining 48 cards leaving 
aside 4 aces. 


*. Probability for drawing m cards (not containing any ace) 
from a pack 


480, 
"ni 
Evidently (n--1)th card must be an ace to be drawn out of 4 
aces present in remaining (52— n) cards. 
Probability for having (n+1)th card an ace 
401 
Bre, 
By the theorem oi compound probability, probability of dealing. 
exactly n cards before first ace ж " : 
48, sci 
= Tig, ber 


CI --= n) 
2 135150.49 7 


; Out of r cards dealt before а second ace appears, one card is 
on ace which was drawn in (n+ 1)th draw, 


Number of ways of dealing r cards containing one ace 
==4с148(, 1 
Probability of drawing r cards containing one ace 


401.4801 
e 


7.47 


Evidently (r+ 1)th card must be an ace to be drawn out of 3 
aces present in remaining (52—r) cards. 


Probability of having (r+1)th card a second ace 
8, 
82 701 
Therefore, by compound probability theorem probability of 
dealing exactly r cards before second ace 
401 48, 1 901 
dcr rel 
2 r(51—r)(50—r) 
13.17.50.49 


Ex. 7-62. Cards are dealt one by one from an ordinary pack 
(without replacements) until two aces have appeared. Find the most 
probable number of cards to be turned up. 


Sol Let x be the total number of cards dealt until the second 
ace appears and P(x) be its probability. 
Evidently xth card must be an ace and among remaining 
(х— 1) cards there must be one ace. j 
Number of ways of drawing (x— 1) cards including one ace 
=4¢1 480. 2 ; 
.. Prob. of drawing (x> 1) cards including one ace 
ے‎ f¢1-“8es_s 
к 92,1 
Since xth card, which is to be an ace, is to be drawn from 


52—(x—1)253— x cards containing 3 aces, prob. that xth card is 
an ace ` 


= TU 
53-х 
y Therefore by compound probability theorem, 
401.480 2 3 
830,1 53 X 
= (%= 1)(52— х)(51—х) 
13.17.50.49 
Most probable number of cards is that value of x for which 
P(x—1)<P(x)>P(x+1) 


Р(х)= 


Consider P(x—1)<P(x) 
i (x—2)(53— х)(52— x) 2 (х= 1)(52— х)(51—х) 
id 13.17.50.49 13.17.50.49 


7.48 


; Qs 
еў, «3 


Consider Р(х)>Р(х4-1) 


(к—1)(52— х)(51—х) .. x(51— x(50— х) 
13.17.50.49 7 713.17.50.49 


Te x 2 


Therefore, most probable number x of cards is such that 
52 55 


N 


i. e., 


Since x is to be an integer, 
x=18 


Most probable number of cards dealt 
—18. 


Ex. 7-63, Of three independent events the prob. that the first 


only should happen вї. ; the prob. that the second only should 


happen is + and the prob. that the third only should happen is 


23 
T 


and 


Sol. Let 41, 42 and Аз be the events and Pi» ро, ps be their 
unconditional probabilities. 


Obtain the unconditiongl probabilities of the three events. 


Now P(4143 As) T 
he, PAP РСА) 4 
( 4, B, C are independent) | 
ie, РКІ) 0) 
Cd A- f | 
„„ (- n) - p) 1- 40) 


Рза). 


7.49 
ie, a-p- py NO 
From (1), (2) and (3) 


al e 
PI P2 = 3 pa—3 


Ex. 7-64. An integer is chosen at. random from the first two 
rie digits, what is the prob. that the integer chosen is divisible 
by 6 or 8? 


Sol Let A and В be the events that the number chosen is 
divisible by 6 and 8 respectively. 


Since 6 х33= 198 and 8 x 25—200, there are 33 and 25 numbers 
upto 200 which are divisible by 6 and 8 respectively. 


33 25 
P= 565° 


Now L. C. M. of 6 and 8=24 


xd The number which is divisible by 24 is divisible by 6 and 8 


* The number of numbers which are divisible by 6 and 8 both 
= greatest integer less than {52} 


=8 
NAU) -d 
200 
Now prob. that the integer chosen is divisible by 6 or 8 

=P(A+B) 

=Р(А)+Р(В)– Р(4В) 

„„ 
200 200 200 
$0 1 
200 4 


Ex. 7-65. If n integers taken at random are multiplied to- 
gether, show that (a) the chance that the last digit of the product 


is 1,3,7 or 9 is (4 y ; (b) the chance of its being 2, 4, 6 or 8 


н ZÊ s) of ita being 5 ts 5749 and (d) of is being O i 


10°—8°—5°--4° 
55 


7.50 


Sol. (a) The last digit in the product will be 1,3, 7 or 9 if 
each of the п integers end with either of these four digits. Now 
since there are in all 10 digits, prob. of selecting these four digits 

zd 
10 


This is also the prob for a integer to end with either 1, 3, 7 
er 9. 


By compound prob theorem, prob that the last digit in 
the product of n integers is 1, 3, 7 or 9=prob that all n integers end 


with 1, 3, 7 or 9 
000 5) 


(6) The last digit in the product will be 1, 2, 3, 4, 6, 7, 8 or 
9 iff each of the n integers end with either of these eight digits. 


Prob for a integer to end with either of these 8 digits 
8 4 


1 5 
Prob for the last digit in the product of n integers to be 


4 
1, 2, 3, 4, 6, 7, 8 or ( 5) 


Now the prob. for the last digit in the product of л integers to 
be 1, 3, 7 or (5) {from (a)} 


By total prob. theorem, prob. of having the last digit in the 
product of m integers to be 2, 4, 6 or 8-4 72^ 


— 


$^ 


(c) The last digit in the product. 


will be 5 iff i 
end with 5 and other with 1, 3, 7 or 9. * 


Now prob. that n integers end with 1,3, 5, 7 or 9. 
5 In 
( 
Prob. that out of n integers at least one integer end with 5 
and other with 1, 3, 7 or 9= J = prob. that all integers end with 


5 п 4 п Snaar 
1, 3, 7 or =) ту) (те) = — : 


7.51 
(d) Since total prob. is unity, prob. that the last digit in the 
product is ‘0’ 
=1 9 that last digit in the product is 1, 2, 3, 4, 5, 6, 7, 8 
or 9). 


=1—(prob. that the last digit in the product is 1, 3, 7 or 9) 
— (prob. that the last digit in the product is 2, 4, 6 or 8) 
—(prob, that the last digit in the product is 5) 


E ( 4 '-( 4n— 2n A 5n—4n 
10 5" ) 10" 
1 

=o (10°—8"— 5-45). 


Ех. 7-66. п letters to each of which corresponds an envelope 
are placed in the envelopes at random. (i) What is the probability that 
ло letter is placed in the right envelope? (ii) What is the probability 
that exactly r letters are placed in the right envelopes ? 


Sol. Let 07, be the number of ways in which all the letters can 
go wrong. 


There are two mutually exclusive possibilities : 


(1) If any two letters occupy each other’s position, the remain- 
ing (1—2) letters can go wrong in U,_2 ways. Since two letters can 
be interchanged in (n—1) ways, number of ways in which all the 
letters can go wrong (-I) Una. 


(2) If one letter occupies an others envelope and not vice-versa 
which can happen in (n— 1) ways, the remaining (n— 1) letters can 
go wrong in Us 1 ways. 


Therefore, number of ways in which all the letters can go 
wrong=(n—1) Un_ı. 
E U,— (n— 1) (Un 3-- Un.2) 
or U, — nU, 37 —(U,.1— (n— 1)U,-2) 
Change n to n- l, n—2, ...... 3 
U, 1— (n—1)Us. 2 (U- ( 2)U,. 3) 
Un-a— (n—2)U,. 87 — {Un_g— (n— 3)Un_a} 
Us3— 3Оз= — U- 2U1) 
Multiplying : 
U,—2Up_1=(— 1)" (Us 203} 
U,-number of ways in which one letter out of one can go 
wrong ^ 
=0 


1,52 


and Uz- number of ways in which two letters out of two can go 
wrong 
zl 
Therefore, U,— nU, 3—(— 1 2—(— 1)" 
Us Usi (= 1)" 


e nl (n=) ^ m! 


UA se Omak CET 
(0-1) (0-2) =I 

Un Un_3 Nos (— 19179. 
(1—2)! (n—3)  (n—-2) 


Adding 
U, 12488071 (D 
az at С 
Total number of waya of distributing n lettersin n envelopes 
=n 
BUSS 1 (-1) 
Therefore, reqd. prob, Soak ТИЗЕСИНЕ ИГЕ Sm 


(ii) т letters can be chosen out of n in “cr ways and the rest can 
go wrong in U,_, ways. 


Therefore, reqd. probem "Uer 
"б, 1 1 aag 
3er [=n 
BN A Tue 
EPA ey ee 56e] 


Ex. 7-67. A player tosses a coin and is to score one point for 
every head turned up and two for every tail, He is to play on untii 
his е 1 1 or passes n. If p, is the chance for attaining exactly 
n, show that 


1 
Boy (poi paa) 


and hence find the value of pn. 


Sol Two mutually exclusive possibilities of attaining score 
exactly n are : 


7˙53 
(1) when score is (n— 1), player tosses head. 
(2) when score is (n- 2), player tosses tail. 
The possibilities of these two possibilities, by compound pro- 
bability theorem, are 2 Pra and 2 Pn-2- 
Therefore, by total probability theorem, 


ale 


1 
n P- L Pn-2 


oe + (Pa-1 +pn_2) 


or 2Pn=Pn-1+Pn_2 

or 2(pn— pn_1)=—(Pn-1— Pn-2) 
1 

or ( = ) (Pn-1— Pn-2) 


Changing n to n—1, n—2,......3 


- m + ) (рп-2— Pr-8) >) 


u- — > ) (Pn-3—Pn_4) 


ل ————= 


/ 
(рз—рз)={ Fy ) (pa—p1) 
Multiplying 
1 n-2 
p-pa-( -7 ) (pa— p1) 
Score ‘2’ can be attained in following two mutually exclusive 
ways : 
(1) tossing tail in the first trial. 


(2) tossing heads in first two trials. 


Therefore, n-L TI ў 2 


7.54 


Also 51 probability of tossing head in first trial. 
1 : 


2 
1 n 
Therefore, p-pa-(- 3) (2) 
Adding above equations (1) 
1 
vr = ) (pn-1—p1) 


or p-i-- Pal 
2pi pi-1—2 (3) 
Adding (2) апа (3) 
2+ (-). 
Therefore, p 2:3 Dx) 


Ex. 7-68 Each of the n urns contains a white and b black balls. 
One ball is transferred from the first urn into the second, then one ball 
from the latter into the third and so on. Finally one ball is taken 
from the last urn, what is the probability of its being white ? 


Sol Let р, Бе the Probability of drawing a white ball from 
the kth urn. 


There are two possibilities : 


(1) A white ball is transferred from (=I th urn to kth urn. 
(2) A black ball is transferred from (k— 1)th urn to kth urn. 
In (1), number of white balls in kth urn=a+1, 


Therefore, conditional probability of drawing a white ball from 
kth urn "да a white ball is ‘transferred from e 1)th urn to kth 


a 
um aoe” 
Probability of drawing a white ball from (k— 1)th urnep, 1. 


Therefore, by compound probability theorem, probability of 
"drawing a white ball from kth urn. (If possibility (1) happens) 


а+1 
C'apbpi Pa 
Similarly probability of drawing a white ball from kth urn. 
(If possibility (2) happens) 


с qr (l-a) 


7.55 
Therefore, by theorem of total probability 


_ ati a 
Meyo FI PT SERE (1—px.1) 


ne 1 + a 

Tab Р pas] 
Put k=2 

Д а 
Pa I PT öl 

But p; probability of drawing a white ball from first urn, 

мыйк 

a+b 


1 a са 
Pm турү ны 


a+b 


Similarly, p= and so on. 


In general, 


E. 
Pr a+b' 


Ex. 7-69. Ina lottery m- tickets are drawn at a time out of the 
total number of n tickets and returned before the next drawing is made. 
Show that the probability that in k drawings each of the numbers 1, 8, 
1 n will appear at least once is given by 


di- ei 1208 y +e 1-2) ( pena ў 1 


n n-1 
Sol Let (41), (Ag), ......... (An) denote the events that the 
numbers 1, 2, ...... n respectively appear at least once in k drawings. 
Then (A1), (Ag), ......... (A.) denote the events that the numbers, 
Locos п respectively do not appear in k drawings. 
By additive law, 
n n 
PUA EAM. 3 P(À)- TPA. A 0H 
11 1, j=1 
i<j 


7.56 
Probability of appearance of ith number їп one draw 
Therefore, probability of non-appearance of ith number in one 


=( i- A) 


Since tickets are replaced after each draw, draws are indepen- 
dent and hence by compound probability theorem 


P(4)= Probability of non-appearance of ith number in k 
wings 


-( 1-2 y 
Therefore, Toe ( 1- > J. 


i-1 
comes of non-appearance of any two specified numbers in 
IW 


draw 


n-em 

Cm 

(n= т)(п~т-- 1) 
E An- I 


m m 
-( іа) sed ) 
Therefore, P( A, A,) Probability of non-appearance of ith and 
=jth numbers in k drawings 


(8) (0-4) 


mess nadine H 
MG. 
Similarly, 
n 
PILLS 
i<jck 
and $0 on. 


757 


+) i2 (-r) - 722 ee 
Therefore, Р(4143...4,)=1— P(A1+ Aa-. . An) 
UT 
«Der (зат Gne 


which is the required probability. 


Ex. 7-70. We have k varieties of objects each variety consisting 
of the same number of objects. These objects are drawn one at a time 
and replaced before the next drawing. Show that the probability р» 
that n and no less drawings will be required to produce objects of all 
varieties is given by 


k""1pn= (k— 1)71— *-1e (Kk — 2)^71 4-710, (Kk — 3)n71......... 
; Sol. Inthe first draw there will be necessarily one variety, 
therefore the probability of drawing (k—1) varieties in (n—1) 
drawings is to be obtained. To proceed with firstly the * 


of at least one out of (k—1) varieties missing in (n— 1) drawings wi. 
be obtained. 


Let (B1), (Bz). . (2.1) denote the events that first, second, 
...(k—1)th. varieties are absent respectively. Evidently events (B1), 
(Ba),......(B«_1) are non-mutually exclusive. 


Therefore by additive law, 


i<j 


If (By) happens, out of К varieties two varieties (first variety 
and variety which was drawn in first draw) are missing. Probability 
of not drawing any of the two varieties (mentioned above) in a draw 


458) 


Therefore P(B1) = Probability that two varieties (mentioned 
&bove) are absent in (n— 1) draws 


is 


7:58 


2f k-2NA 
Similarly P(B5)— PBS) —......—P(B, 1 »4( n 


If (15%) happens out of k varieties three varieties (first, second 
and one which was drawn in first draw) are missing. 


Therefore as above, 
P(B, B:)=P(B; Bg)— а Kd. yz 
and so on. 
^ PR Bz. . BI-1) = 101 (E) аз)" 


Also probability that in (n— 1) draws the variety that has been 
-1 
drawn in first draw is absent=( 1— + y 


ү. Read. prob.-( 1-4 ) -B+R gx FB) 


tees چ‎ re غ‎ (ey 


OF Ke pre- 11 Fey he 2) Ur- de- 3) 1-24 


Sol. Assume that cards of one deck be in natural order. Let 
(44) be the event that a match Occurs at the ith place. 


By additive law, 


n n 
P(Ai+Aa+......+4,)= > P(4)— Z P(4,454.. 
і=1 i<j=1 


(DAA 4... 4,) 
If event (4;) happens, a match Occurs at the ith place, i.e. in 
second deck ith numbered card is at the y ile the remain. 
ED tiay CENA “ott tag © ith place while the remain 
Number of ways of distributing (n— 
=(n-1)! 
and total number of ways of distributing 7 cards on n places 
n =n! 


1) cards on (n—1) places 


=)! 
Pa) 1 


A. уу (1-2)! 1 
Similarly YQ ке у= 
and so on, 


1 


. P(414- A2 A- vel Mop n(n— 1) 


T I ict 
+ 6 1)9— 2j Darat h 1)1 mL 


. 


1 1 
D эз. n1 


Ex. 7-72. What is the probability that at least one of the 
players in a bridge game will get a complete suit of cards ? 


Sol Let (41), (42), (43) and (44) denote the events that four 
players respectively get a complete suit of cards, 


P(41)—Probability that player getsa com- 
plete suit of cards у 
— ia 
52013 


as there are four suits and player is to get one. 


. " 4, 
Similarly P(45)—P(43)—P(44)— Sas 
PA. A ) Probability that ith and jth player get 
complete suit of cards 
401 3c 
818 Peg 
i=1, 2, 3,4 
j=), 2, 3, 4andi 2 


4, 8, 2, 
Similarly P4444) gg . a ij, k=1, 2, 3, 4 


4, 35 201 1 
and А4040) та We S Wu 


4 4 
P(Ait da+4g+44)= X P(4)— 2 PA. A0 
i=1 i<j 


icj-l 


4 
+ T OP(4i4:41)— P(41424344) 
i<j<k=1 


7,60 


41 421.31 tasata 
Me Lom 1 5 cig en r 52с18.89с13.26с:3 
4c. 801. 201. I 
7 62013.39с13.26с1318су8 
131.39! 64.3.13 1)2 44.3.2 Pah (13 1) 
=16.—— ОЕ ЫЕ s Tura 261+ — (13 1) 24 


)131( 14-72 26 )131( 391-72 131 .16 ے 


which is the required probability, 
Ex, 7-73. Show that 
P(AB)& P(A)& P(A-- B)& P(A)--P(B) 
Sol. By compound prob, theorem, 
P(AB)=P(A)P(B/A) 
Sine — P(B/A)<1, P(AB)<P(A) (1) 


. Since AB, А B, AB are mutually exclusive forms in which an 
event (4+ B) can happen, by total prob. theorem, 


P(4+B)=P(4B)+P(4B)+P(4B) 


Similarly P(A)=P(A B)+P(AB) 

^ P(A+B)=P(A)+P(AB) 

Since ` P(AB)>0, P(A)& P(A-- B) (2) 
Also P(4+-B)=P(A)+P(B)—P(AB) 

Since P(AB)2 0, P(A+B)<P(A)+P(B) „ (3) 


Result follows from (1), (2) and (3). 
Ex. 7-74. State and prove Baye's theorem, 


Sol Statement. If an'event E i i 
with one of the mut. ent E can only occur in combination 


ually exclusive events Ei; E, En, then 
— Р(Е)Р(Е/Е,) 
PUE) n k=], 2,...n 
Tr 
i=] 


Proof, Since the event E can vecur ith , 
Es,...... Em the possible forms in which CAM Ed — 


These forms are mutuall exclusi 
mutually exclusive. " 8 зе the events E, are 


— ————ĩ 


7.61 


-. By total prob. theorem, 
Р(Е)=Р(ЕЕџ)+-Р(ЕЕз)+-......... +P(EEn) 


n n 
-> P(EE)- » Р(Е)Р(Е/Е,) 
i=] i=l 


(using compound prob, theorem) 
Now by compound prob. theorem 
P(EEy)  P(E)P(E,| E)  P(Ex)P(E| Ex) 
4 Р(ЕЈЈЕ)= MEE! Ei 


_ P(Ex)P(E/Es) 


n 
> P(E)P(EJE) 
i=1 
Note. The probabilities P(E.) and P (EE) are known as 
‘priori’ and ‘posteriori’ probabilities. 
Thus Baye's theorem can be stated as : 
‘If an event E can occur only in combination with the mutually 
exclusive events Ei, Ez, . En and if 
(i) the priori probabilities P(E), Р(Ез),...... P(En) corresponding 
to the total absence of knowledge regarding the occurrence of A 
and (ii) the conditional probabilities 
P(E/E;), P(EJEy)....... P(E/En) 
are given, the posteriori probabilities 
NE / E, Р(ЕЪЈЕ), ...... P (En/E) 
are given by 


_P(EQP(EJEY__ k=l, 2. „т 
n 


Р(Е.ЈЕ)= 


> P(E) P(E/E,) 
ie 


Ex. 7-75. In a bolt factory machines A, B, C manufacture 
respectively 25, 35 and 40 percent of the total. Out of their out put . 
5, 4 and 2 percent are defective bolts. A bolt is drawn from the 
produce and is found defective. What are the probabilities that it 
was manufactured by A, B and С? 


7.62 


Sol Let E be the event that the bolt is defective and Ei, E», 
Es the events that the bolt is being produced by A, B, C respectively. 
Then P(E;)=0'25, Р(Ез)=0:35, P(Es)=0'40, P(E|E1)—0*05, 
P(E] Es) —0:04 and Р(Е/Ез) 0:02. 
It is required to find P(E1/E), P(Eo/E) and P(Es/E) 
By Baye's theorem 
л Р(Еу) Р(Е/Е,) 
FOE N PETE) +P (Es) PENEN PUES) PRETEND 
(0:25)(0:05) 
™~(0°25)(0°05)-+(0:35)(0°04)-+(0°4)(0'02) 
11125 
345 
A 1 
Similarly P(E/E)= 
80 
ind PE) Ja. 


Ex. 7-76. Prove that 
NAI Aa... As) & P( 41) -Р(Аз)+-:..... (A.) 
Proof. We have (Bool's inequality) 
P(41+42)=P(41)+P(42)— P(4143) 
DO P(Ay- A9) P(41)4- P(43) 
„ FAI EA 43) — P(414- AF 43) 
«P(A41)- P(43- 43) 
SP(41)- P(43)-- P(4s) 
Let P(Ai Ay An) P(41)--P(45)--......--P(An) 
Then P(41-F As-F ......- Avi) PU As HAF. Ani) 
&P(41)3- P(A2- As Am41) 
S P(41)H- {P(42)+P(Ag)-+...... (A. 4) 
7 P(41)4- P(A3)--......--P(Anq1) 
Buy induction result follows: 
EXERCISES 


1. If three squares are chosen at random on a chess board, show 
that the chance that they should be in a diagonal line is 7/744. 


2. Three squares of a chess board being chosen at random, what 
is the chance that two are of one colour and one of another ? 


[Ans. z 


ш 


5. 


10. 


11. 


13. 


7.63 


. A person writes 4 letters and 4 envelopes, If the letters аге 


placed in the envelopes at random, what is the chance that not: 
more than one letter is placed in the correct envelope ? 


17 
[ Ans. 724. 


Four right-foot shoes are paired at random with the correspon- 


ding set of the left-foot shoes. Find the prob. that no correct 
pair is obtained. Ans. a 


From a pack of 52 cards, three are drawn at random, Find 
the chance that these are a king, a queen and a knave. 


16 
ЕЗ 5525 | 


„ If two balls are drawn from a bag containing 2 white, 4 red 


and 5 black balls. What is the chance that (i) both the balls are 
red (ii) one is red and the other black ? [ Ans. de > + 


Find the chance of throwing a sum of 9 in a single throw of two 


7 1 
dice. [ Ane. > 


. Find the prob. of obtaining a total of 6 in a throw of 6 dice. 


[ Ans. a] 


. in a single throw of three dice, what is the chance of throwing 


(i) ‘four-five-six’, (ii) less than 11, (iii) more than 10? 
1 1 1 
ЕЗ 36:2 3] 
A, and B throw with 3 dice; if A throws 8, what is B's chance 
of throwing a higher number ? [ Ane. 25 


Find the chance of throwing 10 exactly in one throw with 3 
dice. Ans. x] 


. Find the chance of throwing (i) 18, (ii) 10 exactly in one throw 


Е 572 09 
of 4 dice. [ ane. зг: i] 


A person throws two dice, one the common cube and the other 
a regular tetrahedron, the number on the lowest face being 


7.64 


E 


45. 


17, 


18, 


20. 


21, 


taken in the case of the tetrahedron ; what is the chance that 
the sum of the numbers thrown is not less than 5? 


CHEN 


There are 10 tickets, 5 of which are blanks and the others are 
marked with the numbers 1, 2, 3,4,5. What is the prob. of 
drawing 10 in three trials, (i) when the tickets are replaced at 
every trial, (11) if the tickets are not replaced ? 


A 33 1 
[ ms. 1000, 50 
Out of 20 consecutive numbers two are chosen at random, find 


the probability that their sum is odd. [Ans. 3] 


. A bag contains 50 tickets numbered 1, 2, ...... 50 of which 5 


аге drawn at random and arranged in ascending order of their 
numbers. (x1<x3<x3<x4<xs) What is the probability that 
290, x 20¢9 
x3=30 ? [Ans — 6⁰0 
c5 


Nine cards are drawn at random froma set of cards, Each 
card is marked with one of the numbers ‘1’, O' or *— and it is 
equally likely that any of the three numbers will be drawn. Find 
the chance that the sum of the numbers drawn is zero. 


3139 
[ Ans. 39 ] 
A party of 21 persons take their seats at a round table. What 


are the odds in favour of two Specified persons sitting together ? 
[Ans. ‘1 : 9˙ 


- A number is chosen from each of two sets : 


1,2,3, 4, 5, 6, 7,8,9; 1, 2, 3, 4, 5, 6, 7, 8, 9. 


If pı denotes the probability that the sum of the numbers be 
0 and ps the Probability that their sum be 8, find p, +p. 


16 
Ans. Br 


A card is drawn from an ordinary pack and a bler bets 
that it is a spade or an ace, t are the Sear inci his 
winning his bet ? 


9:41 
Find the probability that in a Tandom arrangement of the 


letters of the word ‘UNIVERSITY’ the two ‘Ps’ don’t come 
together. 


22. 


23. 


24, 


25. 


26. 


27, 


28. 


30. 


7.65 


A party of n' men of whom ‘4’, ‘B’ are two, form single rank. 
What is the chance that (i) A, B are next one another (ii) 
exactly m' men are between them (iii) not more than m' men 
are between them ? 
2 , 2(n-m—1) , (DE- 
[ Ans. . ma-l) ^ 77 Mac) 

If the letters of ‘ATTEMPT’ are written down at random, find 
the chance that (i) all the T's are together (ii) no two T's are 


together. Ans. T ix 


Find the number of ways in which ‘p’ plus signs’ and ‘g minus 
signs' may be placed in a row so that no two minus signs are 
together. 


A letter is chosen at random out of ‘ASSININE’ and one is 
chosen at random out of ‘ASSASSIN’. Show that the chance 


that the same letter is chosen on both accasions is gs 


Six cards are drawn at random from a pack of 52 cards, What 
is the probability that 3 will be red and 3 black ? 


13000 
[ Ans. 91 


A bag contains 6 white and 9 black balls, The drawings of 
4 balls are made such that (a) the balls are replaced before the 
second draw (Б) the balls аге not replaced before the second 
draw. Find the probability that the first drawing will give 
4 white and the second 4 black balls in each case. 


6. 98 
i Ane T) ] 


Obtain the probability that the birth-days of seven people will 
fi on seven different days of the week, assuming equal 


probability for the seven days. [ Ans. ^ 


. Two drawings each of 3 balls are made from a bag containing 


5 white and 8 black balls, the balls being replaced before the 
second trial. Find the chance that the first. drawing УД give 


3 white and the second 3 black balls. Ans. "50449 ] 


A and B draw from в bag containing 3 white and 4 black balls. 
Find their respective chances of first drawing a white ball e 


balls when drawn not being replaced). [ Ans. 35 35 


7.66 


31, 


32. 


33. 


35. 


36. 


37. 


38. 


39. 


A is one of 6 horses entered for a race and is to be ridden by 
one of two jockeys B and C. It is 2:1 that „В rides A, in 
which case all the horses are equally likely to win; af C rides 
A, his chance is trebled. What are the odds against his winning ? 
[Ans. *13: 57] 
A person draws a card from a pack, replaces it, and shuffles 
the pack. He continues doing so until he draws a ‘club’. 
What is the chance that he will have to make (i) at least ee 
trials (ii) exactly three trials ? [ Ans. 16 а] 
Three urns contain Tespectively 1 white and 2 black balls 3 
white and 1 black balls and 2 white and 3 black balls. One 
ball is taken at random from each ürn. Find the prob. that 
among the balls drawn there are 2 white and | black ball. 


. A bag contains 17 counters marked with the numbers 1 to 17. 


A counter’ is drawn and replaced ; a second drawing is then 
made, find the chance that the first number drawn is even and 


72 
the second odd. [ Ans. 255 
Three urns respectively contain 1 White and 3 black, 2 white 


and 4 black and 3 white and | black balls. A ball is drawn 
from an urn selected at tandom, find the chance of its being 


white. ЕЗ 5] 
Criticise the statement : ‘The chance of throwing ace in the 
first trial is A and the chance of ace in the second trial is 


i therefore the chance of ace in two trials is T 


Counters marked 1,2,3 are placed in a bag and one is 
withdrawn and replaced. The operation being repeated three 
time, what is the chance of obtaining a total of 6 ? 

7 


A, B, Cin order cut a pack of cards, replacing them after each 
cut, on the condition that the first who cuts a spade shall 
chances. 


win a prize. Find their respective 
16 12 9 
[ Ans. TYN , 37 5 77 | 
Six persons throw for a stake, which is to be won by the one 


who first throws head with a coin. If they throw in succession, 
find the chance of the fourth Person. [ Ans. * ] 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


7.67 


A and B play for a prize; A is to throw a die first and is to win 
if he throws 6. If he fails B is to throw and to win if he 
throws 6 or 5. If he fails, А is to throw again and to win with 
6 or 5 or 4, and so on. Find the chance of each player. 


169; 05195 
LIO 
A certain stake is to be won by the first person who throws an 
ace with an octahedral die. If there are 4 persons, what is the 


343 
f th ? 
chance of the last Ans. 1695 


A, B, C, D cut a pack of cards successively in the order men- 

tioned. What are their respective chances of first cutting a 
64 . 48 36 27 

N [^w ts ans 155 iTS 


Five persons А, B, C, D, E throw a die in the order named 
until one of them throws an ace ; find their relative chances of 
winning, supposing the throws to continue till an ace appears. 


19 SES 80 105 A8 а: 
[ Ans. 1: (8 :(<) 56. 
How many throws with a pair of dice are necessary in order to 


have the chance of getting double six’ at least once greater 
than 27 [Ans. 25] 


How many throws with a single die are necessary in order to 
have the chance of getting an ace at least once greater than 


27 [Ans. 4] 


If the prob of success be 0°01, how many trails are necessary 
in order that prob of at least one success is greater than 
1 


32 [Ans. 69] 


The odds against а certain event аге 5:2 and the odds in 
favour of another event, independent of the former are 6:5. 
Find the chance that one at least of the events will happen. 


52 
[ Ans. 77 


The odds that a book will be favourably reviewed by three 
independent critics are 5 : 2, 4: 3 and 3:4 respectively. What 
is the probability that of the three reviews a majority will be 


: 209 
favourable ? : [Ans 7343 


3. dH 
Made 
Se oe 
ü in 20 
Hou B 
Boni B 
3i 1 ga 
i: й. 31 
328 273-8 31 
E $-i = ji 
EHE 
E uH 3 


£ 
8 pt 
$ g a 


year. 


Ан, each aged 


and 4 girls, 


Students include 


ys 
two boys (ii) at least two 


andom from 7 bo; 
the selected 


$ red and 6 black balls. Th 
d the prob ree are 


(a) no ball drawn is black. 
(b) exactly two are black. 


students are selected at 
that 
exactly 


(с) all are of the same colour. 


58, 


59. 


63, 


67, 


Su that it is 9:7 a A who is now 35 
oe ve tbe a Pom x 
living till he is 75 ; find the chance t one at least of these 


persons will be alive 30 years hence. [ ^m. + | 


A number consists of 7 digits whose sum is 59 ; prove that the 
chance of its being divisible by 11 is I 


will be 5 heads and 5 tails, ( Ls 
Hind the chance of obtaining at least one six in a throw of four 


К Show that the chance of throwing at least one ace in а single 


throw with two dice is 3 


What is the probability of getting 9 cards of the same suit in 
one hand at a game of bridge ? [ Ame. 


. In three throws with а pair of dice, find E О 
doublets at least once. ( A 


65. 


One bag contains 3 white balls and 2 black balls, another 
contains 5 white and 3 black balls. If а bag is chosen at 
random and a ball is drawn from it, what is tbe chance it 


that 
is white ? ( $ 


that these are all aces ? [ Ans. qm ] 


Find prob, in Ex. 29 if the balls are not replaced —À 


7.70 


70. 


71. 


those that read at least one, what percentage read both A 
and B? [Ans. 35%, 28%] 


There are three boxes containing respectively 1 white, 2 red, 
3 black balls; 2 white, 3 red. 1 black ball; 3 white, 1 red, 
2 black balls. А box is chosen at random and from it two 
balls are drawn at random. The two balls are one red and one 
white. What is the prob. that they come from 2 (i) 15 box 


7 2 6 3 
(ii) 2nd box (iii) 3rd box ? [ Ans. fT TT’ IT 
The probability that a person can hit a target is T and the 
prob. that another person can hit the same targct is $ But 


the first person can fire 4 shots in the time the second person 
fires 5 shots. They fire together. What is the prob. that the 


second person shoots the target ? [ Ans. i] 
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Mathematical Expectation 


8-1, Stochastic Variate. The variate which can take certain 
values depending on chance is called chance variate or Stochastic 
variate or random variate e.g. In rolling a die the variate corres- 
bonding to the number obtained is a Stochastic variate. 

Probability Distribution. The dist obtained by taking the 
possible values of a chance variate together with their respective pro- 
babilities is called prob, dist, 

Expected value of a chance variate. 

Let x be the chance variate with prob dist 

x ( о. ТАСТ X. 
p> 

Then expected value of x is defined to be хур TIR. p. 
and is denoted by E(x). Thus E(x)=x1pi+xope+...... TY pn. 

Ex. 8-1. Let x denote the profit that aman makes in a business, 
He may earn 2,800 with probability 0:5 ; he may lose Rs, 5,500 with 
probability 0.3 and he may neither earn nor lose with Probability 0'2. 
Calculate the mathematical expectation of x. 

Sol The given prob dist is 

X 5500 0 204 
P 0302 05 
E(x)——(— 5500)(0:3)-.-(2800)(0-5) 
= — 16504-1400 — 250. 

Ex.8.2. Find the expected value of the number of points that 
Will be obtained in a single throw with an ordinary die, 

Sol Let x be the number of points obtained in a single throw 
with an ordinary dice. Then x can take values 1, 2, 3, 4, 5, 6. 

Also prob. of getting any number with a single die 

1 


6 
(8.1) 


8.2 


Therefore, expected value of x 
=1 {1+24-34+4+5+6} 


Ez. 8-3. From а bag containing 2 20 P. coins and.3 ‘25 P. 
coins, a person is allowed to draw 2 coins indiscriminately. Find the 
value of his expectation. 


Sol. Prob. of drawing 2 ‘20 P.’ coins 


win 


gua D 
~ Beg 10 
Prob. of drawing 1 '20 P.' coin and | ‘25 P.* coin 
$630 3 
dez 5 
Prob of drawing 2 ‘25 Р. coins 
Hi^ REIR 
f 10 


The person gets 40 P., 45 P. and 50 P. in three cases respec- 
tively. 


Expectation of the person=40.,1- +452 450.2 
=4+274+15=46 P. 

Ex.8-4 А person draws 2 balls from а bag containing 3 white 
and 4 red balls. If he is to receive 10 np. for every white ball which 
he draws and 20 P. for each red ball. Find his expectation. 

Soi. Three different possibilities are : 


(i) The person draws 2 white balls. In thi . 
and the prob. of this happening ä 


B. 
Tea 21 


(ii) The person draws 1 white and 1 red balls. i h 
gets 30 P. and the prob. of this happening Eom he 


ax Sex 4eq 12. | 
"ca 21 
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(iii) The person draws 2 red balls. In this case he gets 40 P. 
and the prob. of this happening 
EX. E. 
Te 21 
Expectation- jû (20.3--30.12--40.6) 


{60+360-+ 240} 


220 3 
=5-=31 y e31 P. 

Ex.8-5. Three urns contain respectively 3 green and 2 white 
balls, 5 green and 6 white balls and 2 green and 4 white balls. One 
ball is drawn from each urn. Find the expected number of white balls 
drawn out. 

Sol. Let x be the number of white balls drawn. Then possible 
values of x are 0, 1, 2 and 3. 


Let po, pi, p2 and ps be the probabilities of x taking these 
value respectively. 


Now po=prob of drawing all the three green balls. 


Different possibilities of drawing 1 white and 2 green balls аге : 


Ist urn 2nd urn 3rd urn 
Ww G G 
G Ww G 
G G wW 
where ‘G’ denotes the green ball and ‘W’ the white ball. 
4 2 S v2 é é 5 4 58 
. BS Th PSs ПУСК 
е 3.6 Ane His Se ap on 
Similarly = = “TT ets 11 ve uuo 
68 
77165 
2.40.54 8 
ROT J. o 55 


1 58 68 8 266 
DE E(x)=0. IT I. ges T2. 165 3.5. 165 
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Ex. 8-6. What is the expectation of the number of failures 
preceding the first success in an indefinite series of independent trials 
with constant probability p of success ? 


Sol. Let x be the number of failures preceding the first success. 
Then x can take values 


with respective probabilities 
р, 4p, a .. 0. . . 
E(x)=0.p+1.9p+2.9?p+...... Tn. p H. 
p29 Ing 1... .. ) 
=p4(1— 2)? 


P gp: 
pi 4% 

Ex. 8-7. A makes a bet with B of Rs. 5 to Ез. 2 thatina 
single throw with two dice he will throw 7 before В throws 4. Each 
has a pair of dice and they throw simultaneously until one of them 
wins, equal throws being disregarded. Find B’s expectation. 


Sol. Prob. of getting 7 in a single throw with two dice 


iae 
JC 
and prob. of getting 4 =i. 
Since total prob. is unity, prob. of throwing neither 7 nor 4 
1 Э) 
И Рл ЗК 


Now A wins if he throws 7 but В does not throw 7 or 4 and 
B wins if throws 4 but А does not throw 7 or 4, 


Prob. of A winning in first trial 


DL 
Wise ER LR 
and prob. of B winning in first trial 
GOES 1 
ЖД ТАТ, IGS 
Prob. of none winning in the first trial 
5 
8 16 16 


Now А wins in second trial if in first trial none wins and he 
throws 7 but B throws neither 7 nor 4 in second trial. 
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Prob. of A winning in second trial 

1535 lic 

0165.6 7 16 ^8. 
Similarly prob. of B winning in second trial 

13 qe da e 

e 92. 250 16 EIOS 
Prob. of A winning in third throw 
13 \2 1 

-) ж 


prob. of B winning in third throw 
(за 
INCID 975153 


A's chance of winning 


and so on. 


8 
un 1 2 
E 130773; 
ees 
and B's chance of winning 
1 13 13 ү } 
16 [1+6 +(e ) +e 
1 112 
PIG BTS 
16 
$ 
Now A gets Rs. 2. 2-4 if he wins and pays Rs. 5. =з 


if he loses. 
1 


, H =. 5 4 = - 
B's expectation=—- E з Rs. 3 


Ex. 8-8. A coin is tossed until a head appears. What is the 
expectation of the number of tosses. 


Sol. Prob. of getting a head in a toss= 
a tail in a toss. 


2 rob. of getting 


Let x be the number of tosses until a head appears. Then x 
can take values 


When x takes value 1, head appears in very first trial and the 
prob. for this is 2 When x takes value 2, first trial results in tail 
and second in head. So by compound prob. theorem, prob. that 
x takes value 2—(2). Similarly prob. that x takes value 3 


= CETT 


Therefore expected value of x 


Ex. 8-9. Aand B throw with one die for a prize of Rs. 11 
which is to be won by the player who first throws 6. If A has the 
first throw, what are their respective expectations? 


Sol A can win in Ist, 3rd, Sth, ...... trials with respective 


ams . (SL (3... 


=". A's chance of success 


Since there are only two pla: and total probability is unity. 
B's chance of success T а ганд prow 


5 
ear IT 
*. 4s expectation=—$ x 11=Rs. 6 


and B's expectation =x 11=Rs, 5 


e 
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8.2. Laws of Expectation. Two basic laws of expectation are 
(1) E(x-+-y)=E(x)+ E(y) 
(2) E(xy)=E(x)E(y) 

provided x and y are independent. 


Proof. 1. Let x and y be two stochastic variates with proba- 
bility distributions 


5 i canoes хао (о he 2) 
p» nm p. м p>\ Py Pa. Ps 
Let z=x+y 

Then z will also be a stochastic variate, 

Let z xi 


Let pis be the probability of z taking a value zis. 

Let 4; be the event that x takes the value x; and Ai; be the 
event that z takes the value z;;. 

Then (4) (Au Aa +Ain) 

„ PCA PA ATA AT +Ain) 

Since z can take only one value at a time the events Au, Avg,--- 
Ain are mutually exclusive. 

By total probability theorem, 
P(A)— P(Aa) PA PA 


d.e., Pi pu PT . рт. 
i=1, 2, .....m 
Similarly P. =P, pa pms JS 2,...... LI 


m n 
Now Rx Ty) = Е(2)= E У тура 
1171 


А т п 2 z 
= у EZ (xtv хри 
111 i=l j=l 


m n 
TZ 5 ури 
117 


m n 
= 2 pn T. Wet, D npn 
a Tpud-.ee- Pei) 


m n 

= J xpt xy 
5 

=Юх)+ EQ). 


(2) Def. Two stochastic variates are said to be independent 
if the probability of either taking a particular value does not depend 
on what value the other variate takes. 

Let x and y be two stochastic variates with probability distri- 
butions. 


1 XY x2. . . . Xm ) ana etl yi 92.1. . n ) 


p n pz. m p Py Pz. . Pn 
Let ? z=xy 
Then z will also be a stochastic variate. 
Let 213=ху;. 


Let риз be the probability of z taking a value 2) Then since 
x and y are independent, by compound probability theorem 


Pi p, 


m n 
+ 0 E(y)—E(2— 2 E гир; 
i=l ј=1 


n 
= 2 2 (xiyspiPs) 
i=l j=l 


m n 
=( E xp)(Z yP) 
i=] j=l 


=E(x)E(y). 


Ex, 8-10. Find expected value of the product of points obtained 
on rolling n dice together. 


Sol. Let x; be the number of points obtained on ith die. Then 
product of points on л dice x, xa. xs 3 ЖЫ 


Therefore expected value of the product of points obtained 
=product of the expected values of x; 


This is because dX Хп are independent as number 
2 on one die is independent of the number obtained on 


But expected value of as (See Ex, 8-2) 
Therefore expected value of the Product of points obtained 
7 * 
-(z) 
Ex. 8-11. Find the mathematical expectation of the sum of 
points obtained on rolling n dice together. 


p 
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Sol. Let x; be the number of points obtained on ith die. 
Then sum of points on 7 dice will be 


$—2X1d-X24-......d-X, 


Therefore expected value of s 
sum of the expected values of X1, Xa... X 


Now Expected value of ney (See Ex. 8-2) 


Therefore expected value of s 


I 
qut» 
4 * 
=> 
Ех. 8-12. If pi be the probability of success for ith trial, find 
the expectation of the number of successes in n independent trials. 


Sol. Associate with every trial a variable which has the value 
‘1’ in case of success and the value ‘0’ in case of failure. If Xi X% 
72 7 Xn be the variables attached to trials 1, 2, ... n, the number of 
successes in л trials is given by 


m-—xi-4 Xa ...... T Xs 
E(m)— E(x1) +E(x2)+-......-+ E(xn) 


Since x; can take only two values ‘1’ and ‘0’ with respective 
probabilities p; and 1— .. its expectation is given by 


Е(х)= 1.pid-0.(1— pi) 
=p 
E(m)=pitpet....-. рп 
Ex. 8-13. Find the expectation of the number of white balls 
among c balis drawn from an uri coniaining a white and b black balls. 


Sol. Associate with every balla variable which has the value 
‘P if it is white and the value ‘0’ otherwise. If xi, xz. x, be 
the variables attached to c balls drawn, the number of white balls is 
given by 


Е(т)= E(1) EH) . . E(x.) 
Now the probability that the ith ball drawn will be white when 
nothing is known of the other balls 


0 7 
rx 


Za zn } 


= for all i 


n^ Ет)= 2, 


Ex. 8-14. Balls are taken one by one out of ап urn.containing а 
white and b black balls until the first white ball is drawn. Show 
that the expectation of the number of black balls preceding the first 


white ball is aii 


Sol. Let x Бе the number of black balls drawn before first 
white ball. The possible values of x are 0, 1,2, ... b 


Prob. of x taking the value *0' 


: a К xan! 
=prob. of drawing a white ball in first draw = +5 


Prob. of x taking the value ‘1’ 


Prob. of drawing a black ball in first draw and a white 


ball in second draw С 1 2731 
Prob. of x taking the value ‘2’ 

= prob. of black balls in first two draws and a white ball in 

b b-1 a 
a+b °a+b—1 ‘a+b—2 
and so on. la general, prob. of x taking the value ‘r’ 


third draw =—— 


_ 6 b-i b-r-1 a 

arb atb-17777 арр adb-r 

Expected value of x 
E AA a b(b— 1) a 

© abt ЕЕ аваа В) (ЕВ. 
ZZ за ul 

(a Tab 1)......... (a+b--r—1) ab- 

Lodi: 6 

аы a+b—1 (а-ЕВ—1)(а+5—2) + 


(0—1)Y5—2)......(b—r—1) + — 
(af 1)(a+b—2)......... (a+b-r) UY 
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r(b—1) (b—2)......b—r—-1) 

(a Tb ab- 2)......... (a+b—-r) 
IC 1) + Bb — 1)(6—2).....(6-7=D) 
(@+5—1)(a+b—2).....(a+b—r—1) 

[Ar-+B](b—1)(b—2)......(6—1) 
(T- Lab 2)......(a-b—r) 
r=[A(r—1)-+Bl(a+b—r)—[Ar+B](6—r) 
Equating co-efficients of r 
1—4(a4-b)d- A— A.b 
eel 
а+1 
Equating terms independent of r 
0=(B— A)(a+b)— Bb 


Let U. 


or A= 


or B= 


ECC 14417] e-06-2....0-770 
(а-ЕЬ— 1)(a4-5 — 2)......(a--b—r—1) 


*. Ug+Ugt+...... +U 
a4] 22 ]o-n ЕУ) 
— (a*b-1) (a TAT 
. Expected value of x 
a+b 
T : [144 ]e- Д 
“ath aT t (FD T) 
(a--bX5—1) 
шы: ib) 


A [ a+1+b—1+ 
a+b (TINTI) 


E et 
ari 
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Ex. 8-15. .4 bag contains a coin of value M and a number of 
other coins whose aggregate value ism. A person draws one at a time 
till he draws the coin M. Find the value of his expectations. 


Sol. Let the total number of coins in a bag=n. 
Then the average value of coins other than that of value M 


22m 
n-i 
Now prob. of drawing a coin in first draw 
mn 
^n 
Since in first draw any coin may appear, expectation from first 
draw 
m, m : l. 
— Mh + +...-+(л—1) times]. : 
_ M+m 
пог 


If the coin М does not appear in first draw, second draw is to 
be made. ; 


4. Chance of second агат = Chance of not drawing the coin 
M in first draw 


ail i n—1 


n n 


Since there will be (л— 1) coins before Second draw, chance of 
Шш x coin in second draw, when it is known that second draw is 
to be made 


1 


n=l 


Buy compound prob theorem, prob of drawing a coin in 
2nd draw 


Expectation from second draw 


— MAT +.....+(л-2) times } 


EU 


m 
=i 
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Similarly expectation from third draw 


n п—1 n= "n-l 
1 n-3 
=>] Масе } 
and во on. 
Finally expectation from last draw 
_M 
"em 


Total expectation 


= atm + [en bem } 


-1 n=l 
datio! +m | 
=M+ 1 1 x 
is sey "(o D-40724 ee +1} 
=М+ б=т т. ш D 
=м+% 


Ex. 8-16. Show that E| x | > | E(x») | 
Sol. E(x) | = | Zpx | 
Sz | px | =Zp |x| =E] x] 
Ex. 8-17. Show by an example that the mathematical expec- 
tation need not be finite. 


Sol. Consider the prob dist. 


mE 
Po- T x0, 1,2... 


© © 
Неге E(x => rx * le > 1 


x=0 x=0 
which is not finite. 
Ex, 8-18. If ‘a’ is constant, show that 
(i) Е(а)=а 
(ii) E(ax)=aE(x) 
(iii) Var(ax)=a? Var(x) 
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Ex. 8-19. Show that E(x?) > {E(x)}2. 
Sol. We have 
E(x r) p- > o 

Le,  E(x®+-%2-—2x%) > 0. 

ie, E(x®)+%2-—27E(x) > 0 

ie, E(x®)+%2—2x2>0 

500 EQ) > F°={E(x)}? 

8:3. Moment Generating Function. The moment genera- 
ting function (m.g.f.) of the chance variate x about the point ‘a’ is 
defined to be E 1 | and is denoted by Mi(t), where t is the 
real parameter. 


Cumulative Function. The cumulative function about x=a 
is defined by Kdt) log M.(t). If Ket) can be expanded as a con- 
vergent series in powers of t viz. 


72 78 
K()=Kyt+Ke PEE EU € UPS AN rS 


the co-efficients K1. Ko, etc,, are called first cumulent, second cumulent 
etc. of the dist. 


Ех. 8-20. (i) Show that M«(t)—e-* Му). 


1n Discuss the effect of change of origin and scale on 


(iii) Show that the m.g.f. of the sum of n- independent variates 
is the product of their moment generating functions. 


(iv) Show that 
' © 
Mt) > ra) -i 
a r=0 
Sol. '(i) Malt) E(ettz-o 
=E{e'* , е-и) 
ze Een) 
Se Mo(t) 


(ii) The transformation corresponding to change of origin and 
scale is 


Y= x—a 


h 


where a corresponds to change of origin and л to Change of scale. 
pu a and Л are constants. I is a new variate to which x trans- 
orms, 


2 


x +hX 
Mo(t) of x= Efet*} 

= Efet(athx)} 

=e“ Efetttix} 

=e"{Mo(th) of X) 
(iii) Let xi, xo, ...x, be n independent chance variates. 
Let X—x14-....- + Xn. 
Mo(t) of X— Ее) 


ы Ele Gx ЖАУ +) 
шу, ext е! er A em 
= е^} E fe . p) 


(xs are independent) 
(Molt) of x1)...... {М(1) of xn} 


(0) Ма) = Ее} 
12 
-5 TTG -a } 


2 
=1+t E(x—a)+ ES E(x — a)? .. 
2 
)- 27 TORIS 
oo 
-> u, (u) 
r=0 


Remark. Since from the function Mat), moments can be 
generated, it is called moment geuerating function. 


Ex. 8-21. (i) Discuss the effect of change of origin and scale 
on cumulants. 


(ii) Prove that the r-th cumulant of the sum of independent 
chance variates is the sum of the r-th cumulants of the variates. 


(ili) Show that К = ра’, ka= po, Кз= рз and k1—p4— 32°. 
Sol (i) By Ex. 8-20 (ii) 
Kolt) of x=log{Mo(t)or г) 
=at+log {Mo(th) of X} 
=at+Ko(th) of X xt) 
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Let Ky, Кә. ...... and Ку’, Kg o be the cummulants for x 
and X respectively. 
Then ud - 
i , (hy 
Kı t+K a7 + Ee =at+Kı(th)+Ks a1 Tees 
A 7 اا ا‎ 
iR. 122 


Except first |. ee are independent of origin but 
all ао, (including first) depend on scale. 


(i) in Ex. 8-20 (iii) taking log 


Ko(t) of X= x {Ko(t) of 12 


i=1 
Let Ki, К ...... and Ку K . . be the cummulants of X 
and x; respectively (i- 1, 2 ...... n) 
n 
1" ү r 
D ae K а 
r= i=] r=1 
n 
tr 
c tag i 
r S* 
r=1 i=1 
n 


(iii) By def, 
K. ( = log м. (ї) 
=log { Hernet E )} 


. =log UG 51 M+ pet d ipu )} 
(„ == 


zn "3g 14 2 8 a 
(я ur zjest qp nate. )- (6+ ++. ) 


and 
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12 [d 14 
=p TX us 37 04-302) 4 


Ki(x)-0 > Ki(0)-x—0 
x 


> K(0- 

Ka pa 

Ks—us 

Ка= ра — Зо? 

EXERCISE 
If X is a random variable which assumes values 1, 2, ...... , with 
probability. 
P(X¥=k)=q* 1p, (4+р=1) 

Find E(X) 


ES 


A and B in turn toss an ordinary die for a prize of Rs. 44. The 
first to toss a ‘six’ wins. If A has first throw, what is his 
expectation ? [Ans. 24; 20] 
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Continuous Distributions 


9-1. Continuous Variable. It is the variable which can take 
all possible values between certain limits. In the following x will be 
taken as continuous variable. 


Probability Density Function. 4 continuous function f(x). 
s.t. the probability of the variate value lying in infinitesimal interval 
х— > to xt can be expressed in the form f(x) dx, is called pro- 
bability density function or simply the density function. 


The density function f(x) has the following properties: 
(i) f(x)20 VX. 


(ii) f f(x)=1 where the integration is being extended to the 
entire range of the variable x. 


In the following the density function will be denoted by f(x). 
Probability Differential. J x)dx’ is called probability diffe- 


rential. The probability for a variate to lie in the interval (a, b) is 
given by 


b 
Pac x Cb) | f(x)ax 
a 


Probability Curve. The continuous curve y=f(x) is called the 
probability density curve or simply probability curve. 


Distribution Function. The function F(x) defined by 
x 
Е(х)= f Дх)ах 


(9.1) . 


9.2 


is called the cumulative distribution function (c.d.f.) or simply the 
distribution function of x. The c.d.f. F(x) has the following pro- 
регез: 


) Е'(ху=/(х);>0= F(x) is non-decreasing function. 
0 F(—00)=0. 

99 7 

(ili) F(co)= | Дхйх=1. : | 

Sool ао 


quus continuous differentiable function F(x) with the above | 
properties may be regarded as c.d.f. of x. Then the ur function | 
of x їз F'(x). р ig | 


Mean "Moments te “All 3 *g —.— moments 
are defined as for discrete distribution withthe difference... thats: 


Ё. іѕ replaced. by (dis and sum; 
af the yariate, { 
Median. Median st is giv nes VMS SS HAD 

a "T a Y ў oo. UM 


ат — } яак 


the, range | 


aides ze 


xen ov sir urs eii i \ | 

Mode. Mode is that value of x for wigeh TM is maximum i.e., | 
model value x is s.t. | 
pied ^ | 

FY O | 

Provided that the. solution of f. fiet; lies within. nitet ! 
range of x. dign | 
Ex. 9-1, Show tha І 

: : 

| 


29.3, 


Lim феа" 0 —3 Ud 


1 
s { 


Ех. $3. For. the n нта kot —a«x«a 

42. 

show that Mo(t)= " Y а and тиа Эл "Hc 
Sol By def. 


Ex. 9.9. Calculate bi for ine dist; dP fr dx, 0<% C 
Sol. kis aie a 


eo F o 
er k {| —6*x Jf eu |= 1 


0 
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or k U oT hm! 


oo 
م‎ )0(= ] ved i "ti +3 ce dx 
0 0 à 


оош со 
| xes dx—af xle7* dx—24 
0 0 


pa— us (0) — x$—6—4—2 

p3= pus (0)— 3u2'(0)x +273 
—24—36--16—4 

Bi— H= 


Ex.9-4. Find the s.d., harmonic mean, the mode and the median 
. of the dist given by 


B 0«x«1 


— x(x- 22)dx=6 34-2 


1 
ds. Ha- |1. — a 


95 
H. M. is given by 
1 
43^ iis (x—x2)de=6 e 
0 


at 


3 
To find mode put f (x) O 
ie, 1— 2х=0 
or cl 
2 


Since f"(x)=—12<0, my is the mode, Let a be the median. 
Then 


a 
6 25 + 
0 
dd l 
р! 5 01» 
or 443 — 642+ 1=0 
ES 
4—72 


Ех. 9-5. For the dist 
ae |*! dx, RC 


Show that »-—. ui (O) =, o—4/2 and mean deviation about 


mean-l. 


Sol. yo is given by. 


© 
vo | e 
- 


or o» e |41 а-л |. e | 5 qu es] 


— 00 


© 

s hate! 
| elbe 'edi od. в ADER pil 
—0 


eg T2 | xét dx—2 | xe dx 
© d ә 0 


© 
=2 { | ele b- |+? к 

VES F ni — Soh 

D = N 
qe | 

Mean deviation about шеап= . |x-0|e^ * ах 
2 h aM ot 2 хя 

i „| — P 
ose О! SA O 


ae * | dx= xe* dx=1 T 
wodi soltoivsh sns bmg ty =o (ym. dX met wofa 


Ex. 9-6, Show that for the dist ipsum 


WI zu) 


меё OR „ e аз) 


ssvis sigt Sagx ga 


| ee 
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a a ә а 
i MI | ax 
Mt. Led zd at x2 dm wis | | 
— d. —a Ü —a 
Оа 1 giai = (0) 
1)0 22 | 4 dx 
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2a 1 _‚ 4a p x?4- a2— a joi f 
"S Ah ara 4 para mi 
—a 0: 
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Ex. 9-7. For à ‘Continuous’ — Wa, Feldes frequency 
2 (8 HOUT 


Find the first three moments about the 
wise show that the rd is symmetrical about, the mean with variance 


- e noiisiveb aue 


; B. 

^t 2 
E j 0-0 K 5 
; 5 0 б 0 


2 2 
6 
48 (00 а 0-04-05 х5— = * в 
0 


1 
“ papa (0)— HC)) =- $ 1-4 
Let ‘a’ be the median 


Then 


or 


as 
or 3 
or 


a— 322-- 2-0 
or 


(a—1)(a2—2a—2)=0 
а=1 
Median=Mean 
°". Dist. is symmetrical about mean. 
Ex. 9-8. Find the mean deviation, s.d and skewness of the dist 
given by N= x(2—x), 0 <х<2. 


Sol. From last example, Dist is symmetrical about mean, 
Skewness=0 


2 
Mean devition= 4, | | x-1 | x(2—x)dx 
0 
1 2 
-4l x(1—x)2- х)ах+ 


| «| x(x— 12 x)dx 


1 2 
= be-. 250d 3 [tote 294 
0 1 


9.9 


EM 3 aus 
= 8 


For s.d. see last example. 
Ex. 9-9. In ex. 9-7 calculate ua (0) and ) and deduce fa. 


2 
6 d 16 

Sol 0-4 | x5(2-x)dx= 40 -&- } 

0 


44 ua (0) 48 (0) 10) C60) {л (0))2— 341 (0))4 


16, 8 1:6 5 
3 
wa 35ے‎ _ 15, 
MATTIS 


Ex. 9-10. Show that for the dist dF=yoe НЕ dx, OS x O 
the mean and s d aré equal to c and the interquartile range is a loge 3. 


Sol. The constant yo is given by 


© 
»| е Хб or у= — 
0 
© co co 
z=» | seat” &=-_| „ а=] уе? dy 
0 0 0 


Z 
© © 

ua (0) yo [= С) уе У dy o 3= 2 1 
0 0 


220 . . d. 
Let Qı and Оз be the quartiles 


1 Оз Eon 
"Then »| е ге dx- —— 4 and yo | e Е 
0 


У. 


or 


or — 


or 


23510 106, | 
Ех. 9-11, Prove that the. geometric mean G of the dist 
dF=6(2—x)(x—I)dx, 1<х<2 
is given by 6 log (16G)=19. 
2 


Sol. log в=6| log х.(2— х)(х— ax 


| in 


1 E, 
=6 | = log (IT 0% й i eier 
074 N 10 1= gun TS fox 
i1 
o 1 ory- چوا‎ - 3 lw] 
№ e x [lob O [ox 
( 1 1 6 
e +t} enl „gi e 


2.19 
Bg log 2 
6 log (16:355, à Y 
ali it sd 2O bag O tot 
Ex.9-12. The elementar N 
random агае, * is e. feo eds ON . 


wh те a,b, yo are‏ و ر 
constants, = that Yo „==. апа a=m- o. vice m, с are‏ 


„ tie mean 1 na the s.d. ds the dist.” 
= ny cs rae lo 


Sol yo is given ү 3 
wo 
£ i Jo | e dra) dx=1 


00 
e Ne- 
or = jar 


- (U pag fF 
Ji 


! م 
O caro de‏ 


эб рад 


oo 2 oo 
=n — fg: ete "Eden xg vero 
b 
Exc beso 


Show also that 
xí) 


La 
o 

1 i7 b(a—a) 
MI +a] 


>| 


dx} 
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© р © 
p3'0)= »| we- bee dx yo {- T erbte | 
f a 


© 
++ م2‎ bea) dx } 
а 


д 2 1 
=at 3 {eti ( +7 )} 
„ pa™ pa (0)— 3u2 (0)1 (0) 3-262 (0)3 


4 
pua (0) — yg xAe^*iz-a) dx — yo [К etes] 
a 


a 
© 

+5] ax | 
а 


4 a 6 1 
=а%-+ yer 5 +) 
ua (0) — 4џ'(0)ь1'(0)--6р2'(0){1'00))2— 3(91'(0))4 
Re 4 834 6a , 6 342 6a , 6 
matt $ fo + tpj (er 5st] 
1 2a 2 1 \2 1 \4 
1 em 33 Sosa yp E 
(2+) +6 [2 ti () 3 (2) 
ERO, 
TUN 
= "2 
Ех, 9-13. For the dist 


dF— 


1 
Bm ny (a. ds OC 


find the mean, s.d. and the Harmonic mean. 


9.13 


1 
ee x" js Bn--1, m) 
Sol 7= 80 rf H-1(]—x)n71 بل‎ ——— 


В(п, т) 
Tim |+т__п 
[nml mim п+т 
1 
NEUES AEP -I gx 0122 m) 
12 (00 Bm, m) | x"*3-Y(1 — x)n71 dx Bn, m) 
nim mtn __ nn+!) 
m FF jm n (nn Dünn) 


п(п+1) ToS 
(m+n+1)(m+n) (m+n)? 
i (п-Е1)(т-Еп)—п(т-Еп-Е1) 
(т+п)(т+п--1) 


a= وم‎ (0) = 


= —— mn ave d 
(m--n)(m4-n4-1) 
|е шк 
Н.М. is given by 
1 
0 


Bn, m) 


II [mn _(т+п-1) 
|п+т-1 |n |m n-i 
n-1 


+ наст 


Ex. 9-14, Prove that for the dist 

1 * 1 
P= Sen ny xy 

j „ mim n-) A 
variance is CEE 1390-2)" Find also the m and moment of rth 


order about the origin. 


dx, 0«x-co;n2 


(m. qn) ^ yma га mn 2-1). 
Sol. BECOME d (T didi sad 


_|т+1 s mim m plz | 
“тїп omine 


со 
som ЫЕ [ xmi B(m--2, n—2) 
u Tats п) »] +x" uen Bon n) 


mri „т+п +. m(m4-1). 
CHER е! тп s 0-700932 


&m(m+1) 
i SENS 61 


a+- m(n—2)} 


(Оу oy == 


L 
zn m(m--n— 1) 
(n— MERE 
' о анна. ииз) 
ue (0)— Bom, m] rem dim ау 
mr ue mer Dm r- 2) i ig aid | 
Пл i C Ne 3 SSA (n—r) 
WA wif i um, (r <n) 
Mode is that ы ч х for which | MUS 
x= 3 Es fea | 
2 FCC 
is maximum. i Eg 
Modal value x is s.t. dee 
PBEM 
TOO and f"(x) < o, 
Now f'(x)=0 gives es vag we a re 
K -I LMT (т INCI) l аЬ 
m1 1 
Arv Ө. x=0, —1, DEEP " 


At x=0, f(x)=0 which is the least value of fe. 
not belong to ‘the range of x. 


At x= n N) is maximum, 


x= 


т is the mode. (m > 1) 


Ex. 9-15. Show that for the gama dist 
47 1 
m 


ex" OC A с, т>0 


enean variance m. Find nr (0) and harmonic mean. 


© 
"els. edel py 
[ 


me meus tH 1 
0 
. papa (0)— X3 m*--m— mm 
rf intr 
„00 = — mr = 
pr'(0) к] n- mm +1) 
H.M. is given by 


. Hem-l. 
Ex. 9-16. For a continuous dist 
es 
dF=yoe z * idx, O > × C 0 


26 
show that p1 (0)=/2 E 
2 


and pi (Q)-n 


9.13 


seen (mar 1) 


0 
x2 
Put Уолба 
95 n—2 
3: ^ e) 2 d= 
: 0 
n2 vw n 
2 o 
or 2 Jo) e.t at=1 
0 
n 
N 
or 2 51 ETAM 
2 
E 1 
- UT = 
LS 22 
jos 
Also by def. 
ЫА m. ъл 
0 xte : x ldx=yo. | е 2 xd 
x 
Put Eo melo 


nér-2 9 atri 
x ER wet 2 0m 


n+r—2 
<2? = = ae * 
394 |= p 


9.17 


V2 n+l E 
- and pa(0)e219 e 
2 | п 8 

2 2 


Ex. 9-17. А frequency f” in the range (—3, 3) is defined by 


f= (3+x)? -3«x«-1 
1 
“лє — 2x2) —l«x«1 


16 (3 - х)? 1<х<3 


Find the mean and the s.d. of the dist. 
3 -1 
Sol. Total teg f(x) dx= 16] (3+x)2dx 
3 
1 3 
1 1 
+] (6— + | (3—x)ytdx 
1 -1 
3 1 
1 [+4 | 6-252 
1 0 


US. 
1 (3— x9 : 2 
=- feel 7) 
3 2 1 
sui 154 ха) 16 16 x(6— 2x3)dx 
g 23 2 


3 


+тє| х(3—х)% dx 


1 


9.18 
For first integral change x to —x 
3 1 


* 2.16 51 406-96 | -una 
1 


3 
1 
+] x(3—x)! dx 


. nj ron [++ т e — 2de 


3 
^e (-d 


For first integral change x to —x 


3 1 
iN "t 2(3 х) т] (6-2 0dr. 


: 
= | - 6x-+9)dx+ 1. 1 224)dx 
1 


8 3 
4 1 
* 6. d. 
Ех. 9-18. The dist. of. 
defined by of a variate x in the range (0, 2) is 
=x 


0-«x«l/ 


=(2-х)% 1<х<2 


. éJ—ͤ—ͤ— — 


9.19 


Calculate the mean, s.d. and the mean deviation about the 
mean of the above dist. 


Sol. Total rea- fæ)dx= | de fee ar 
0 1 


oen 

"Ла ТАТ? 

1 

Е xfogdxe2 [x4 45 720 x(2— x dx 
0 i 


2 2 
+2 E x(2— xf dx } 
[t 


x 2 2 
bebe Ot de [oon 


Mean deviation about mean = | | x—1 | f(x)dx 


1 2 
=2{ (1—x)x8 dr 2 | (x—1)(2—x)8 dx 
0 i 


2 
10 A2 1-9 а ei) ll : | 2-2 as } 
1 1 
3 
10 tio —5 
Ex.9-19. Find yo, H2, из and ua for the dist. 
a (4-1 ) art 
а= ( Lb x) a е * de- C 
Sol 50 is given by 


REDE 
»[( 1+5 x) e e “dx=1 
—2/« 
Put 1+5 x=y 
о 4 
2 a`! —A 0-!) 
jT E З 7 
0 
2 
Put 76 
© 
=] x e Po- Diy 
0 
Put уф =г 
any "em T ae ae = Pm Е 
282—1 m 
8 8 } 928 1 
282—1 
= B 


9.21 


4 ( p-»| ee 1+ & its е 


“в 
со 
-—EG [exp ß д, 
sien 
Put * 16 
ч 8+7=1 _ 
m g- fs) far 


[El Q4 gy 1822. 

gp 00 ui 
. (E--2(9 1) 
52.85 8 

"E [p24 _ (82--3)(82-+2)(824-1) 
ве 
рар! — lui = 8E 1- gil 
из=из — Sai! г) PERED 3805 ＋ ) ＋ 2g. 
2 


8 
а= ра’ — pg ui F6 p2 {p1 )2— 301% 
ЗОРЕ) оа de Ho- apt 


ze 1 (-8-— tc 
(В) 


and 


=3+ gy “2 


E 
эд 
Ex. 9-20. (a) Show that for the dist 
а= ( 1 -®) Pas, —a«x«a, 0«p«1 


(- Da 
. I- 25 F-2 
(b). Express ‘a’ and ‘p’ in terms of a and £s. 


Sel. (a) Ву def., 


4100) yo | х ( ү ) “demo 
=a 
a 
sek kip (Omo [= (1- A) dx 
22 


=» eje ey 1-5)" 


кс еер e 


| =a Me-3— yoo? {т zu 1-2) 
—a 


+ جل‎ er-) e 
-а 


(6) Put r=2, 4 


3 а а 
дер 3—2р "73-2, 


s at=(3—2p) è 


7 2 3 
and maa m= - م‎ 


Ex. 9-21. For 61(1, m) variate show that 
log G= 3 { tog iT 1 +log im log Tem} 
Sol For 510, б variate x, 
dF. 


% * 101 -x) , dx ОСЫ, т>0 


iog G G= ту “5 И log x.x!7(1—2x)"71 dx 


"Rm sje 


=K 7 m) ge m)- 1; (los 801, m) 
a2 Пт. 

п в m 
= 37 {los UT Hog jm —log Түт} 


Ех. 9-22. Show that for the dist 


dF=yo { 1-125? 1} dx, b-a<x <b +a 


nat, mean=b and variances 82. . 
Sol уо is given by 


mf gH pa 


b-a 


ds a distribution function. 


Put x—b=y 


or 270 {( 1-2) 1 


a 
or 2yo b- Zl 
0 


ba 


Mean уо 1— pa 


b—a 


=byoa=b 
b+a 


2= yo | d {= T јај { 


b—a 


-»| ر‎ 1-2) а= 


0 
Ex. 9-23. Show that the fm 


0 
ee een 


1 


=» | о+® {1- 121] 52550 f 1- 
-a 0 


=Q 


а? 


کے 


6 


x«—a 
—a«x«a 
x>a 


1121 


9.25 


Sol. Evidently 
F(x=0)=1, Е(х=— о)=0 


1 x 
and 7 x —a«x«a 
Lo x>a 


Evidenty F'(x) 20 
F(x) is a distribution function. 
Ex. 9-24. For the distribution with density 
f(x)2 1 me = 0 «x«t 
Find mean, mode, median, variance, first and third quartiles and 
distribution function, 


Sol. Distribution function is given by 


x 
TOME det ik, A * 
r= 1 j {tan * 4 2 
— 0 
1 2 
= tan-lx+ — 
* 
For median, 004 
* x=0 
For first quartile, F(x) = 4 
or v tan! x+ 24 
or tan 1 x= v 
х=—1 


For third quartile, F(x)= 1 


y x=1 


ee 


oo 
RAS $ 
Mean= TE hj dx=0 
— 00 


9.26 


Evidently ua does not exist. 
For modal value x, f’(x)=0 
К 1 -x -0 

d x (F2 

^ Modal value=0 


Ex. 9-25. The prob. density function T coded measurements of 
pitch diameter of ‘threads of a fitting is given by 


1 
fo) Uta’ 0«x« co 


Find the distribution function of the dist. Hence obtain 

(i)P(x>2), (il) the median and the quartiles of the distribution. 

Investigate whether the mean and the variance of the dist exists. 
Sol. Distribution function is given by 


x 1 1 x 
ro- Joys ies | 


1+x 
0 
1 x 
=1 Thx Xx for x»0 
and HN) o for x<0 
. — ES 2: „Б 
(G) .. P(x»2)-1-P(x«2)—1 F(2)-1— 1:273 
(H) For median value x, Fax) 
x 1 
^ х=1 
For first quartile value x, Nx) + 
er SM 


9.27 


^. х= = 


3 
And for third quartile value x, Fat 
3 


© 
= | log (+s) | -1 


Since as x , log (14-х) , mean does not exist. Hence 
variance will also not exist. 


| Ex. 9-26. A bombing plane carrying three bombs flies directly 
above a railroad track. If a bomb falls within ur of track, the 
track will be sufficiently damaged to disrupt the trafic. With a certain 
bomb-sight the points of impact of a bomb have the prob. density 


function 
| A- OEE when — 1006 x<0 
= when 0«x«100 
=0 elsewhere 


where x represents the vertical deviation (in feet) from the aiming 
point, which is the track in this case. Find the distribution function. 
If all the three bombs are used, what is the prob. that the track will 
be damaged ? 


Sol. Let F(x) be distribution function. 
x x 
Then N) | a= | 100 X dy if — 100«x«0 
—100 —100 


x 
100x--(32/2) I 1 2 104 
4 104 gor | 1003+ 273 


9.28 


0 x 
- 100— : 
r= eek [Aes ios 


—1oo 0 
2 9 x2 7 
1 x 1 
e |+ 1005-1 
—100 


=- [19- Y 1%] 
F(x)=0 if x<— 100 
and ; F(x)=! if х>100 
Now Prob. for a bomb to fall within 40 feet of the track 
0 40 
=| S(x)dx+ | f(x)dx 
—40 0 


0 

=f 100+x 100— x 

| 105 &+| dx 
—40 0 


40 
way x: 2 6 
= тоя (10-32 |= Ze (4000 800}= چ‎ 
0 


Prob. for a bomb not to fall within 40 feet of the track 
EIU 9 

2%ы 25е 
Prob. for all the three bombs not to fall within 40 feet of 


) 


Prob. of at least one bomb falling within 40 feet of the 


=t 


tho track 


track Ур 


rob. of the track being damaged Prob. of at least one 
bomb falling within 40 feet of the track i 


“-(2) 


9.29 


Ex. 9-27. Suppose the life in hours ofa certain kind of radio 
tube has the density function 


fe when x> 100 


=0 otherwise 


Find the prob. that none of the three such tubes in a given 
radioset will have to be replaced during the first 150 hours of 
operation? What is the prob. that all three of the original tubes will 
have been replaced during the first 150 hours ? 


Sol. Let x hours be the life of the tube. 


150 150 
Then cls Д(х)4х=100 [т d= 
д 100 


„ „^. By compound prob. theorem, prob. that all the three tubes 
will have to be replaced during the first 150 hours of operation 


8-2 
2 


S 
Also Р(х>150)=1=5- ACE 


Prob. that none of the three tubes will have to be replaced 
during first 150 hours of operation 


„ 
( 3 ) 27 
Ex. 9-28. Assuming F(x) to be cumulative probability distri- 
bution function- for a variable x and given that F(x;)=0°5, F(x2)=0'7 
and F(x3)=0°8, find the prob. that the variable will lie between x and 
X2; xa and xg. Calculate the prob. that two independent observations 
Xi and Xa will lie between —co to xy and хз % co. It may be 
assumed that x takes values from — со to œ. 
Sol Let f(x) be the density function. 
* 
Then Ролс) | S(x)dx 
x: 
— о Xa 
=| ов | лаа 
8 Fd 


9.30 


Xa #1 
=| Ads- |лә& 
р 2 
= F(x_)— Hi) 207 0:502 
Xs хз 
Pax) | fonte heal [roe 
хз 
= F(x) — F(xa)=0°8— 0° ^E 1 
Now Р{— «X1«x1) = F(x1)-0:5 
PIs CTS = I- F(— co « X xs) 
=1- F(xg-1—0:820:2 
Since X, and Хз are independent observations, reqd. prob. 
=(0°5)(0°2)=0°1 
Ех. 9-29. А distribution function is defined as follows 


0 x«l 
Е(х)= 36 ( 1)4 1663 
1 x>3 
find the density function f(x). Find the mean of x and the 
Sol. Density function is given by 
F=f) (x—1} 1«x«3 
=0 otherwise 


3 3 
pee pe- 1 axe [|S =| 


3 


=i zÍ E- 


3 
=3- 3 | 6-1» | =3-=26 
1 


For median H- 2 


931 
1 1 
4g C14 
х=1+(@#. 


Ех. 9-30. Determine m so that the following function represents 
the density function 


0 x&-1 
eee 8. 
Lo ` х>4 


i Find the value of x about which the mean deviation of this dist 
is least. 


Sol. m is given by 


4 
[ж ӣх=1 
zT 


3 4 
or J Бри 4тах=1 
-1 
3 4 
or m || +4m | * zl 
—1 3 
or 8m+4m=1 
or т= ў, 


Since the mean deviation is least about median, it is required 
to find median. Let it be ‘a’. 


a 
Then | Лаку. 
e 
Let if possible 23 
3 a 
1 
Then "| (x- Ddx--4m [ d=} 


=1 3 


932 - 
or 8m+4m(a— 3-1 

1 1 1 2 1 
or bear ee те = 


which is not possible. 
s. a3 іе, а<3. 


a 
ws "| (x+1)dx= + 
-1 
a (a+1)2=12 
Sis 4243-1. 


Ex. 9-31. A country filling station is supplied with gasoline 
once a week. If its weekly volume x of sales in thousands of gallons 
is distributed by Лх) = 501— , 0<х1, what must be the capacity 
of its tank in order that the prob. that its supply will be exhausted in 

a given week shall be 0:01? 
Sol. Let V be the volume of capacity of the tank in thousands 


of gallons. 
Then prob. that the supply will be exhausted in a given week 


=P(x2V) 
P(x>V)=0'01 
Р(х-<У)=0:99 
y 
5 [a - х4х=099 
ô 


oe 


or 1-(1-V)5=0'99 
or (17 И)5 =0°01 
^ V 0:602 
„. Tank capacity» 602 gallons. 


Ех. 9-32. For continuous variable, show that the mean deviation 
is least when measured from, the median, 


Sol, Let x be a continuous variable with density function f(x). 
Now by def., mean deviation about an arbitrary point ‘a’ is 


given by 


© 
Ha) EI x-a | -| | х=а | f(x)dx 
— 0 


9.33 


a © 
= | а-о | e arn 
—со а 
Differentiating w. r. t. ‘a’ under the sign of integration 
a © 
F'(a)— j f(x)dx- |^ x)dx 
— 0⁰ 4 
sand F. (a) Ha) Na) 2f(a) 
For F(a) to be minimum, ‘a’ is given by 
a © 
F(a)=0 ie., | лок | foodx 
— 0 a 
which implies that ‘a’ is the median. 
If f(a)40. Е'(ау>0 (.: Ha) o) 
F(a) is minimum when ‘a’ is median. 
If f(a)=0. f(x) is minimum for x=a (^. f(x) £0). 


First derivative of f(x) which is not zero for x=a is of even 
order and is positive. 


a. First derivative of F(a) which is not zero when ‘a’ is the 
median is of even order and is positive. 


F(a) is minimum when x is median, 


9-2. Tchebycheff's inequality. 


Let x be a continuous variate with density function дә and 
expected value zero. The variance of x is given by ` 


« 


— Oat Oat eo 
28. [a abe хла] x f(x)dx 
— 0 — ost Gal 
Cat 
Now | xf x)dx20 
— Gat 
— Gat © 


сз? > | х?/\х)ах+ | x2f(x)dx 


— 0 Gat 


— сај со 
>л] лода | лода) 
— со Cat 


o P{ | x | Poxt} 


2 L I= >м} 
Put x=y-y 
Then E(x)=0 and c= E(y —5)?— с, 
ا‎ <P) | ور‎ | >o) 
which is Tchebycheff’s inequality. 
9-3, State and prove Weak law of large numbers. 


Sol. Let xı, хә, ... x, be n independent random variables 
distributed in the same form with mean m and & atatt 
Then for any fixed «>0, 

Lt P(|x—-m|29g-0 
noo 


i Assume that the variances of x1, xo, ... xn. exist and are equal 
to c?, 


~ 2 
Then Var (9) = EI Ae _ | 


n 


= 1, Elo — m) (=m) +o Gu m) 


= {E(xı— m)2+E(x2— m-. ... + E(xn—m)®} 


n2 n 
From Tchebychef’s inequality 


gie 


аё TE 
m 


which implies that for given «>0, the prob. can be made as small as 
we please by increasing n. 


Lt P(|x—-m|29$g-0 
n-o00 


Note. (1) The above law remains true even if we discard the 
requirement that c? exists. 


(2) The weak law of large numbers states a limiting property of 
sums of random variables. In fact, given any positive numbers є and 
è there is an N s.t. 

P{|ž-m]| >} &, 2 N 


The weak law states that F- m] is ultimately small but not 
that every value is small ; it might be that for some n it was large, 
although such cases could only occur infrequently. The strong law 
says that the prob. of such happening is extremely small. The law 
is true for variables which are identically distributed under the sole 
ноп that р exists; in other cases further conditions must be 
added. 


Ex. 9-33. Define stochastic convergence of the variate and show 
that in a infinite series of Bernoullian trials, the proportion of 
successes converges stochastically to the prob. of success in each trial 
as the number of trials increases indefinitely. 


E Sol Def. A variate xn is said to converge stochastically (or 
in probability sense) to parameter 0 if given any positive numbers « 
and 8 there is N s.t. 


Р{ | xn—-6| ><} <8forn> N 
Let xi, Xa, <<. x, be the variates s.t. 
K* 1 if ith trial results in success 
=0 it ith trial results in failure 


Then number of successes is given by 
m=x xo . Xn 
and E(x) =1.p + 0(1—p)=p, E(x?)=p 
; Var(x)—p— p?—pq 
where p is the prob. of success in each trial. 
E(m)=np and Var (m)=npq 


52) 


1 
Also Var ( = )= xs arc) 21 
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From Tchebycheff's inequality 


/ des 


or "(I -p|>« ja 
99 
when n> зр =N 
which implies the result. 
EXERCISE 


1. Find the variance of the distribution 
ar- x sin x 0<х<т 


[s. 2-4% ] 
2. If Дх)=5е`®*,0<х<% 


where b is a positive constant. Find mean, ро and ps. 
[= be] 
8. b " 7 
3. Find ро, pa and ps for the distribution 
dx ei аќ 
ar- 5 а<х<а [ Ane. $] 
4. For the distribution 
dp=x" 5 m > 0, O 
show that H.M. is m. 
5. Find mean, mode and median of the distribution 


dF=sin x dx 0«x« A [ Ans. 1:55 t] 


p 
а 
J O, 


6. Find the mode and the median of the curve 
abx* i 


y= Tae b>0, а>1, Ox A 


[ans een EE (6) ] 
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Theoretical Distribution 


10.1. Binomial Distribution (B.D.) 
Binomial Probability Distribution. The B.P.D. of ihe 
variate x is 
P(x)-"cop*q?7*, x—0, 1, 2, n 
The variate x is called Binomial Variate (B. V.) and n and p 
are called parameters of the distribution. 
Binomial Frequency Distribution, The B.F.D. of the 
variate x is 
Flv) N. ch, х==0, 1, 2, n 
where N is the total frequency. 


Derivation 

Let there be N sets of n independent trials. Assume that the 
chance of success of each trial be p and of failure is q. Then 

р+9=1. ; 

Let us first calculate the chances of obtaining 0, 1, 2,...-.. 
successes in one set of л trials. Let us find the probability of obtain- 
ing x successes and (n—x) failures in m trials. Ву the theorem of 
compound probability, the probability that first x trials are successes 


=рхрхр...х times = 
and the probability that the remaining (n— x) trials are failures 
ud 9 ** 
+, The probability of jointly getting first x trials successes and 
the remaining (n— x) trials failures 
= pq"? 
Clearly this is also the probability for the x successes and (n— x) 


failures to occur in any particular definite specified order. Since we 
are interested in any x trials being successes and x trials can be 


(10.1) 


10.2 
chosen out of тїп "Ca (mutually exclusive) ways, by the theorem of 
total probability, the probability of x successes in a series of n trials 
is given by 
P(x)="cap"4" * 

The chance of getting x successes in one set of n trials is "Cap 
means that out of one set перед" sets will have r successes. 

„, Out of N sets N"c,p*q"* sets will have x successes. 

„ The frequencies of getting 0, 1, 2... successes in N sets of 
n trials each are Nq", Necypq""}, Nrcop?q™ 2, . .. . 
10.1.1. First four Moments About Mean 

Binomial Probability distribution is 

P(x)="cep*q" ^, x=0, 1, . n 


jmgn- v 
q 


n n 
11 (0 Ӯ хР(х)= E х"сәр"4"° 
x=0 x=0 


="eypqr i+ 2^cop?q"-? 4- 4 п"сар" 
=np{q (- 1)р4" 2+ +p" 
—np(q py"! 

=пр 


п п 
2 (00 X х?Р(х)= 2 (x(x— 1)+2}"cep"g*” 
x=0 x=0 


n n 
= 5 x(x— 1)"cap”g™ "+ 2 x"cap*q" * 
х= х=0 
= 2.1" cgp2q"-2+ 3.2"cap?g" 2+... (n Dp" Fp 
=n(n— Dpfg*-?--(n—2)pg^- H. p") MP 
—n(n— 1)p2(g +p)" +p 
==n(n—1)p?-np 
ра 20) — (a (0)) = (n= Dy np np? 
=пр(1—р)=пра 


п 
ps'(0)= È x9P(x) 
x=0 


Put * 4x + Bx(x— 1)--Cx(x— 1)(x— 2) 
Equating co-efficients of x3, x? and x 
С=1 


—3C+B=0 or B=3 
and A-B+2C=0 or A=1 
КА x x ZXR - 1)+x(x— 1)(x—2) 


n 
us (0)— X Tu 3x(x— 1)4-x(x— 1)(x— 2)!" exp*q"* 
x= 


—np4-3n(n — 1)p?4- n(n — L)(n — 2)p? 
pa= pa (0) — 3 (0) (0) + 2{и1'(0)}8 

—np-4-3n(n— 1)p?4-n(n— 1)(n — 2)p3 

— 3(n(n— 1)p?+np}np + 2n*p* 
=np+3n%p2 — 3np? + п3р3— 3n2p3 --2np3 3nd 

+ 3n2p8 — 3n%p2-+ 2nd 

=пр(1— 3р +2p?) 
=np(1—p)(!—2p) 
=npq(q— p) 


n 
pa'(0)= L xfx) 
x=0 
xazx(x- 1)(x—2)(x— 3) +.6x(x— 1)(x—2)4-7x(x— 1) +% 


n 
pa'(0)= E Mos 1)(x—2)(x—3)4-6x(x — 1)(x— 2) 
x= 


+7x(x—1)+%}."cop"qh” 
—n(n— 1)(n— 2)(n— 3)p4+ 6n(n — 1)(n—2)p8 + 7n(n— 1)p*-- np 
+, pa= pa (0) — Aus (0)43'(0)-- 649 (0) (0))2 301 (0% 
={n(n— 1)n— 2)(n— 3)p*-- 6n(n — 1)(n— 2)p3+ 7n(n— Y)p* np} 


—Á(n(n— U 2)p3--3n(n— 1pt-- 
xam P n P рар pt 


= (m — 6n3-+1 {n®—6n)p4-+-6(n3— 3n2-+ 2n)p3-+ 7(n? — n)p? En 
—4(ni— з. --2n2)p4— 12078 — п2)рЗ — 4n?p? 

+6(nt—n8)p4-+ 6n8p8— 3ntp* 

=3n%p4— 6np4—6n2p8-+ 12np* + 3n2p? — np? +-np 

=np{(\—7p+12p2— 6р3) t-3np(1 — 2p--p9)) 

=np{(1—p)(1— 6p--6p*)--3np(1 — p?) 

=npq{( — 6p(1— p)-3-3npa) 

=npq{\+3pq(n—2)} 

Ex. 10-1. For binomial distribution show that 


а 
pr+1 pd пер 1+ A) 
and deduce the values of u, ua and pa. 


Sol Binomial distribution is 
P(x)—"csp*q"*, x—0, 1, 2, . n 
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By def. pr=E(x—npy 
n 
= X "cep*qn-*(x— np)" 
x=0 


n 
47 am {хр Mq"-*(x— np) 


p. ß (-p -p*q^-*r(x— np) 3(— п)} 


=, B n 
x= 


n 


ae er aba o, Ф --1) 
x= 


n 
Коп » "cap*p"" "(x — np} *1— nr uri 
n ed 


1 
= 70 - uff -I 


А wap пгт, it de 


Put r=1, 2, and 3 


4 pq mot ФЕ npa (.. до=1, 170) 


a= pa [na i) = 5 (pa) 
—np4(q— p) 


m =p [near А 22 Jen noe {Р4(4 -»] 


e 254 
—npq[(a--p)*d-3pa(n— 2)] 
—npq|1 4-3pq(n— 2)] 


1 Ex. 10-2. For a binomial variate x with parameters n and p show 
4hat 


A np --pg e 
where p, = E(x") and г is a non-negative integer. 


"—— sá 
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Sol, By def. 
ur =E (х) 
n 
= E xr *cap*q™™ 
x=0 
n 
" LU f n, E-ga - (N— n-z-1 
Vos ue TA DE DE (n-x)qutip 
x=0 
> dd ) 
( ` dp : 
n 
= E xr "cap" qu [ха—(п—х)р] 
х=0 
п 
= 17 х" "ca pe (x—np) 
x=0 
n n 
= xe "epp e vpe 
x=0 х=0 
-x pr +1 Mp pr’ 
СД , d / 
An рг t pq = 


430-12. Measures of skewness and Kurtosis 
Sol. Measure of skewness 


— к= 
-n2Vü = | 
pa 
= 51 


_ 7P4 ( | 9-р 
(npa) Anpa 


E 
m 
_ пра {1+3pq (n=2)} 
(npa 


14324 (0-2) $E 1—6pq 
w npd 


Measure of kurtosis - 
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10.1.3. Mean deviation about mean 


Mean deviation about mean is given by 
л=Е | x—np | 


n 
= 2 | x—np cp 
x=0 


= 2 (x- np) "сәр" y pass m E АНЫ 
x>np 


Now р1=0 
п 
n E (x- np) "ca pr "=0 
x=0 


> X (x—np)"csp*g^-*— У (np—x) "cep*q"-* 
x>np x «np 


.. 22. (vn) "capa" 
xD 


= 23 (xq—-(n— х)р) "cep*q"-* 
x>np 


= 22 (x cap"qn = (n— x)"ca р" ge- 
x> пр 


= — U—Eäw¼— eR LELE - 
Zeon Taye e- =D *} 
= 25 {te_1— tz} 
x>np 


n! 2 
we MSS Sut er 
Let u greatest integer contained in np4-l 


n 
Then Л=2 E (1-0) 
xmp 


=2 {t 1.1 —tn} 


ты (=0) 


2211 n—pl 
=E=) ap)! р? а 


5 145 
2npq ee e 
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10.1.4. Mode of the Binomial Distribution. 
In binomial distribution the probability of x successes is given 
by 
P(x)-"csp*q"77, x=0, 1, 2,...... n 
The values of x together with the corresponding probabilities 


form binomial distribution. The mode is that value of x for which 
P(x) is greater than or equal to P(x—1) and P(x4-1). i.e., 


Р(х—1) < P(x) > P(x--1) 


Consider P(x—1) < P(x) 
or "Cs 1 pri "+1 < "cap" 4® 
Шу — 
s E E 
or xq < (n+1)p-xp 
or х(4+р) < (n+1)p 
or x S (п+1)р 0 
Similarly other inequality gives 
x 2 (n1) p-1 (й) 
From (i) and (ii), modal value x satisfies the inequality 
(0+1) р-1< x < (n+l) р (iii) 


Case I: If (n+1) р= is an integer, then (n+1)p—1=k—1 is 
also an integer. 


P(x=k "скр" 
Now FR TY e 
. ‚ (k-1)!(n-k+1)! p 
О kl(n—k)! n! 4. 
T= _ kü—p) _, 
kq kq 
w P(x=k)=P(x=k- 1) (iv) 


-. In this case P(x) increases till х=&— | and then (iv) holds 
and after that it begins to decrease. 


x=k and x—k-—1 are two modes. 


Case II: If (n+1)p=k is not an integer, let 
(п+-1)р=а (an integer) +f (a fraction) 
when x takes the value ‘a’ (which is obviously less than k and 
greater than k— 1) from (i) and (ii) 
P(a—1)<P(a)>P(a+1) 
. x=a (greatest integer less than К) is the mode. 
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Ex. 10-3. If np be a whole number, the mean of the binomial dis-- 


butrition coincides with the greatest term. 


Sol. If np is a whole number, then since p isa fraction, np is 
the greatest integer less than np--p—k. 
* From case II, mode n= mean. 


Ex. 10-3(a). If x is the unique mode of the B. D., show that 
(n+1) р-1 < x < (п+1)р 


10.1.5. Moment generating function 
M.G.F., by def, is given by 


n 
MOI) Ele) = L ег ve, pq 
x=0 


n 
= 5 "¢,(pe')*q" *=(q-+pe')" 
x=0 


M.G.F. about the mean ‘np’ is given by 
My = Беч") e^" Molt) 


ze "P(q- pet)" 
= {ge t peu)" 
Deduction of moments about mean 
Ms (t)—(ge + pe e)" 
Га [i ГЫ 
= = a сла, — ad 
0 pr. 21 P зү FP ates ) 
72 nd 1% 
(17A T +92 31 740 47+ mus )} 
2 8 4 
[+ jr tara? - p) е) ii Tess F 
2 8 4 в 
-[+м 51 +29(9—р) 3 T p ii cE SERS } 
zn 18 n" 
lpt +u 73 tpa 3T A n. 
m 3 
=1+ра 37 +npq(q—p) -; | -HInap(p*— pata?) 


+3n(n— 1)p?4?] ME. ns 
„+ 1 O, из=прд, as—npq(q—p) 
and pa npq(p?— pq +42 +3(n—1)pq} 
—npq(1--3(n— 2)pq) 


* 
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Ex. 10-4. Is the sum of two independent binomial variates a 
binomial variate ? If not, what are the conditions under which it is so Y 


Sol Let xi and xz be two independent binomial variates with 
parameters лу, ру and no, p» respectively. 


Then Molt) of x-( ne) 
and Molt) of xa—(qa--pie') * 
Let x=xi XA 
| Then Mo(t) of x={Mo(t) of x1}.{Mo(t) of xa} 

n pie l (дарае) : 
which being not of the form (g--pe!)" implies that x is not а bino- 
mial variate. 

If pi=pa=p so that 1 . 


Then Mol) of х= (9 ре)" 


which implies that x is a binomial variate with parameters (rı +a) 
and р. Therefore, the required condition is 


51 
) 10.1.6. Cummulative Function and Cumulants 
By def, cumulative f" is given by 
Ko(t)=log Mo(t)=n log (q+pe') 
m" 8 4 
=n log leo (mrt PB E, J 


" 8 “ 1 72 2 
=n (er +P 3177 47+ }-т{н+ 217? 27 


"n 18 
But Ko(t)=kit+ke 3T ths 31 й 


kı(0)=np, ko=npq, 
Ка=п{р— 3p? -2p*) -np(1— 3p 4-2x?) 
—np(1—2p)(1 —p)—npa(q— p) 
K n[p — 7p? + 12p?— 6p*]—np(1— 7p + 12p2— 6р3} 
=np{(1—p)(1—6p+ 6p2)} 
=npq{l — 6p(1— p)) 
—npq(1— 6рд). 
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Ex. 10-5. Show that for the binomial dist. with parameters п 
and p, 


vd 98- 
Hence deduce the values of ka, kg and ka. 
Sol For B.D., Mo(t)=(q+pe')” 
 Ko(t)=log Mo(t)=n log (q--pef) 


dr 

„ keen (a flog(qtpe}} lo 

dkr _ dt et-1 ] 
А "dp U Sr а" === t=0 

dra 
Alo kein Ar flog (pe |, _ 9 
а pet 
od 1 * 
; d Pe. de. EN 
. K* Pq . Lae [sue tm atp — Ha 
r ete ] 

“dt | pe'rq =0 
qs Е 00 he a 


ka ks 
+1=р@ dp 
Put ғ=1, 2 and 3 


ka=pq T as kı=p1'(0)=np 
* = 2 np - 


and ka=pq a —npq(a(a— p) P(a— p) — 2pq) 


=npq{(4+p)?— бра} 
—npg(1— 6pq) 

Ex. 10-6, Ifa coin is tossed n times vere n is a large even 
number, show that the probability of exactly 7-х heads and 5. 
4-x tails is 

—2х?% 


ET 


жол 
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Sol. Let the occur: 
and p be its probability. 


Then 


rence of a head in a toss be called success 


3 
2 
Probability of x successes is given by 


1 n 
Poe. + ) 
Since n is an even number, let 
n=2k 
where k is a positive integer. 


P(x)o?*e, ( i) 


Cha) > 
Now P(k— x) E 2 


Е 
2 
2k! kik! 
“(k=alktel ЗЕ! 
kik! 


TE- EFN 
By Stirling’s formula, 
K l Mn e s +4 
Pik- x) 
PR) 
Vine E уе ttt 

pkt! 

“k-n AT LEER 
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1 ved xt 
GH ДИА. ) 
1 x 1 x 
(em) Forat) 
x2 
"= 
neglecting terms containing , and highe powers of t as k is 
large. 
A 
.. PAK PN] e Т 
2x: 
IM T UR. 
cx. (2) e 
2x? 
2k! (1 ye у 
Tee) 6 
Ds e? * (2702 tt yes a n 
(вну 
2x2 
1 WD 
Task e 
2x2 
s лу RT RE 
=,/——e 
un 


Ex. 10-7. Six dice are thrown 729 times. How many times di 
you expect at least three dice to show a 5 or 67 Mer 


Sol Here N=729, n=6 


Let the occurrence of 5 or 6 be regarded as succes: 
beni ot ME ва ass з and p be the 


Now p=prob. of occurrence of 5 or 6 
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Prob of x successes is given by 
60226 
P(x)— cep*p8-*— e 


By theorem of total probability, probability of at least three 
successes 


zP(3) + P(4)4-P(5)4- P(6) 

ü 35 {8cg.28-4-8c4.22-+8cs.2-+8ca} 
1 $6.54 ., 6543 

—55 {321 ETEEN 446241} 
1 

gg (60604-12411) 

_ 23 

7209 


No. of times at least three suecesses occur 


233 
=a 729—233 


Ex. 10.8. A perfect cubic die is thrown a large number of times 
in sets of 8. The occurrence of or б is called a success. In what 
proportion of the sets would you expect 3 successes ? 


Sol Here n—8, 
p probability of success 
= probability of occurrence of 5 or 6 


.. Probability of x successes is given by 
1 )*/ 2 M7* 80,,28-ғ 
P(x)=8es (= ) (3) Ll 38 — 


$525 876 32 
+ FG — 032 15681 


1702 
56561 0273 


.. Required proportion 0273 127.316. 
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Ex. 10.9. Assuming that half the population are consumers of 
rice so that the chance of an individual being a consumer is 7 and 


assuming that 100 investigators each take 10 individuals to see whether 
they are consumers, how many investigators would you expect to report 
that three people or less were consumers ? 


Sol. Here N=100, n—10, => 


prs 


1 P(x) "ce ( i) 


2. Required number= 100(P(3)-- P(2)-- P(1)3-P(0) 
= 50 (10cg -. 100 4-100, -＋ 1000) 


100 f 10.9.8 , 10.9 
m Tir; +1041} 


100 
= p74 020745101) 


17600 
= 71024 


e]17. 


Ex. 10-10. An irregular six-faced die is thrown and the expec- 
tation that in 10 throws it will give five even numbers is twice the 
expectation that it will give four even numbers. How many times in 
10,000 sets of 10 throws would you expect it to give no even number ? 

Sol. Let p be the probability of an even number and q=1 — ә. 

Then the prob. of getting five even numbers 

=10с.р55 
and the prob, of getting four even numbers 
=10¢,, 549 
By given, 
1065. p5g5=2. c4. 5498 
or 3p=Sq=5—5p 


5 Ы 
a РӘ апа а= ae 


10.15 
А 3 үш 
.'. Required number=10,000 1 100 ( a } 
=10,000 (+ ) 


8 
=0°549=1. 
Ex, 10-11. In a precision bombing attack there is a 50% chance 
that any one bomb will strike the target. Two direct hits are required 


to destroy the target completely. How many bombs must be dropped 
to give a 99% chance or better of completely destroying the target ? 


Sol. Here 72 =q. 


Let n be the required number of bombs. Out of at least 2 
bombs must hit the target in order to destroy it completely. 


P(2)--P(3)4-......--P(n) > 0:99 
where 0 "n 

: 1—P(0)— P(1) > 0:99 
or 0:01 > P(0)4-P(1)— 25 + 
or : 100(n--1) $ 2" 


The value of п is the least positive integer satisfying the in- 
equality. 


Putting n=10 
1100 « 210 or 1100 < 1024 

which is not true, 

Putting n-ll 

1200 223 ог  1200« 2048 

which is true, 

** п==11. 

Ex, 10-12. Show that if two symmetrical binomial distributions 
(-) of degree n (and of the same number of observations) 


are so superposed that the rth term of the one coincides with the 
(r+ th term of the other, the distribution formed by adding super- 
posed terms is a symmetrical binomial distribution of degree (n+-1). 


Sol. Let N be the number of observations. Then the 
successive terms of the binomial distribution are 


e 
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rth term of the first distributione N. nc, 


-1 2" 
and (r+1)th term of the second distribution=W."e, —L 
„„ Sum -— (era ner) 
— Mende, 


=2N e, 151 


which is the (r+1)th term of the binomial distribution 
1 pon 
2N. (5 +5 ) 
which is symmetrical binomial distribution of degree (n- I) and total 
frequency 2N. 


Ех, 10-13, Eight mice are selected at random and they are 
divided into two groups of 4 each. Each mouse in group A is given 
a dose of certain poison ‘a’ which is expected to ўш опе in four; 
each mouse in group B is given a dose of certain poison *b' which is 
expected to kill one in two. Find the probability that the deaths in 
group Bare less than in group A. 


Sol. For group А, 


1 3 
n=4, p=, 4=т 


Prob. of x successes is given by 
1 *. 3 4-с 
U 
ے‎ e)3 
256 
For group B, 


n=4, p=}, q=4- 


Prob, of x successes is given by 


онны (12) 


dc 
= 


16 


U 


— 
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Reqd. prob. Q(0){P(1)+P(2)+P(3)+P(4)}+O(1{P(2) 


+P(3)+P(A)}+ Q(2){P3)+P(A)} + О(З){Р(4)} 


= jg Colden 3° dey EL Ce 


+4cy(4c9.38-+403.3-+-4c4) +4c9(4e9.3-+4c4) 


+} 
40858 ((1084-54-4-12--1)--4(54 4-12 4-1) + 
+6(12+1)+4} 
д2 525 
1096: 


Ex. 10-14. Find the probability of success if the ratio of the 
probability of exactly r failures to the probability of exactly (n—r) 
failures in n trials is independent of n. 


Sol. Let p be the prob. of success and q-1— p. 
Then prob. of r failures="erg"p""* 
and prob. of (n—r) failures = 


-2r 
Ratio -( р. y 
q 
This ratio can be independent of n only when 
Zal 
q 
er р=4=1—р 
1 
pes. 


Ex. 10-15, Bring out the fallacy, if any, in the Sollowing 
Statement. 


The mean of a binomial distribution is 5 and its s.d. is 3. 
Sol Here mp=5 


and Vp 3 
s npq=9 

or 5q=9 
oe g=18 


which is not true as probability is to be less than unity. 


Ex. 10-16. If on an average 1 vessel in every 10 is wrecked, find 
the probability that out of 5 vessels expected to arrive 4 at least will 
arrive safely. 


10.18 
Sol. Let the arrival of a vessel safely be called success, 


Then p=prob. of a vessel to arrive safely 
=(1— prob. of a vessel to be wrecked) 
1113 
10 10 
Д ын 
ү 10 
Неге n=5 
. Scr. 9⸗ 
Р(х)= 105 
Required prob. =P(4)+P(5) 
105 beer +55} 
9 ( 92 (144 0. 
io os 0 91854. 


Ex. 10-17. ‘m things are distributed among ‘a’ men and Ф 
women, show that the chance that the number of things received by men 
is odd, is 
1 (Ь+ау”—(Ь—ат" 


2° (6+a)™ 
Sol. If one thing is distributed, prob. of a man to get it 


isi 
a+b 
and prob. for a woman to get it 
b 
“arb 
out of т things distributed, prob. for men to receive ‘r” 
things 
a 1 b mr 
zs) GP) 


*. Prob. for men to receive odd number of things 


xw 


where summation extends over odd values of r from 0 to m. 


=g E | а] 


SOP UM MEN r РОР Е 
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Ex. 10-18. Mean of a binomial distribution is 4 and its third 
moment about mean is 1:92. Find other constants of the distribution. 


Sol Here np=4 0) 
pa npq(q — p)—1:92 (1) 
4% —p)=0'48 
or 90241) 0-48 
or 292—q—0:48—0 


or (244-0:6)(q —0:8)—0 
q=0'8 as qx—0°3 


From (i) n 


n= 20, р=0:2, q—0'8 
Mode=greatest integer less than (n +1) p=42 
=4 
Variance Hh npq— 20(0:2)(0:8)— 3:2 
5. d. NMH = / 32 
pa--npq(1-4-3pq(n— 2)} 
—:3:2(14-3(0:2/(0:8)18) 
—(3:2)9:64)—30:845 
us? _ (19298 
= = =0'1125 
= ( 75 
Ba 30:848 
h= poe (32% 
y= vV 1= 03354 
= В2— 3==0'0125 
Ex. 10-19. The following data are the number of seeds germi-- 
nating out of 10 on damp filter paper for 80 sets of seeds, Fita 


binomial distribution to these data: 
x: O 1 2 3 4 5 6 7 8 9. I0 Total 


7 6 20 28 12 860000 0 80 
Sol. Here n—10, N=80 and 2/—80 
Zfx (20) 1 -+(28)2-+(42)3+(8)4+(6)5 
AM m ee a 
f 
20+56+36+32+0 
EAE 


=> 5 


19.20 


: م‎ —02175 
a q=1—q=0'7825 
Hence the binomial distribution to be fitted to the data is 
80(0'7825 +0:2175)10 
Required binomial frequency distribution is 
x: 0 1 2 3 4 8 7458.9 
f169 191 240 178 86 29 07 01 0 0 
Ex. 10-20. For a binomial variate x, find p if n=4 
and P(x=4)= 6P(x= 2) 
Sol. The distribution of x is 
P(x)=4cap%gn-# 


10 
0 


Now P(4)=6P(2) 
В pt=6*cap?q? 
ie, p?=36q2 (assuming p30) 
> p=6q ( p«0) 
- =6— 6p 
6 
Pe 


Ex. 10-21. For a binomial distribution the mean is 4 and 
wariance is 2. Find the distribution 


Sol np=4, npq=2 


n^" 4= — 


юе 


1 
oe n=8 
-. Binomial distribution is 


Po) ecl 2 J a y 
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Ex. 10-22. If x and у are binomial variates with п=10, 


respectively.‏ ا and n=5,‏ دم 


Find P(x+y>1) 


Sol. Since probabilities of success for x and y are same, 
x+y is a binomial variate with 


P D 


2 
Let z=x+y 
Then distribution of z is 
1 M5 
P(z)=15¢, (+) , 220, 1,......15 
P(z>1)=1—P(z<1) 
=1—P(z=0) 
1 M5 
Ex. 10-23. Starting with the identity 
n 
D "сер°ф"С®==(4-Ер)" 
х=0 
„find mean and variance of B.D. 
Sol. By given identity 
n 
У vp (q+ p)* 
x=0 
Differentiating w.r.t. p 
n 
2 o Sn 4 1 (n— x) gh) p*}=n(q +p)" - 1+1) 
x= 
( 204. | ) 
++ dp. 
n 
ie., Doc pe ine {xg—(n—x)p}=0 
x=0 
n 
as У "cap*g"-* (x—np)=0 ...)1( 
x=0 
n n 
ie., S х."сер"°д“ ®*—пр D werbe = 
x=0 x=0 
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he, X—np (q+p)"=0 
> ¥=np 
Differentiating (1) w.r.t. p 

n 


: o Plot gn (п x) prar) ( "p) p"q"™*(—n)]=0 
x= 
n 
le., 2 "capti gn-e-1 (9 (n— x)p) (x—np) 
x=0 


n 
=n X cep = 
x=0 


n 
> +5 > "сер"4"* (x— np): п (q-+p)"=0 
x=0 
> жг=прд. 
10-2. Poisson Distribution (P.D.) 


Poisson Probability Distribution. The poisson probability 
dist. of the variate x is 


P(x)=em I X, I. 


E 
The variate x is called Poisson Variate and m is called the para- 
meter of the distribution, 


Poisson Frequency Distribution. The poisson frequency dist, 
of the variate x is 


Pa) Nem ТЕ, * =, 1,......00 


Where N is the total frequency, 
Derivation, Poisson distribution is a probability distribution 


2 - 
in which the chances of 0, 1, 2, ... successes are e", те", PE 
Tespectively, In this case then 
infini A Ee 


20а) e "cspegn-s 


10.23 
Lt P(x)= Lt "cjp*q'* 


n- o0 2-00 
p +0 p0 
пр=т пр=т 


п 
тант 
2 L Mano у-ту 


no. " 


= Кя (=) d 1—-) 
(Сезүү үст 


= em fe ( aye] 


Probability of x successes for Poisson distribution 
m 
x! 


10.2.1. First four moments about mean 


For Poisson distribution the probability of x successes is given 
by 


P(x)=e™ E x=0, 1, 2, . 00 


со со 
м0 T* P > xen 
x=0 x=0 


ZA mt mî 
=e { 1.т+2.-уү +3 “art 122533 ] 


2 
=me™ {i +т+ $e Tess 


me w. em m 


oo со 
وم‎ (0) X X Ріх)= Z x D 
x=0 x=0 


© © 
: Sen X <-1) w+ > x P(x) 


x=0 x=0 
=e { 24. AU S M | 


Sen m2(1-+m-+...)+m 
Sen m? enn =D +m 


a pa u1 (0) — u = + m— т2=т 
© 
8 (O) = 3 x9 P(x) 
х=0 
Writing х® as x(x —1)(x—2)--3x(x— 1)--x 


© 
43 (0) a Gate D(x— 2)+3x(x— 1)4-x) P(x) 
x= 


=m3+3m24+m 


ung (0)— 3y2'(0)p1'(0)-+2{u1'(0)}8 
m +3m2+m—3(m2+ m)m+2m=m 


© 
ш'(0)у= E x4 P(x) 
х=0 


But хї=х(х—1)(х— 2)(х— 3)-+6х(х— 1)(х— 2)+7х(х— +x 
eo 
m MUR ssim 1)(Х— 2)x— N- L)(x— 2) 


T7x(x— „) ＋ P(x) 
=тї-+-6т%-Е7т?-Ет. 


4 pa (0)— 413 (0)1 (0) 4- 645'(0)(41(0))2— 3{y1'(0)}4 
= m4 + 6m 3+ 72+ m— 4(m5--3m*--m)m--6(m--m)m? 
— 3m 


=3m +m, 


Ex. 10-24. In a Poisson distribution, P. =0 i 
Find the mean. Оет. = me 


Sol. Let m be the mean 
h =e-m ia 
Then P(x)=e xi 


?(0)=e™ 


10,25 
e ™=0°1 


1 
e= от 10 
m⸗ log. 10—2:3026 


Ex. 10-25. Deduce first four moments about mean for Poisson 
distribution from those of binomial distribution. 


Sol. Poisson distribution is the limiting form of binomial 
distribution when n(no. of trials) tends to infinity and P (prob. of 
success) tends to zero such that np remains a finite constant m. 


For binomial distribution, 
M1 (0) np, uo —npq, us npq(q— p) 
and pas npq(1 4-3pq(n— 2)} 
1 (0) for P.D.= Lt (0) for B.D. 
пэ 
p+0 
пр=т 
= Lt (пр)=т 

noo 
p>0 
пр=т 

uz for P.D.— Lt po for В.Р. 
n 00 
pod 
np=m 


= Lt (npg) 
noo 


из for P. O. Lt ye for B. D. 
noo 
5 0 
np m 


= Lt nmpq(q—p) 
n-oo 


and ра for P. D. Lt ya for B.D. 


п- со 
рэ0 
пр=т 
= Lt пра{1+3ра(п– 2) 
п- со 
p>0 
np=m 
н(е) оа) 
=,” Ces 0-2) 0-2) 
mem. 


Ex. 10-26. Let X and pr denote the mean and central rth 
moment of a Poisson distribution respectively. Obtain the recurrence 
formula 


d, 
Bri Apri A = 


Hence deduce the values of фу and Ba 


Sol By def, 
о 
А a 
ne S ex 
x= 
dur V | 
r 1 yis = 
A 4. ul А (gay еле алу 
х=0 
a^ 
(-e м} 
oo 


! e À Ux Ау(х—)—г(х— Aye E 


Ш 
cL 
xl. 


1 
= Arne Tpr.i 
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°. rr AAA See 
Put r=1, 2 and 3 


pa No tÀ * =) as ро=1 and 110 
= 2⁰,ẽ За д 
and раче 3A ug л N A 


А 2 1 JA „з... 

A e pm and 52. P M 

Ex. 10.27. For a Poisson variate x with parameter À, show that 
Brimir +A 4 


where pr' = E(x") andr is a non-negative integer. 
Sol. By def. 


S Dx U Ae тА Xx =з} 
AX = ۸ À 
i. pere ‘ST 


x=0 x=0 
=-+ 1 rmt 


> реА БА t 


10.2.2. Measure of skewness and kurtosis 
By def. 31d 
n-VB -/% ET = 
a 110 as т->со 
3m*4-m 1 
ER TEENS 


ya™=Ga—3 "я Б. 


үз>0'аз mD. 
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Ex. 10.28. For Poisson distribution show that 
тсүіүг=1. 


1 
Sol. LHS-mV m 


10.23. Mode of the Poisson Distribution 
In Poisson distribution the probability of x successes is given by 
xa УД 
Nx) eu. a 


The mode is that value of x for which P(x) is greater than or 
equal to P(x— 1) and Р(х+ 1) i.e., 
P(x-1) < Р(х) 2 Р(х+1) 


Consider 
P(x—1) < Р(х) 
mi mî 
Ne т 
x cm 
or Xx S m ...() 
Similarly other inequality gives 
x>m-) „(ii) 
From (i) and (ii) modal value x satisfies the inequality 
т-1<х<т (i) 
Case I. If mis an integer, then (m— 1) is also an integer. 


Р(х=т) 


NT Р(х=т-1) “ml etm 


^ P(x=m)=P(x=m-—1) (iy) 
.. In this case P(x) increases till x=m—1 and then (iv) holds 
and after that it begins to decrease. 
Case II. If mis not an integer, let 
m=a(an integer) -/(а fraction) 
when x takes the value ‘a’ (which is less than т but greater than 
m-—1) from (i) and (ii) 
P(a—1) < P(a) > Р(а+1) 
x=a(greatest integer less than m) is the mode. 
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10.24. Moment Generating Function 
By def., 


© 
меде") У ett 
x=0 


© 
X MN 
x=0 
Now M(t)— E(e!*- m) етт E(etz) 
Ser, Moc) =e е, “7 1) 


Deduction of Moments 
miei. 1—1) 


M (t)=e 
А "eee 2 


2 18 2 
. 27 4 apte blz } 
m(19 B з mfe 4 
{т 21*31* en: Pe боеве [+ mm 


Bu M td opp ptt 
z 07l*n tar] tos GT tee Gy te 
11 0, ug т, un m, ua m4-3m*, 


Ex. 10-29, Show that the sum of iwo independent Poisson 
variates is a Poisson variate. 


Sol. Let x; and xz be two Poisson variates with means ту and 


mg. 
Let х=ху+Хх 
Then Molt) of x={Mo(t) of x1).(Mo(t) of xa} 
Now Мо) of eee - D 
and Molt) of љт D 
Mt) of x= {mit moyen 1) 


whieh is a M. G. F. of a poisson variate with mean mz. 
x is a Poisson variate with mean m +mg. 


10.30 


Ex. 10-30. Find Mo(t) of the difference of two independent 
Poisson variates with means my and ms and show that itis not a 
Poisson variate. 


Sol. List u=x-y 

Then Molt) of u= Ее) = E(e! 7?) 
=Е(е")Е(е-%) 
006-0) iT D 
eexp(m(e — 1)+ miG7t1)) 


d іа Molt) of u is not of the form QUT u is not а 


10.2.5. Cummulative Function and Cummulants 
By def., cummulative fuaction is given by 


Kit) log Mo(t)=log ene D 


ki) = т, ka=ka=......=m, 


Ex. 10-91. [fx is a Poisson variate such that 
P(x=1)=3 P(x=2) 

Find mean and variance. Also find Р(х=0) 

Sol. Let A be the parameter of x. 


Then Pee 21 
Now P(x—1)22 Р(х=2) 
=) LÀ QM 
e PLI aT 
WE Al 
* Mean=Variance=\=1 and PO e 
Ex. 10-32. If х із а Poisson variate with mean m, find 
(i) Re. 
(ii) E(xe™). 


с 
sol. (0 E > ote 


х=0 


10,31 


со 
ا‎ (me) a me 
e >= e 
x=0 


=." =e) 


o0 
m 
ш) Rx) > et xem 
x=0 


Sen. (me INC 


a= me^" =е7%)-к 
Ex. 10-33, Show that in a poisson distribution with unit mean, 
mean deviation about mean is 2. 


" Sol. Since in a poisson distribution with parameter m, mean 
m. 
^ mel j 


«<. Poisson distribution is 
e 

Р(х)= x!’ х=0, 1, 2, ... 

„ Mean deviation about mean is given by 


M.D.=E | х--1 | 
= 1 
-$u 
x=0 
2 = 
—_~ e 1. > (х-1) ^T 


х=2 


10,32 


ы Die ж sr} 
x=2 

А) 

2ے 


Ex. 10-34. If x and y are Poisson variates with means m and m' 
respectively. Prove that the probability that (x— y) has the value ғ is 
the co-efficient of ir in exp. Init Em ti m—m'}. 

Sol P(x—y=r) is required. 

Now x— y will take the value r when x takes the value r-+s and 
y takes the value s where s=0, 1, 2 


„I, 2, 


By compound prob theorem, prob of x taking the value r--s 
and y taking the value s is 


m'te — 5 m" 
( "TFS (е ке aT) 
By total prob theorem, prob of (x — y) taking the value г 


oo 


rms 
=e (nym?) mom 


EIL" 
um 4 
e mim”, co-efficient of tf in Fito 
=co-efficient of rr in Em mm 
Ex. 10-35. If x is a Poisson variate with mean m, find M. G. F. 
of N and find its limit when m- co, 


Sol, Mo(t) of z= E(e") 


10,33 


1 
log (Molt) of z}=m ( Vn -1 bus 
e = 
tns) vx) D SUE aa n 
=L 1?--terms containing Ta and higher powers 


Lt al 
ou log (Me(t) of z}= 2 2 
vost Аё 
Mc. Molt) of z=e 


Ex. 10-36. Find the probability that at most 5 defective fuses 
will be found in a box of 200 fuses if experience show that 2% of such 
fuses are defective, 


Sol. Let the presence of a defective fuse in the box be called 
success, 


Then p=prob of success 002 
Here п=200. 


Since n is large and p is small the distribution can be taken to 
be Poissonian. 


m=np=(200)(0°02)=4 
ste eme A 00183 
Р(х) е6, © 00183) . 
ae x! 
Required prob PO) 4- P(1)4-P(2)4- P(3)4- P(4) -P(5) 
(00183) { 144484 422 e әт 
Ex. 10-37. In a certain factory turning out razor blades, there 
is а small chance " for any blade to be defective. The blades are 


supplied in packets of 10. Use Poisson's distribution to calculate the 
approximute number of packets containing no defective, one defective 
and two defective blades respectively in a consignment of 10,000 
packets. 


Sol. Here p= 


500 10. N=10,000 
m=np= 1 10: 1 2092 

OE 500; % 30 
ет=е-002—09802 
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Prob. of having x defective blades is given by 
(0:9802)(0-02)* 
Me USE ае 


No. of packets containing x defective blades 
- 10,000 (0900250027 


No. of packets containing no defective blade 
7210,000(0:9802)- 9802 | 
No. of packets containing one defective blade | 
=10,000(0°9802)(0°02)== 196-04 
e196 
and No. of packets containing two defective blades 


—10,000(0-9802) CDE 19604 
2, 


Ез. 10-38. Fit Poisson's distrik.:tlon to the following and 
calculate theoretical frequencies : 


Death 0 1 2 3 4 
Frequencies 122 60 15 2 o 


Sel. mi mean 1220 (601 4152.40) + (I4 


SE | 


„iO Cos 310-03» 
+зт(—09+ Af Co 
71—0:5--0*125.— 0:0208-- 0:0026— 0:00026 
=0°61 (nearly) 
i'e Theoretical frequency of x deaths is 
200.е-0:5 wes 
x 


0:5 
7249) 927 
- Theoretical frequencies are 
122, 61, 15, 2 and 0, 
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Ex. 10-39, A ca- hire firm has two cars which it hires out day 
by day. The number of demands for a car on each day is distributed 
as a Poisson distribution with mean 1'5. Calculate the qu of 
days on which neither саг is used and the proportion of days on which 
some demand is refused (e~'5=0'2231), 


Sol. Let x be the number of demands for a car in a day. 
Then dist of x is 
P(x)=e-1 jJ 
Now the proportion of days on which neither car is used 
= P(of no demand in a day} 
= P(x20)me71520:2231 
and the proportion of days on which some demand is refused 
= P(x > 2) 
=1-P{x 2} 
=1-P(x=0)—P(x=1)—P{x=2} 
m1 —e715{1 + 1°5-+1'125} 
== | (0 2231()3'625 6 
Ex. 10-40. For a Poisson variate with parameter à, show that 
Мести, л H Copr- He БСО) n 


Sol Ву def. 
prm E(x — M 
— LJ 
=X e-a E ра 
x=0 
© 
-> (х-– А)" © ET (- 
x=0 
ы c a * 
=> ae aye" x “A > aare m 
x=0 x=0 
oo 


-A * 
-5 (x-1-A+1) e асый pr 
х=1 


10,36 


oo 
=v» 
= Xe- Mayr eA A pe 
x=0 


=A Унаа. 273 


x! 
x=0 
—A pr 
=À [peter priate. ci A pr 
=A [Fer pac... Teer yo] 
(. po=1) 


Ex, 10-41. If x and y are independent Poisson Variates, show 
that the conditional distribution of x given x+y is binomial. 


Sol Let A, д be the parameters of x, y respectively, 
4 Then, z—x--y is a P. V. with parameter Àd-4. Distributions of 
х, у, 2 are 
-À Ae 
P(x)=e "T 
me ^. ^ 
Р(у)=е $1 
P(z)me бн) cay 
z! 


Now Nx -= P(x=r, zen) 


P(zzn) 
Р(х, x4- yon) 
P(e=n) 
Р(х yen-r 
Sa 
= P(x=r) Р(у=п-) 


P(z=n) 
{7 x, y are independent} 


A ie ша 
= rt: E 


e (+e) AFA)" 
n! 


“mnl 


10.37 
=", р" 9 
fiiino: в 
where p= XER TEEN 
which gives the conditional distribution of x given x+y=n. This is 


a B.D. with parameters п and 25 


ft Ex. 10-42. Fora Poisson distribution with parameter ^ show 
t 
Р(х+1)= РО) 
x+1 


103. Normal Distribution 


Normal Probability Distribution. The normal distribution 
of the variate x with mean m and s.d. с is 


The variate x is called normal variate. 
The curve with equation 
d 
782 с 
сув ^ 
4s called normal curve. 
If М is the total freq., the corresponding normal curve is 


„ 


(i) To derive normal distribution as a limiting form of binomial 
distribution, 


Sol. Normal distribution can be regarded as the limiting form 
of the bionomial distribution when л, the number of trials is very 
large and neither p nor q is very small. 


лр (1) 
Let 2 3 
where x is a binomial variate with parameters п and p. Since 


mean and s.d. of x are np and Vp, the variate z defined by (1) 
has zero mean and unit variance. As x takes values from 0 to n, 


y= 


4 


1038 


z takes values from— [Р to J2 and the jump in the value of 


1 К 
Е at each stage is Ni TA Now as n-co two extreme values 


of 2 tends to — co and оо respectively and the jump at each stage 
tends to zero. Thus in the limit we expect the bution of z to 
be continuous extending from — со to oo and having zero mean and 
unit variance. у 


5 dist the prob for the variate x to take value x 


P(x)="cap"g" "= sth p. 
By Stirling's formula 


n les Vn oven n+} 
^ P(x) 


Vn ein "+ pp 
EE x xt (Vn en, (n x)" Er) 


“on Je yt (Шун 


Let (E Syn (A р-н 
les Næ- (49) u б -( п-х+-}-) log = ' 
From (i) x=np +2V/ pq 
^ log Ne - (mrs) log (1+: NI i) 

E nq—z^/ пра +4) log ( 1- >) 
As n is very large and tends to infinity both AES and E 


Jz сап be taken to be less than unity and hence both the | 
logarithms can be expanded in series. 


10.39 
(miv wa +7) e| %- Fe Lt... | 
( 


N +7 ||? Jeet abes] 
1 


=~ 2 * term containing п in the denominator 


*. log N=- 


+ 


„„ log N>- + 2% as n- 0 


le, Nae V. але 


1 

Since Jae. is the increment in z at each stage and tends to 

zero a8 nœ we denote its limit by dz. 
If dP denote the probability for the variate z to lie in the 
interna] z— + dz and z+ + dz we have 
dpm ا‎ 
P= Vix. e dz. 

This is the required continuous distribution of z and is called 

Normal distribution. 


(ii) To derive normal distribution as a limiting form of Poisson 
distribution. 


Sol. Normal distribution can also be regarded as the limiting 
form of the Poisson distribution when its parameter m is large. 
x-m 
Let z= Ут. (1) 
where x is a Poisson variate with parameter m. Since mean and 


d. of x are m and Vm, the variate z defined by (1) has zero mean 
and unit variance. As x takes values from 0 to со, 2 takes values 


from Vm to co and the jump in the value of z at each stage is 


Ta Now as m = со two extreme values of z tend to — oo and со 


and the jump at each stage tends to zero. Thus in the limit we expect 
the distribution of z to be continuous extending from — со to со and 
having zero mean and unit variance. In Poisson dist, the prob. for x 
to take value x is given by 


m m" т m* 
Р(х)=е AI. exe Jue FES TE 


10.40 


Let М=е=т, (=) 
^. log N=x-—m— ( 44) log = 
=х-т- ( +4) 020 1+ ) [from ай 
=х-т- СЕТ m xS ps ) 
1 


imu z*--terms containing m in the denominator 


—322 
4. log or Ме NU 


Since = is the increment in 2 at each stage and tends to 
Zero as m->co we denote its limit by dz. 

-. If dP denotes the probability for the variate 2 to lie in the 
interval z— i dz and z4- + dz we have 


1 — 42% 
йрету е 42 4 


10.3.1. Mean deviation about mean for a normal variate 
with mean m and s:d. c. 


Sol. Dist of a normal variate x is 


dP= 2 


-. Mean deviation from mean 


A © - } 
2 
=g] {х-т|е я dx 
— 00 
© 
1 AN 
ءاره | إت‎ dy 


103.2. Moments 
(i) Odd order moments about mean 


For a normal variate with mean m and s.d. c 


1 — а 5 y 
dN on, e 2 с dx - o & Y 
un- Ele- т}! 
© _1үх-т\@ 
إل‎ aH 20 d d 
Vir (x— me x 
— 0 


2ntl 
e | уне ty dy 
— 0 
where LI 
=0 (as integrand is an odd f"). 


(il) Even order moments about mean 
For a normal variate x with mean m and s.d. o 


1 22 Vig 
а Lr e dx – ю0<х<0 


© со 
di | d eu CMT) 
0 


10.41 


10.42 


-Jx EP LS pereo ente] 
0 


[.] 
=o8(2n—1). a ol (71 иа ду 
0 


nn 1)p2n-2 
Put п=2 
Й.қ ра= 30 рае 30. 
Ех, 10-43. Show that 
pan 1. 3.5. 2-1) 02 
gol. By recurrence formula 
Un 1) o? per? 
Put nen, n=l, ., 2,1 
Ba, (2n 1) 92 pona 
prn_g=(2n— 3) o? uon. 


pam 30 ya 
Medie iot („ 20 
Multiplying 
pans 1.3... ...(2n— Hoe 
е A "i Let x be a N(m, o) (i.e. anormal variate with mean 
(i) pna = mp r1 (oo p)! ot фт 
where jor’ denotes the rth moment about zero. 


КА 


$^ By def. 
p eee Er) 


10.43 


% 2 1 
=o 
e 
aya ОТЕ 
TN 45 ) qem) a 


Ы : © 1 (ey 
--" xxl "(x2 xm mi) e das 
— о 


dv 


т? 2 
(gt a 
„„ mii - т)" o cs 


(ii) By def. 
ua: E(x— my 


lee. -z( m А 


ovn. 


о 
dyar E Sel x21 
de 0 | Game 
-00 


o0 


(У р 
tx (x—m)* e >з {8°} dx 
—o 
کے‎ bares | 
oT o 


ee 


| 1044 
| С 1033. Measures of Skewness and Kurtosis 


For a normal variate with mean m and s.d. c, 
рз=0 and 4 304 


fe he tie 0 and Lr =3 


у= 150 and y= fa — 3=0. 

10.3.4. Moment Generating Function 
| Ву Def, 

ot таа p? Jes 
eee. | e, e 

E 
000 

т] t(m+ay) ws 


where y= 


where 2=у-1с 
йт 120° 


.. M. G. F. about mean т із given by 
M (= еби) se Ee) 
duis mi дё 
Deductions 


110 
Moe 


2 п 
lug 2 4 
21+ Z 504 TRAE s. 
"^ 210 
iul (^ de 
and Qn) 25 aI 
1 Ml a, 
To MURS IY 


=(2л- 1)......3.1о%" 
10.3.3. Cummulative Function and Cummulants 
By def., cumulative f" is given by 


Ko(t)=logMo(t)=log ht 1 1 7202 


2 
But Ko(t)=kye-+-ke * dn. but. 
where ki, ke, ...... are various cumulants, 
(O)ki=m, kao, Кв=0,. k4—0,......... 
Thus all cumulants after the second are equal to zero. 


Ex. 10-45. Show that a linear combination of independent normal 
variates is also a normal variate. 


Sol. Let x1, x2,...x, be normal variates with means Mis m, ...... 
My and s.ds. 01, 0g. . . 0, 

Let. и= ахі N :..... а,Хһ 
where a's are constants. 

Now Mte E E{e}= E { ea C УЛЫ iem) 


{х1, x2, . . are independent} 
= Mo(ta;) of xj Mo(tag) of xp Моа) 18% 


= аит + }(101)*01} f(ras)ma t M(ta5)os) 
idis etam, +4(tan)®on2} 
"Fam 3220202 


which is the M.G.F. of a normal variate with mean Хат, and 
variance Ca. 204. 


K и is a normal variate with mean Хаст: and variance 
ав. 


| Ex. 10-46. If the independent variates x, (i=l, 2, ..... n) are 
normally distributed about the common mean p, with a common 


n 
variance o, show that their mean (+ b: ) is also normally dis- 
i=] 
2 
tributed about the same mean y but with variance =. 


Sol Неге m- m. n and ai mage d. 


n 
ifs ui > xı=# is а normal variate with mean Zam 
i=] 


n n 


Ex. 10-47. Show that for the N.D. mean, mode and median 
coincide. 


Sol. The density curve for ће N.D. is 


p 


1 
SUR M 
Put х-т=Х 
1 x? 
ide Ses 052 288g 
у % R 4 
which is evidently symmetrical about ће line X=0 i. e., xem. 
M xm is the median. 
Also evidently y decreases continuously as X increases. numeri- 


cally and is maximum for X=0. 
i X80 Le, xm is the mode. 
Mean Mode- Median m. 
Ex. 10-48. Find the points of inflextion of the normal curve. 
Sol. The eq. of the normal curve is 
1 ( х-т y 
1 Wey Ber 
у= 2 Zu e ...)1( 


ышка Ê E in 


نیف ایو ف و W‏ 


10.47 


At the points of inflextion 
fie н 
z сЕ 
Егот (1) 25 50 e 2 9 {- ч ү 
1 Sy 
dy _ 1 1 ( an ) 
“ Ww t peg 


+ 
diy 
Put r 
m 
(х-т) 1=0 
or x-mic. 


нра фти ТЕЗ 
At хет+, s War e [Fa +3] 
2 ak 
aa 
^ At the points of inflextion 
x=mto 


1 je 
and hence from (1) Jin e i | 
Ex. 10-49. Give chief features of the normal curve, 
Sol The eq. of the normal curve is 
1/x-mM 
i -4( &- m ) 
7 6 I e 

(i) Mean, mode and median of the normal curve coincide. 


(ii) Since y becomes zero when x is numerically infinite, curve 
touches x— axis both on negative and positive side at 3 ie, 
x—axis is asymtote to the curve both on negative and positive 


„х0 


1048 
(iii) At the points of inflextion 
х=т+с 
Evidently the points of inflextion are equidistant from xen. 
(iv) Maximum values of army is 


ae 


Ex. 10-50. Deduce the first four moments about the mean 


i of 
the normal distribution from those of (i) the Binomial dist (it) the 


Poisson distribution. 
Sol. (i) For B.D. us=npq 
ne npq(q—p) 
pa7-npq(1 +3(n—2)pq} 
=P. 
Let ems 
when x is a binomial variate with parameters n and р. 


Then mean of z=E(z)= EN =0 


1 
pa for z= Ez 002 ot E(x—np)*=1 
1 = 
из for 2E coat E(x- o 


1+3(n—2)pq 
Ex- пр)%= EN 
tora ст) "pq 
Now as л->со, z a normal variate 

*. pe for normal variate= Lt ug for z=1 

no 


pa for normal variates Lt ygforz= Lt Tomo 
n- oo n-»oo V пра 

pa for nonna] variate= Lt ys for 2 
n 


Et p IP з} =з, 


ра for z= Hz) — —— 


і n 
(ii) For P. D. ш=т 


“=m 
„ 


Let is ттш E m 
where x is a a Poisson variate with parameter m. 


r 


P 


- 10.49 


Elx- 
Then mean of z= Am |-0 
us for ken- E Ех mel 


1 1 
us for 3 Б тубт Ta 
1 1 
ра for z= mE E(x—m)t=— +3 


As mc, z-»a normal variate. 


*. ра for normal variate Lt po for 21 
m- o0 
из for normal variate= Lt рз ѓог2= Lt 0 
m m-»oo m 


аюы Et аз 
ра for normal variate= rel 3a ) А 


Ех. 10-51. For a certain normal distribution the first moment 
about 10 is 40 and that the 4th moment about 50 is 48, what is the 
A.M. and s.d. of the dist ? 


Sol. Let m and o be A.M. and s.d. 


Then 41 (100 40 
E(x—10)—40 

or E(x)=50 
s m=50 

Also 14248 
n" 304-48 

^ а=2, 


Ex, 10:52, If X isa normal variate with mean 30 and за, 5. 
Find the probabilities that 


(i) 26 < X < 40, (й) | X-30| s. 
Sol (i) P(26€ Y«40)— P(26« X«,30)-- P(30€ X«40) 


Put zaži 
=р(-08<2<0)+2(00<7<2) 
-P(0€Z«08)4-P(0«Z«2) 
=0'2881 +-0°4772=0'7653. 

(using normal tables) 


10.50 
(i) P{ | X-30 | >5}=1—P{ | X-30 | <5} 
=1— P0256 X<35} 
=1—2Р{30<,Х<35} 
=1-2P0€Z<}} 
—1—2(03413) 
—0:3174. 


Ex. 10-53. For a normal distribution with mean 2 and variance 
9, find the value x of the variate such that the.probability of the variate 
lying in the interval (2, x) is 0:4115. 


Sol. Let X be normal variate. 


Then dist of X is 
{ za ex y 
Pas PR e 2V3 dX 

VEL 
rectors | e а ах 
Put I =z 

x-2 

rg г. 
= Fi = | е dz 
272 
3 


FADEN —LL[ 7469 
„ 0415 =! CO, 


б 2-2 . 
e Tg 7135 


* * 2 ＋ 405 6˙05. 


Ex. 10-54. Prove that, for the norma distribution, the quartile 
deviation, mean deviation and the s.d. are approximately in the ratio 
104 12: 15. : 

Sol. Let Q; and Qs be the Quartiles 


Then P(x«,01)—0:25 


10.51 


X-Q, xem x=Q;3 
P{Qi<x<m}=0:5—0:25 
=0:25 
т 1 / x—m) \? 
1 -3( с ) 
x e dz=0'25 
Qı 


Put — =y 


m= 2s ов 2) 


Also P{x>Q3}=0°25 
1 P{mgx<Q3}=0:25 


с 
ог RIS | et 028 
0 


2.— 0644 (20 
From (i) and (2) a ; 
BO oe e 3% 


10.2 


-. Quartile Deviation с 


دہ | +|“ 


Also Mean deviation=— с 


Q. D.: M. D.: S.D. :: 10: 12: 15, 
Ex. 10.55. J two normal universes A and B have the same 
total frequency but the s.d. of universe A isk times that of the 
1 
universe B, show that maximum frequency of universe A is T times 


that of universe B. 


^ Sol. Let N be the total frequency and oj, og be the s.d. of A 
and В. 


Then 01 K 
Let mi and тә be the A. Ms. of A and B. 
The frequency functions of A and B are 


zm) 
rone 2 01 
FQ) one 

» ciem) 
and Е (* e 2 c 
i B®) ogy 27 E 


Evidently F 4(QX is max for x=mı. 


[ 9 Je 
Similarly [ Fg ee, 


: Lecter | oa 1. 
д [2ъ(х)]тах ^ oy К 


be- [Ех 


Ex. 10-56. Assume the mean heights of soldiers to be 68-22 
inches with a variance of 10:8 (in, How many soldiers in a regiment 
of 1000 would you expect to be over 6 feet tall? (Given that the area 
under the standard normal curve between x=0 and x—0:35 is 0:1368 
and between x=0 and x=1°15 is 0:3746). 


10.53 


Sol. Let x inches be the height. 


Then x is a normal Variate with mean 68:22. inches and 
variance 10:8 (in)? 


Dist. of x is 
1 Е: ў 
1 2 
GPa V108 
VIU gx 
72 > «р: 5 
P(x 72 =05-] „ 
e eh IDN © dx 
* 66.22 
put ышын 
=- 7703 
х= 68:22" x=72" 
. 
1 ot 
nn 2)20:5—- —— 
P(x»72)-05 gels dz 
0 
=0'5— (0:3746) (given) 
=0'1254, 


the .. În a regiment of 1000, the number of soldiers taller than 
6 feet, 


=1000х0'1254=125'4 
22125, 


Ex. 10-57. If logio x is normally distributed with mean 4 and 
variance 4, find the probability of 1:202-—x «83180000. 
(Given logio 1202=3:08, log1o 8318— 3:92). 
(b) log1o x i$ normally distributed with mean 7 and variance 3. 
logo y is normally distributed with mean 3 and unit variance. If the 
distributions x and y are independent, find the prob of 


1202 < z < 83180000 
{Given logio 1202=3'08, logo 8318=392} 


10.84 
Sol. (a) Let y=logio x. 


Dist of y is 
+} 
1 2 2 dy 
2n 


-— —— é 


242m. 
0:08 


Put 2-4 =z 


> P{1'202<x< 83180000} 


96 
- E e 3? 20047800 
0 


(from normal tables) 
20:95. 
(b) Let zi —logio x and z;—logio y. 


, Then 2=21— а is also a normal variate with mean 7—324 and 
variance 34-124. 


*. Dist of z is 


10.55 


Now P {202< = <#3180000 } 


—P(0:08 <z<7-92} 
=0°95, ? {from (a)} 
Ex. 10-58. Jf the skulls are classified A, В апа C according as 
the length breadth index is under 75, between 75 and 80 and over 80, 
d approximately (assuming that the dist is normal) the means 


and s.d. of a series in which A are 58%, Bare 38% and C are 
4%, being given that if 


L6 
I= V | e : dx 
0 
then f(0:20) =0:08 and f(1:75)—0:46) 


Sol Let т and c be the mean and s.d. respectively and x be 
the length breadth index. Then dist of x is ' 


1 unde 


0-08 


3; 


5 


\A 


S 


0:04 
2 
x=m [= 


Now P{x<75}=0'58 which is greater than 0'50 and hence the 
ordinate x=75 is on the right of x=m. 


From fig., P{m<x<75}=0.08 


75 1 ( x-m y 
1 | 2\ в 
— 5 dx=0'08 
Ma] 
m 
Put — =z 


10.56 


75—-m 
1 anie 
e zzi e dz—0:08 
0 
From given, | 
020 E 
Again Nx 80(= 004 
i P{m<x<80}= 0'46 
80 — x ( x-m y 
۸ л] . 
m 
80—m 
6 
„046 
or n z = 0:4 
0 
^ SO Sas (from given) ...(2) 
From (1) and (2) 
mz744 (approx) 
с= 3:2, (арргох) 


Ex, 10-59. Оле thousand candidates іп ап examination were 
rouped іп to three classes 1, 11, 111 іп desceding order оў merit. 
The numbers in the first two classes were 50 and 350 res, ectively, The 
highest and lowest marks in class 11 were 60 and 50- respectively, 
Assuming the distribution to be normal, prove that the average mark 
я еа opproximately and standard deviation 7-1 approximately. 
iven that: 


Lal S. La A 
с с 
0:2 0:079 15 0:433 
0:3 0:118 16 0:445 
~ 04 0:155 17 0:455 


where the area A is measured from the mean zero to any ordinate x. 
Sol. Number of candidates getting III class 
= 1000—(350-+50)=600 
P(x«50)—0:6 à 


10.57 


Also Р{х<т}=0'5 
P(m«x«50)—0:1 
Qı 


Х=50 


xem 


Put 2 
с 


Н 50—m Я 
NM {о<г< Sam 01 
From given data 


Value of A for = =0°2 is 0079 
Value of A for = =0'3 i$ 0:118 


.'. Increment in A for increment 0:1. in = 
= 0039, 


Increment in + for increment 0'021 in 4 


^j 08001 =0:054 


Value of = (for A=0:1)=0:2+0'054 
—0:254 
m 0.284 00 


Also уке 60}=0:05 
Pim<x<60}=0'5-0:05=0'45 
pÍ 0<2< A 46 
As above, from given data 
ome, i65 — E (2) 


10.58 


From (I) and (2) 
с=7:1 (approx) 
and т=48°2, (approx) 


10-60. In a normal dist, 31% of the items are under 45 
and 8 D? are over 64. Find the mean and s.d. of the distribution. 


fol Let m be the mean and с the s.d. Then 
P{x<45}=0°31 
se P(45«x«m)-0:19 


er pj Sam 20 o 


0:08 


220 


2 xem Х=64 


nS —0:496 ...)1( 
Similarly Pf 0<2< — 042 
— =1°405 (2) 


From (1) and (2) 
o=10 (approx.) 
т= 50. (approx.) 


Ex. 10-61. In а distribution exactly normal, 7% of the items 
2 35 and 89% are under 63.- Wh t are the mean and s.d. of 
the dist 


Sol. P{x<35}=0-07 
Р{35<х<т}=0:43 
E. .o me 5 ous 


10.59 


— 416 NO 
с 
P(x«-63) 20:89 
po P{m<x<63}=0'39 
79 f 0«z4 2|039 
А Sam ime 0) 


From (1) and (2) 
o=10'36 (approx.) 
m=50°29 (approx.) 

Ex. 10-62. Five thousand candidates appeared in a certain 
examination paper carrying a maximum of 100 marks. It was found 
that the marks were normally distributed with mean 39:5 and s.d. 
12:5. Determine approximately the number of students who secured a 


first class for which a minimum of 60 marks is necessary you may use 
the table given below : 


The proportion A of the whole area of the normal curve lying to 
the left of the ordinate at the deviation — is 


=: 15 16 17 18 
А: 0:93319 0:94520 095543 095407 
Sol Р{39:5 <х 60). 

=P{0<z<1'64}=0'94929--0'5 


.. P{x> 60}=0'5—044929 & 
2-005071 


10.60 


х=39°5 х=60 
у. No. of students getting first class 
=253. 


Ex, 10-63. А minimum height is to be prescribed for eligibility 
10 gov. rnment services such that 60% of the youngmen will have a 
fair chance of coming upto that standard. The heights of youngmen 
are normally distributed with mean 60'6" and s.d. 2:55. Determine the 
minimum specification. 


© 
1 12 0 us 
{ From table (ff) xl ex( -5 ye. then f(—0-2533)=0 e. 
t 
Sol. Let Б be the minimum height prescribed. 


í © -+( х-т ү 
2X6 0 
Then - ^T ; dx=0°6 
h 
Put م‎ 
с 
со 
“i zl e} д=05. 
h-m 


X-h Х=606 


8 Em _ _ 9.9533 
с 


10.61 
Here m-606, o=2°55 


bs h=59'95=60 (approx.) 


Ex. 10-64. The local authorities in a certain city installed 
2,000 electric lamps in streets. If the lamps have an average life of 
1,000 burning hours with a s.d. of 200 hours. 


(a) What number of lamps might be expected to fail in first 700 
burning hours ? 


(b) After what period of burning hours would you expect that 
10% of the lamps would have failed ? 


Assume that lives of the lamps are normally distributed. 


t 
in 
Given that if Fl.) 7x 1ш 
-0 
Then F(1:50) 0:933 
. F(1:28) 0:900 
Sol. Let x hours be the life of a lamp. 
(a) Since normal curve is symmetrical about 
* 1000, 
P{x<700}=P{x> 1300} 
=1— P{x<1300} 
1300 1 ( ey 
z dx 


and 


— 0 
Here m- 1000, o=200 
Х=700 «21000 X=1300 
x-m _ x—1000 
E e e 
T 
1 -42 
А Р{х<100)=1- vx] at as 
— 00 


—1—0:933—0:067 


10.62 


Number of lamps expected to fail in first 700 hours of 
burning 


=2000 x 0:067 — 134 
(b) Let xxl be s.t. 
Р(х хү}=0'1 
ite P(x«x1)—0:9 


or 


< х= 1000+ 200( 128) 1256 
Let x xz be s.t. 
Р{х<ха)=01. 
Then by symmetry of normal curve about 
x=1000, 


*2=1000—256=744 
Be After 744 hours of burning, 10% lamps are expected to 


Ex. 10-65. The incomes of a group of 10,000 persons were 
Sound to be normally distributed with mean=Rs. 750 p.m. and s.d. 
= Қу, 50. Show that of this group about 95% had income exceed- 
ing Rs. 668 and only 5% had income exceeding Rs. 832. What was 
the lowest income among the richest 100.2 7 

Sol. Let x be the variate 


Here m 150, o=50 


10°63 


(i)  P(x»:668)—0:5-- P(668 <x <750} 
=0'5+P{— 1:64<2<0} 
=@0'5-ЕР{0<2<1°64} 
=0°5+0°4495 
=0'9495 ` 


Г... 


X=668 Х=750 
*. Percentage of persons having income exceeding Rs. 668 
=94:95=95%. 
(ii) P{x>832}=0°5 — P{750<x<832} 
=0'5— P{0<z<1°64} 
=0°5—9°4495=0°0505 
. Percentage of persons having income exceeding Rs. 832 
=5%. 
(iii) Let x xi be s.t. 
P{x>x1}=0°01 
Then xz; is the lowest income among the richest 100. 
Р(750<х<х1)=0'49 


X= 750 D Xx, 
or P { 0<z< A | 
х1- 750 =? 
A 2:3267 
31 =866-34, 


10.64 
3 
Ex. 10-66. If x іза №2, 3), find P( 5 ) where у=х—1. 


Sol Now P( ) 


3 
=z( x-1 > т ) 
=Р(х22:5) 

-05- P(2«x«2:5) 
x-2 
Put z= NS 
3 
P( 23 )-os- F 
=0-5—0675 
=0°4325 


X 2  Xxs285 


Ex. 10-67. If N(r)=P(x<r), where x is a N(0, 1), show that 
М—)=1— М) 
Sol Since normal curve is symmetrical about x=0, 
P(0&x&r)- P(-r&x«0) 


(0) 


10.65 
Now N(—r)-P(x&-r) 
-05-—P(-r&x«0) 
—05— P(0& x«r) 
=1—{05+Р(0<:<г)} 
-1-P(x&r) 
—-1-N(r) 
10.4. Geometric Distribution 
The prob. dist. 
P(x)=q"p, x0, 1, 2, ...«.. y q-1-p 
is called geometric distribution. 


—pa(1 4-29 4-3924-......) pa(1 - 4)? 
24. 
р 


© со 
ua (0) = E(x?) E х?д*р=р X {х(х—1)+х)4° 
x=0 x=0 
oo со 
=p È x(x— 1)4°+р X xq" 
x=0 x=0 
==р{2:14%+3'2484-4:34%+...... x 
43 54 
2770 1732 TAFT d Hi 
= 242р(1 8 e 
2g? 
+ 
24 og (ote 
pa7 ра 0-2 F -A. 


Р 
Ex. 10-68. Find M.G.F. of the geometric dist. 


eo 
Sol Mo(t)=E(e!*)= E eiagep 
х=0 


со 
= Z (qep 
х=0 


3 
. E 


10.66 


Ex. 10-69. A population is subjected to recurring attacks of a 
disease and each attack affects a proportion p of the population. 
Assuming that r attacks are fatal to the individual, find the proportion 
of dying during the nth exposure. * 

Sol. Prob of an attack affecting an individual 

Prob of an attack not affecting an individual=1—p 

The individuals dying during the nth exposure will be those 
who have had the disease (r—1) times in the first (n— 1) exposures 
and catch it again, 


Now prob of having disease (r—1) times in the first (n- 1) 
exposures 
I,. 
where q-1-p 
*. Prob. of dying during nth exposure 
کے‎ (1017 19 nr р) ext le, ig", р" 
which also gives the proportion of dying during the nth exposure. 
10.5. Negative Binomial Distribution 


In the last question, proportion of individuals dying during the 
nth exposure 


= nle, iq"7* pr 


Since death does not commence until the rth exposure, the 
proportions of death at the rth, (r+-1)th, ...... exposures are 


1 
P, rap’, даш ) q?p', САА 


which аге the successive terms in the binomial expansion, with nega- 
tive index, of р(1— 4)" 


со 
xd E "71e, qq7rprepr(1- g) t1 
ner 


The dist 
PY = title, 39*p', x=0, 1, 2, ......... 
is calleu Negative Binomial Distribution. 


10.5.1. Mean and Variance 


со 
Ж = T x. ic gp" 


x=0 
=p { rg+2 CY gay S003 EDI q34- ...... ] 
rapi r4 tat 20D qa, 


10.67 


rep a ec 


eo 
pa (0) Z x8 r- 0, дерг 
x=0 


© 
= у РЭ" I) H-x)ett7le, дер" 
x= 


1 2 1 

-{ 21 арза þa 
ie = дуа La CED? . 

Cr rf 4)" T 5 

„„ ue = (00 — x2 
1С ra ra 
. p 
ja. 
== 


Since Û > 1, pg > # 
p 
10.52. Moment Generating Function and Cumulants 


о 
Mo(t)= Z eto. er 1 здер" 
x=0 


oo 
=p E) ager ard ge-: 
x= t 


. Cumulative f" is given by 
Ko(t)=log Mo(t)=r log p—r log (I- ge!) 


= -4 ej--res(1- £e-5] 
Rice led (+545 ＋A Le. ) 
-[£ ( oT srt ee )+ +3 2 &( +) 


3 4% 
ydi 5) 5 pa ) tup ap etes 
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2 
E hot, а= lr. n d 


yd (1+4) 
P 1 — U ? 412 9+6 a} 
=f (+4940. 


Ex. 10-70, js the limit of negative binomial distribution when 
£-»o0 and 9 bu Z4 Len (a finite constant). 


Sol For cane binomial dist. 
PR) title, 3g*pr 
Er- DI 
Daf 4 


5 (X 
- (1-2) 


-xil ig 1427)... Boc 
7 


Let r>, q>0 so that tem, Then p >1. 


17 mie" 
a) P(x) + E 


which is the probability function for Poisson dist. 


10-6. Hypergeometric Distribution 


Ex. 10-71. Define hypergeometric distribution and find its mean 
and variance. 


Sol. Suppose an urn contains Np white and Nq blue balls 
(p+-q=1) and r balls are to be drawn one ata time without 
replacement. Let P(x)bethe prob. that out of r balls drawn x are 
white. Then 


10.69 


Np, NP 
P(x)= Cro 
Ne, 
пе, DON 
Nw 
where xt. х(х— 1)......(x—r4-1) 
Consider 
at? a+"! (Sar (Sey ) 
"n t=0 
and (1+5) Жуз Noy 
r=0 


Since 1-5 P туул? ау , equating co-efficients 


of y". 
$ ? 
Ne - уы, 
x=0 


2 PG 

(x)= 
x=0 

P(x) can be taken to be a probability density function. 

The distribution 


oro, x=0,1, 2 2 


Р(х) - 
is called Hypergeometric EAE ui 
10-61. Mean and variance of Hypergeometric Distri- 
d 
z х Мр, d iia 
= 77 N 
х=й, © 
(4 
„ Pe We, eee 2 Np c- Torn 
х=1 x=1 96 
2 Np A dE Dos +? аш Pi on 


Cr Cr 


r r 
12 C0. z PY) = X x(x—1) Р(х) Z xP(x) 
x=0 x=0 x=0 


r 
Np, Np 

= > x(x— pa +rp 
x=0 Cr 


r 
= (Np)(Np—1) rea e, m 


er х=2 
_ (NpYNp- 1) . Np+Nq—-2 
N 
Cr 
=(РХМР-1) wo ЖБ 


Cr_o+rp 


Ne, 
esa et r(r—1) 
на (0) — rp (Np) (Мр 1) = Dx) 


Cr 


pie ИВР) нр 


ваші) = POP VHD р. мра 


121 { M- Np—r4-1--N— 1—rpN--rp ] 


Ex.10-72. Find differential equation satisfied by M(t) of 


hypergeometric dist. and deduce the values of moments about mean. 


r 
Mit S. et. r su Lut 


x=0 
r 
sa > Py (Np)'9 (Ng) 
Д (Na- х)® 
x=! 


r 
= (Nay? (Np). ra, ete 
(NO (Nq—r-+x)™ x! 

x=0 
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17 014. 00 гок) y 
Let F (a, В; ү, y)=1+ Y 11 чүт Yl) _ 21 +... 
Then 
Molt) a F(—r, —Np ; Na- r4, e) 
F(a, В; yi ie satisfies the differential equation 


0-9 ar gi 57 Hr- G0) TT - apro 
Put 1 у=е! 
Then diff. eq. reduces to 


- LAE Fat He aof 


. Mo(t) satisfies the equation 


(i-e) · 90 ee) сала Wm m. {Nq~t+-1—(—r—Np)et— 1} 


—rNpetMo{t)=0 
or a-e) [FRO -etno 59 pua } 


242 


+N EOD _rNpMo()=0 


„ # 
To find mean put Mwo- >, вт 
5=0 


Then 


m2 1 ra} 
a “Ad ps Geni tthe) 2 p's Gate >" TA 
= = і 


- 111 1 
+N, p's GED ^P 2 B's $179 
5=1 5= 


Put t=0 
Np —rNp=0 ог rp 
Now M (Oe Molt) 


Мо) -e (1) 


10.72 
Substituting in the diff. eq. 


d (1) d. 
-e e- ver, о] 
40 


N 


=0 


To find moments about mean put 


1 12 
M. (um * њут and emi ETT. 
s=0 


со 
tt "na mi 
px Š MICA UES a My 
= s= fm 


+(N-rpar "sh Mey “0 
$20 


s=0 
Equating co-efficients of г, 12,...... 


rpq(N—r) 
re | = БА 


p= 74@—Р) (N=r) (N— 2r) 
(-1)(N-2) 
Ex. 10-73, 


Show that when N-»co hyper, eometric dist. tends to 
binomial dist, or 


Sol. For hypergeometric dist, 


P(x)e rcs (Np)(Np — I) -V ) Ng- 1) (Ng r- x41) 


se N-rED 


r—-x-l 
— 


Let N> 
Then Р(х) »tcsp*qt-" 


which is the probability function for binomial dist. 


Ex. 10 74. Deduce the moments (about mean) of binomial dist. 
from those of hypergeometric dist. 


| 


10.73 
Sol. For hypergeometric dist. 


гра (q—p)(N—r)(N—2r) 
aod pa NA DNS 


ald) ( -C- 


(==) 


Let N>% 
Then pa for B.D.=rpq 
and ps for B. N. rA 


10.7. Multinomial Distribution 


Let there be a series of н independent trials where each trial 
may result in one of the several outcomes say Ei, Ез, ...... Er with 
respective probabilities p1, po, ... px in each trial where 

IRT . рь 1 
Suppose the event E. occurs x; times. (i=1, 2, ... K) 
Then XI + .. n 


By the theorem of compound prob., prob. of Ei occurring x; 
times, Ез occurring x; times and so on in any fixed definite order 


=p pa а рк A 


Now out of 7 trials x trails can be had in e ways and out 


of remaining (n — x1) trials, xa trials can be had in i, te ways 


and so on. 


„. The total number of ways of getting Ej-xy times, Ez-xz 
times Ei- xx times. 


N М n—X1 . 1 XK —hb * * -Xk 
1 ea ° 
Эв n! : Cu- xi) I uU UTE m HB sees —X)! 
x (- I) l (n—x1—x)! xel(n—x1..... 7:2) 
n! 


Co (@—зч......—хь)<=0 110 


By total prob. theorem, prob. of getting Ej-x times, Ez-xz 


times Ex- xx times 


5 n! 
Total prob > > өөө X1 Газ I ...... ХЕ 
X170 x2=0 X0 n^ p... p 
Consider (pi-- py......-- po^ —(p1 --(Pa-ps......--py))* 
n 
a рі (psp p) T 
x0 
n n—x 
ANO a. » n—X1 Xs n= 1— Ха 
У NE^ {> ey, bi (Pat... +p) } 
x10 x2=0 
n n—-x 
EN n  n—x Xi xa * %- A= 
X170 xg=0 


-> > CA > {* FR петт тава, 
х ха xx 
хі=0 x2=0 x=0 


n XI A- xl. — Xi 


— n! Xr Xe хь 
ar жаыа? Ao 
х1=0 х=0 
.. Total prob.=(p1-+p9+... +p:)"=1 
Hence the function 
n! 


= *1 ха . ** 
л, ж»... ж) хіх 1...... ж Гуз p 


сап be taken to be probability function. The dist formed by 
P(x1, X2, ... хп) together with the values of xj, xo, ... x» is called 
Multinomial Dist. 


g 
oo dd 


* in 


10.7.1. Moment Сепегаё Fanction, Moments, Covariance 
etc., for Multino: Distribution. 
Now Molti, ta... tn) = E { вби honesta } 


n п—ху n—xp-.—Xx1 


-* > CE >, „Тат агл т «рв 


xi-0 X970 X= 


z x Saler nes (ve 
(ne + pae” ...... tpe)" 


B) {E Fro, J=1,2 . k 


Ex b» pi e +ри" ug ny yr ja 
J=l, 2 


=пр‹ 
Etym [A8], co, j=1, 2, . k 
* eee y 


Tn(n— рле ( pe” cepit?) ed 


j=l, 2, song k 
np, n(n — 1)p? 
Varg Enn p-n pè pdp 
д®М‹ TT 

E(xiy)- Ue aro, neos =0 
" Fee eri -2 

={ а= npp" d rt mt) o, neo 
igo M | KE ae һ=0 
nn 1)pips 


Coy (v x) EAA. a (x) E(xs) 
— aub =n(n— 1)pqu— npe —npqpi 
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Aliter 
) n! X» xe Z 
0= Y Tg, a Non 
д п! E га 
Pap Sate Br ch ру 
"P (Pi tpa... Tp)? 


op Hpi)" Mem mp, 
Hebe y Td oer a 
2:723 тат Pi py... p 
шр. ot bag 2 ATARI n n... p * 


E у; (i pot. ^t») 


SPADA pi. py nn Dpipy4-...... py pot 
Span nn Dpa np. n(n — 1). 


n! x x 
E(x:x;)= > хх "ue Lx pn Pa 8 Du 


=n(n— pips. 


EXERCISES 


The incidence of Occupational disease in an industry is such 
that the workers have a 20% chance of suffering from it. What 
is the Probability that out of SiX workers 4 or more will catch 


If 5 coins are tossed, what is the Probability that there shall be 


гет 


9 


10. 


11. 


10.77 


. Out of 4000 families with 4 children each, how many would you 


expect to have at least 1 boy? Assume that the probability of 
a male birth is T [Ans, 3750j 


Find the probability of guessing correctly at least 6 of the 10 
answers on a true-false examination. 
193 * 


[Ans "iz 


‚ If we take 100 sets of 10 tosses of a perfect coin, in how 12 


cases should we expect to get 7 heads and 3 tails? [Ams. 


, In the above example in how many cases should we expect to 


get 7 heads at least ? [Ans. 


, An ordinary six-sided die is thrown 4 times. What are the 


probabilities of obtaining 4, 3, 2, 0 aces ? 


[ A 625 25 5 1 
ns: -1296 ° 216 ' 324 ' 1296 
An experiment succeeds twice as often asit fails. Find the 
chance that in the next six trials there will be at least 4 


successes, [ ane. 25 ] 


A teacher claims that he could often tell while his students were 
still in their first year whether they will obtain I, II, III divisions 
or fail in their final examinations. To demonstrate his claim 
he forecasts the fates of 8 students. Find the probability of his 


being correct in 4 cases. [ Ans. 395 


In litters of 4 mice the number of litters which contained 0, 1, 

2, 3, 4 females were noted. The figures are given in the table 

below : 

No, of female mice 0 1 2 3 4 Total 

No. of litters 9 30 35 24 5 103 

If the chance of obtaining a female in a single trial is assumed 

constant, estimate this constant of unknown probability. Find 

also expected frequencies. ; 

[Ans. 0:466, expected frequencies аге the respective terms in 
the binomial expansion of 103(0:534 --0*466)4]. 

Ten coins are tossed 1024 times and the following frequencies 

observed. Compare these frequencies with the expected 

frequencies obtained by fitting binomial dist. to the data. 

No. of heads (x) 0 1 2 3 4 бу 20. 

Frequencies (J) 3 8 39 106 188 257 226 


10.78 


12. 


13. 


14 


15. 


16. 


No, of heads (x) } 7 8 9 10 
Frequencies (f) 128 59 7 3 


оин ] 
[ame 7: 1 10 45 120 210 252 210 120 45 10 1 


Find the mean and standard deviation for the table of deaths 
of women over 85 years old recorded in a three years period : 


No. of deatn 
recorded in 0 1 2 3 4 5 6 1 
а дау. 


No. of days. 364 376 218 89 33 13 2 1 


Find the expected number of days with one death recorded for 
the Poisson series fitted to the data. (Ans. 1°18, 1°17, 397] 


Red blood cell deficiency may be determined by examining a 

specimen of the blood under a microscope. Suppose a certain 

small fixed volume contains on the average 20 red cells for 

normal persons, Using Poisson distribution, obtain the pro- 

bebilicy that a specimen from a norm `1 person. will contain less 
than 15 red cells. 

14 
[ Ans, e J (20° 
y x! 
х=0 


А laige number of observations on a given solution, which 
contained bacteria, were made takin: samples of 1 с.с, each 
and noting down the number of bacteria resent in each 
sample. Assuming the Poisson distribution an given that 10%, 
samples contained no, bacteria, find the a number of 
bacteria per c.c. iiu Fy 2.30260 


In 1000 extensive sets of trials for an event of small ee 
the frequencies J of the number x of successes are found to be 
ig 1 2 3 4 5 6 7 
f: 305 365 210 80 28 9 2 1 


Fitting Poisson distribution to the above data calculate theore- 


tical frequencies, 

[Ans. 301, 361, 217, 87, 26, 6, 1 and 2] 
namber of man baled IP de н dM ae 
Army Corps per army.corps per annum over 20 years.  . 

No. of deaths, 0 1 2 3 4 Total 
Frequency. 109 65° 22 8i 1 n200 


17. 


20. 


21. 


No, of flying 
bombs 


10.79 


Show that the distribution is roughly Poissonian and calculate 
the theoretical frequencies. : 
(e-0-61=0°5434) 

[Ans. 109, 66, 20, 4 and 1 (4 and over)] 
A manufacturer of cotter pins knows that 5% of his product 
is defective. If he sells cotter pins in boxes of 100 and guaran- 
tees that not more that 10 pins will be defective, what is the 
approximate probability that a box will fail to meet the 
guaranteed quality? (e~5=('006738) 


10 
[ Ans. 1— (00067) У 
х=0 


Letters were received in an office on each of 100 days. Assuming 
the following data to form a random sample from a Poisson 
distribution, find the expected frequencies, correct to the nearest 
unit. (е74=0'0183 


No. of letters, 0 1 2 g n HAST RG Tg OPO 
Frequency. qup Te. 122^ др ао оо 
[Ans. 1:8, 7:3, 14:6, 19:5, 19:5, 15:6, 10:4, 59, 3:0, 1:3, 0'5 or 


2, 7, 15, 20, 20, 16, 10, 6, 3, 1, 1]. 


. Six coins are tossed 6400 times. Using the Poisson distribution, 


what is the approximate probability of getting six heads x times. 
[ Ans. 100 (100) ] 
x! 


‘An area of 144 square kilometres was selected for which the 
mean density of bombs appeared constant. To test the hypothesis 
that the bombs fell in clusters, the area was divided into 576 


squares of 4 kilometre each and a count made of the numbers 


of squares containing 0, 1, 2 etc., bombs, of which there were 
537 altogether. The data is given below : 


pr 0 1 2 3 4 5 and over 
square. 


Actual no. of 


square. 229% % 211i, 193; 4 35 7 1 


К Calculate the theoretical Poisson frequencies. i 


[Ans. 227, 211, 98, 31, 7 and 2] 


Exp tegral the probability that a normal variate 


ress as an integral the prob 
with mean 5 and s.d. 2 would be observed between 2 and 3. 


10.80 
22. 


23 


24, 


25, 


26, 


27 


Thy following table gives frequencies of occurrence of a variable 
x between certain limits :— 

Variable x Frequency 

Less than 40 30 

40 or more but 

less than 50j 33 

50 and mere 37 


The distribution is exactly normal. Find the distribution and 


also obtain the frequencies between x=50 and x=60. 
[Aus. 11°68, 46:125, 25] 


In a certain examination the percentages of passes and distinc- 
tion were 45 and 10 respectively. Estimate the average marks 
obtained by the candidates, the minimum pass and distinction 
marks being 40 and 75 respectively. (Assume the distribution 
of marks to the normal). [Ans. 36:1] 


The marks obtained in a certain paper are found to be normally 
distributed, If 12:597 ofthe candidates obtain 60% ог more 
marks, 39% obtain less than 30 marks, find the mean number 
of marks obtained by the candidates, Given 


. 027 008 029 114 115 16 


0 
A 06064 06102 0614! 08727 08749 08770 
[Аюв. 36] 


The height measurements of 600 adult males are arranged in 
ascending order and it is observed that the 180th and 450th 
measurements are 64.2 and 67:8" respectively. Assuming that 
the sample of heights is drawn froma normal population, 
estimate the mean and the s.d. of the population. 


Steel rods are manufactured to be 3 inches in diameter but they 
are acceptable if they are inside the limits 2:99 inches and 3 01 
inches, It is observed that 5% are rejected under size, Assuming 
that the diameters are normally distributed, find the s.d. of the 
distribution, Hence calculate what proportion of rejects would 
be if the permissible limits were widened to 2:985 inches and 
3:015 inches, Ans. 1'36%] 


In an examination it is laid down that a student passes if he 
secures 30% or more marks. He is placed in the first, second or 
third division according as he secures 60% or more marks, 
marks between 45% and 60% and marks between 30% and 
45% respectively. He gets a distinction in case he secures 80% 
or more marks. It is noticed from the results that 10% of the 


і 
| 
| 
| 
| 


28. 


10.81 


students failed in the examination, whereas MA of them obtain- 
ed distinction. Calculate the percentage of students placed in. 
the second division. (Assume marks to be distribu! ted пога у 


If x is a normal variate with mean 30 and s.d. 10, find 
P(y«,3137) where yext-4-1. 
Hint. PO < 3137) =Р(х2+1 < 3137) 
=Р(х% < 3136) 
=P(|x| «56 
x- 


Put := 20 => x=50+10z 


„ FO S313) =P(-56<x<56) 
=P{— 5650102 456) 
=P{— 106 <z<0°6} 
F- 10'6 <z <0}+P{0<2<0'6) 
=0°5+-0'2258 
=0°7258, 
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Bivariate Distribution 


11.1. Discrete Bivariate Distributions 


In the case of discrete bivariate distributions there are two 
discrete variates x, y and the pairs of values of x and y are 
considered. The frequencies or probabilities are for the pairs. 


Let x1, хә... Xm and ул, ха... Jn be the values of x and y 
respectively and the frequency for the pair (xs Ys) be denoted by fis. 


m n 
Then Z E fy=N (say) 
i=l j=l a 

js the total frequency. 1 

If x and y are random variates, and probability for the pair 
(xi, y1) is donated by pi; then the function p s.t. 

р(х уз) pu 

is called the joint probability function of x and y 
Definitions 

(1) Let р(х) pad Pa pin 
and PAV) pip Tc Рт 

ps (ог py) is called marginal probability fanction of x (or » 

ра 

(2) роу) (угу 

is called conditional probability function of x given y—y: 
Я ри 

Similarly р(у+/х)= р(х) 
is called conditional probability function of y given х=: 

(3) x and y are said to be independent if 

pap) . pi) 
Otherwise they are said to be dependent. 


(11.1) 


112 
Ex. 11-1. х and у are two random variables having the joint 
density function 


Nx. у -5 (x+2y), 


where x and у can assume only the integer values 0, 1, 2. Find the 
«conditional distribution of y for given x. - 
Sol. By given 


fJ) (2y), x0, 1,2; y=0, 1,2. The table below 


gives various values of f 


par 0 1 2 fa 
х} 
2 4 6 
'" 9 7 T7" 7 
1 1 й, 
77 27 27 27 
2 2 24. 107 12 
77 27 7 27 


The last column headed ½ gives the marginal probability —— 
function of x. p. 

The table giving the values of conditional probability function 
of y for given x. 


1 a 0 1 2 
1 2 
d ра РА р 
i 1 3 5 
F 9 ӯ 
j EU 6 
1 17 


This is obtained by dividing each row by corresponding entry _ 
under fu. р 
Ex, 11-2. Two unbiased dice are tossed simultaneously. T 
and y be the numbers on two dice respectively, find ў 
(i) Р{х+у=6 | у=2), (ii) Rx у= 2) 
Sol, Both x and у can take values 0, 1, 2, 3, 4, 5,6 cach with 


probability T 


11.3 


The joint probability function of x and y is given by 


1 1 1 
,)م‎ у)= = 38 V x and ¥ у, 


„ The table listing the values of p is 


y 1 2 3 4 5 6 

xi 
1 1 1 1 1 Hr 1 

36 36 d зә 36 3 
2 17 1 1 1 1 “al 

15 N. NN 16... M 
3 1 ak 1 1 1 1 

36 35 36 36 36 56 
4 Дине gb 1 1 1 1 

36 36 36 36 7336 36 
5 Ree Torr Papi ЗО del 

36 36 36 %6 36 %6 
6 FF 

NM ERK 365 36 36 

1 1 1 1 1 1 
Py E n 6 € Є 6 
The last row gives the probability function of y 
(0). Piet y=6 | у= 2} P(xe4 | y=2} 

A- y=?) 
750 50 
e 
ES $9' 
it) Р(х-у=2)=Р(х==3, yl) + A. y= 2)+ P(xen5, yond)! 
(il) Р(х-у=2)=Р( y AF yu) 
TUE ANGE Wie RU e | 
36 ^36 36 36 9 


Ex, 11-3, The Joint probability distribution of a pair (x, у) of 
wandom variables is given by the following table 


X 1 2 3 
yy 

1 01 01 02 

2 0:2 0:3 01 


Find (i) the marginal distributions 
(ii) the conditional distribution of x given y=2 
(iil) Р{х+у$3). 


9 
Sol The given table is. 


: i б à 4 
(i) The marginal distribution of yis given by column headed 
Py aud the marginal distribution of x is given by row headed Pe. 
(ii) The conditional distribution of x for y=1 is given by 
dividing first row by corresponding entry in column headed р,. 
Conditional distribution of x for y=1 is 
й A. 1 00-р 
Р(х | y=): ru ir ry 
Gti) Р(х+у<3)=Р(х+у=42)-ЕР(х+у=3) 
P= y= Ib Р(х=1, у==2)-ЕР(х=52, y=) 
=01+0°2+0'1. { 
MU e e S 
Ex. 11-4. Two discrete random variables x and y have 
2 
20,0). 200, N=, p1,0) 1, pu, nm, 
Test whether x and y are independent. 4 
Sol. The given data can be put in the form of table below 


Since p(x, у)зерг(х) . риу), x and y are not independent. 


11.5 
11-2. Continuous Bivariate Distributions 


н In the case of continuous bivariate distributions, variates х and 
y are continuous. Here various terms are defined as below: 


(4) Probability Density function. A continuous function 
Ax, Vis, t. the probability of the value of the variate to lie in infini- 


tesimal intervals . S and -. +9) сап 


be expressed in the form f(x, y) dx dy, is called probability density 
function or simply the density function. Y х 


The density function / has the following properties : 
(1) f(x, 9) P0, V and усу, 
(i) | | f(x, у) dxdy=1 
where the integral is extended over the entire range of (x, y). 
(5) Probability Differential 
f(x, у) dx dy is called probability differential. Moreover î’ 


b а 
ec ee — . Har o 
х=а ути, 


(6) Marginal Distributions and Marginal Density 
Functions f - 1 


1 


М eH ед) | 
Let s=] f(x, y) dy 
-© 


O } 4 ; 
and i | Лх, у) dx. 
— 00 


Then, g(x) [ or 7001 is called mêt gîha! density function of 
к (or y). 

g(x)dx is called marginal distribution of x and h(y)dy is called 
marginal distribution of 9... | | луз (U 

(7) Conditional Density Function 

fx, у) 

: ANB. 1d 

ds called conditional density function of x given y. 


11.6 


Similarly, Луја) Д). 
is called conditional density function of у given x. 


(8) Two variates x and y are said to be independent (or stochas- 
у independent) if 


Дх, J)=g(x).h(y). 


Ех. 11-5. V x andy are two random variables having joint 
density function 


fen „--=. 0<х 42, 2<y<4 
Find (i) P{x€1, y<3} 


(ii) P(x-y«3) 
(ШШ) P{x<1/y <3} 


Solution. 


3 
() PC -A | (6-х у)ду dx 
du 


|= 


dx | (6— x y)dy 


1 
jj 
1 
2 

eine 
1 3-х 


(i) Pe A | (xar dy 
x=0 у=2 


1 
x | &{&1-з)-хй-»)- 26-6) 


| 


11.7 


(H) PKI E 


2 3 
o E-Mu dy 
x=0 2 


E { 6-2-3} 


( 0-2-5) 


L 

8 

3 

=з 

„ PH IN dris 

Ex. 11-6. Let x and y have the joint density function 
fe, nat, 0&y&x«: 


Find the marginal and conditional probability densit ctions. 
Are x and y independent ? = 9 


Solution 
ax 2 x 
| | Дх, э& = | dx | dy 
x=0 y=0 x=0 y=0 
2 
=3| x dx 
0 
=1 
x 
@ seo 1 Y dy 


y=0 


11.8 


1 ч 1 
0 


hy) | f(x, y) dx 


(i) fepe ae at 


(M) Now, g()ho)e x. 10-7) 


=F x07 9946. у) 
". хапа y are not independent. 
Ex. 11-7. D density function of a bivariate distribution is 
given as below : 
Nx, در‎ o), 0<х<2, OS y«1 
20 . elsewhere 


Determine inal distributions and show that x and y are 
stochastically dej уш ad 


Solution. 
CONDI 2. 111 
25 is Dix dye 3j aj G 
2 
e 


119 

1 

(i) toet (x-+y)dy 
0 

р) 
2 

юз | enam $( 1) 

0 


(it) Now 80 -N ( х+-- ) (1+) ») 
. xand у are stochastically dependent. 
Ex. 11-8, The joint density function of a bivariate distribution 
iy given by 
Дх, у=4ху TEH x20, у>0, 


Find the marginal and conditional probability density functions. 
Are x and y independent? 


Solution. 
00 00 © © 
[ | Дх, dx ду=4 | [ое а, ау 
00 х=0 0 
© © 
=4 pni wit dy 
© 
-| 67| | ay 
0 
=] 
© 
4) к= | ое ر‎ 
y=0 
со 
=4xe f dy 
0 


11.10 


© 
„ -7 | н" 


© 
700— axye 01094, dy 


x=0 
mayer ax 
— 4-2) 
fixy) 
(ii) foy) T = 
(у) 2ye 
= 2xe х? 
-(#+#) 


ور 
Лэн e =2уе У‏ 
xe‏ 


(itr) Дх, у) е4 xy е ОИН) 
=g(x) Му) 
*, x and y are independent. 


Ex. 11-9. The joint density function of a bivariate distribution 
is given by 
Дх, ) c sin — y (x+y), 0<х<1,0<у<1 
=0 е 


Find с and marginal ; conditional probability density functions 
Are x and y independent ? 


Sol. cis given by 
кк, 
=| [fx Y dx ay 
x=0 0 
yt 
Se | dx | sin Ж (x+y) dy 
х=0 0 


1 
=e | dx {-2 cos T (x+y) | 
0 0 


[| 
|x 
ө 
ba 


1 
-5 c {sin 2 un F ü+» | 
0 


1 
0) s= |70) dy 


1 
=f sin ＋ (x+y) dy 


1 
44 T | cos (2 )е+» 


—＋ cos 4 x= соз + y +x) } 


- (3 di x+sin ` x} 


| f(x, y) dx 


1 
=| sin Z (x+y) de 


0 
| 2 „eos (043) } 
=F bere 2 


{ cos 2 х-сов 5 ax] dx 


11.11 


112 


c. en T G ' 
(% Дух a GEERTEN 


sin = з «+» 
соз 3 x--sin T * 
Similarly 
in 2 (xy) 
(x)= 


cos 2 y+ sin т › 
(itt) Now f(x, у)з#в(х) Му) 
x and y are not independent. 
Ex. 11-10, Show that the conditions for the function 
f(x, Yk exp(axt + 2hxy + by}, — co <x, J< 
to be a density function are 
(i) ac, (ii) b<0 (iil) ab- 1320. 
Assuming these conditions to be satisfied, find k. 
Sol Let f(x, y) be a density function Then 


со o0 

| | f(x, y) dx dy=1 
х=—© – о 

со со 


ч | fe { ax Ey bys} dx йу=1 
& = 0 уз 00 3 
Now ах?--2һху--Ьу? 


=a {( E ес n if a40 and 


— tg S) if b0 


-. The integral in :) ao if 
a < 0, 5 S 0, ab- > 0 
Assume a < 0,5 < 0, ab- 1 > 0 
Let а= -A, b=-p, =. 
Then A>0, „>0 and ab = 080 


...)1( 


11.3 


КА x24 27 L by {( 7 x Я үү: wt] 


(xA—ny)? лр 72 
TA oe Ж 
*. (D) > 
со oo 


| ep[- gw р)? det 


xe 00 у=— 


со oo 
= aet {лий n {OS а Jo 


» de ant 


Р A 2 f 2 
Ek [9h Tus (*) du 
where u =- 
© 
چت‎ ea 
where ua 
4x 
CX: 
EEUU. т Ag 
VA | exp { x »} dy 
y=—0o 


4 үт ЛУ 
WA a 
к= ligo 
-l4a-n 


11.3. Bivariate Transformation 
Let x and y be two random variates having joiut probability 
density function f(x, y). Let x and y be transformed to variates 
U and V by the transformation 
xex(u v); y=y(u, v) 
where u, v are continuously differentiable function. 


11.14 


ax Sx 

| ди av 

Let J= . #0. 
ду ду 
Эи ov 


Then the joint probability density function of u and v is 
IJ] Ахи, v), уби, v). 
Ex. 11-15. Jf the probability density function of two variates 
x and y is given by 
: G 
4xy e ( ; x20, у>0 
Л», y — 0 else where. 

Find the density function of VMC. 
Sol. Put ua уу, у= х 


Then у20, up. 
* u20, O«v«u. 
1 _ Au, у) 
Now TY E37) 
ди ди 
x ду 
E m 
èx ду 
х ty 
xi 20-70 


„ The probability density function of и and v із given by 
F(u, v) Mx, у) | J | 
-{ 4xy € — (324-2) 


x20, y>0 
0 elscwhere 


Li 
„ Marginal density function of u is 


u 
4 | wv (c dens e 0 
=0 


D 


-{ 43» 7. и20, OC u. 
0 elsewhere 


.. Density function of u is 
Diet E 
{ 20 e „ upd 
025 elsewhere 
Ex. 11-16. The joint density function of x and y is 
Дх, ye er? ) ,x»0, y>0. 


Find the prob. density function of 242 . 


Sol, Put un 3E „ Vax, 
Then u20, 0&«v«2u 
du u 
1 ox ey 
| s VA 
2х ду 
1 1 
— — AUN 1 
EY 2 | Y 
1 0 
„ The prob. density function of u and v is 
2 ety) Э, | J| 
2 e 
.. Density function of и is 
2u 
2 | 2M dy 
0 
=4u e. 


Ex. 11-17. The joint density function of x and y is 
f(x, у)=2х €", 0«x«1, y»0 
=0 elsewhere. 
Find the distribution of x . 
Sol Put и=х+у, Y= 
х=и->, = 
y»02r20 25 
0<х<1»0<и-у<1 


11.15 


11.16 


(0,71) 
u and v vary in shaded portion, 
e ti 
1 x oy 
Now Jm ii » 
x Зу 
1 1 
ра | à i |=: 
RA J=1 


„The joint density function of u and у is given by 


Flu, ¥)=2(u—y)e-» 


To find the density function of u divide the shaded portion in 


two parts marked 


Land II by the line x= 1, 


In part I, 0<и 


<1 and for given y, 


part II, u>1 and 


for given и, у varies fro 


у varles from 0 to u and in 
m u- 1 to u. 


Density function of y is given by 
u 
g(u)= f Au v) e” dy 1 
0 


11.17 


u 
=2 [-«-» тег» ] 
1 y=0 
=2(e-“+u—1) for 0«u«l 
and for u>1, { 
и 
&(и)=2 f (u—v) e7* dy 
и-1 
и 


=2 [-«-» eve] 


u-l 
=2 (e^ 3-e7 7D -e 
=2 e^", 
EXERCISES 


1. The joint density function of a bivariate distribution is given by 
сху, 0<у<х<1 
fes y =f 0 otherwise 
(i) Find marginal and conditional distributions. 
(ii) Are x and y independent ? Why ? 


2. Obtain the marginal and conditional probability functions for 
the following distribution ү 


Дх, 9= )2- X , 0<у<х<1 
=0 elsewhere, 
3. the joint density function of a bivariate distribution is given 
y 
f(x, Ye. et, x20, у>0 
-0 elsewhere 
Find (i) Р(х> у) 
(il) Р(х+у<1) 
4, Given the following bivariate probability distribution. 


x -1 0 1 
yt 
1 1 2 
0 КЕКЕ л 15 
3 2 d 
1 15 15 15 
2 REE i 
2 35 Ее 15 


11.18 


Find (i) marginal distributions of x and y 
(ii) the conditional distribution of x given y 1. 


5. If x and y are two independent random variables with density 
functions 


f(x) =e", x20 
and g0)-22e?*, y20. 
Find the probability distribution of ==. 


I 
| { um | 
6. If the joint density function of two random variates x and y is 
f(x, y), show that the density function of u=x-+y is 


© 
| ЈО, u—v) dv 
EI 
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| Special Continuous Distributions 


121. Gamma Distribution 


| Let x be a continuous random variate with probability density 
| function defined as below : 


| fae 700 ex x7), 380, Oc 


xis called Gamma variate with parameter Л and is referred to аза 
«(3)-variate. The distribution of x is called a Gamma distribution. 
12.1.4. Moments about mean and f, y coefficients 

r(0)= E(x")‏ ر 


1 _„ (Atr-1 
Je » X *n dx 
1 
== TO) T(A+r) 
Or- 104072) 0) 
mean=p1'(0)=A 
нз (0040-1) 
ps (0) A0 2-1)0 3-2) 
pa (0) AQ -- DO 4-2) 0-5) 
ss pa™= pa (0) - (0)? 
210 4-1)-3 
=À 


(12.1) 


12.2 


p377 (0) — 3 (0) C0) + 2{u1'(0)}8 
==A(A+1)(A-+2)— 3A2(4+1)+203 
=)84-3A2-4-2A— 338—343 4-223 
=2A 

pa pa (0) — 4% (0)1 (0) 3- 642 (0){ 41’ (0)}®— 3{u1'(0)}4 
=MA+1(A+2)(A-+3)—402(A-+ 1) 4-2) 6380 4-1) - 316 
eM --6324- 11A 4-6) — 4390-32 --2)-6M4 -- 63 — 3% 
==3124-6А 


he ar- . 


he =3+Ś 
— 2 
nada = 


Y37 02-32 t 
12-2. Mode 
Density ges is 


f= теў едт! 
тру et? (-n-3 
„„ f(x)=0 = x2i-1,0 
for x=0, f '(x)=0 which is minimum value of f(x). 
.. for x=A—1, f(x) is maximum. 
3 .. Modeza- 1. 
121.3. M. G. f. of Gamma Distribution 
Mo) - Ele 


I 


ettet & dy 


700 


. O8 $m dx 


ak 


T(A) 


— 


12,3 


© 
1 -y 5-1 
тут] o 
(1-2 9 
i p eee ae lil <1 
=a Г(А)= 
Г(А) ü- p ü- ) 
1 - EH. 
= et Molt) 
„ 1297 | el. 
121.4 Cumulative Generating Function and Cumulants 
Ko(t)=log Мо (t) 
=— А log (1—1), 1+1<1 
mo 
=À { 1+7 ++ TS } 


100) =А, xa ete, 
In general, 


i =coeff, of 1” 
r1 


À 


= * -)! 


12.1.5. Additive Property of Gamma Variates 


Theorem. The sum of any finite number of independent, 
Gamma variates is a Gamma variate. 


Proof. Let xj g, . . *, be independent Gamma variates with 


parameters Àr, n . An respectively, 
Then М) of x=- TÀ (1, 2 im) 
Let XxX... T Xn 
This: Мо epa T. co 


Elen. g( d 5)...... Ее") 


Zu297*: 0297€: gg 


12.4 
20-9 t9 
which is the m. g. f. of a y MT. . A 
„. Xi a 701 T . M). 


12.1.6, Limiting Form of Gamma Distribution 
Show that as M-, Gamma Distribution tends to 


normal distribution. 
Proof, Let х bea y(A). Then ¥=A, var(x)=A. 
х-л 


* 


Molt) of z= { e ( 


3.1 f 


i79) 


МА" t 12 18 
=- À À -= -— — Mon © 
Уз [ES } 


s. log (Hh of z)& VN -N log 


=+ t+ terms containing А in the denomi-- 


nator’ 


-1 1? as 15 0 


e Mo(t) of z Egi в as A 


which is the m.g.f. of a standard normal variate. 
.. In the limiting case, z and hence x is a normal variate. 


122. Beta Distribution First Kind 

Let x bea continuous random variate with probability density 
function defined as below : 

I 
-—— xmi (1— x7 
f ft (1—х)""1, m, n>0 ,0<x<l; 

x is known as a Beta variate of first kind with parameters m and n. 
It is referred to as Bı(m, n) variate. 


The distribution of x is called Beta distribution of first kind. 


12-21. Moments and Harmonic Mean 
1 pr (0) E(x") 


T'(m-4-r) T(m4-) 
=T(m+n+r) im) 

(т+т- 1)(т-+Ет—2).....(т) 

лал nN 


ass Mean ui (0) = mir 


o= m(m-+1) 
M NU (menm n1) 


pa 77 ua (0) — {нл (0))2 
m(m 4-1) { m y 


FUF Mn 


mn 
nnn 


The harmonic mean H is given by 
1 1 
A E 


1 
1 1 (I- Hen de 
А 


TES] 


“asl * (1— x71 dx 


Es 


= т, п) 


12.5 


12.6 4 
,Im-l +n 
m) Nenn 
т+п- 1 
= m= 
К f: АИ, Бы ШШ 
^ mFn-i 
12-3. Beta Distribution of Second Kind 


Let x be a continuous random variate with probability density 
function defined as below : 


1 -1 
I= ы-у T m, n»0, 0<x<% 


^ x 3 one M v 7 of pron kind with eters, 
and m. It is referred to as pam, n) variate, The di: 
called Beta distribution of second kind. stslbution of В 


Remarks: If x is а B(m, n) variate, then 
1 
rx 
is a 6107, n) variate, 
123-1. Moments and Harmonic Mean 


pr (0) E(x") 
oo , 
em 1 | x’, xm | 
gm, н) (хут d { 
o0 


х"++-1 
= л) наи рунет d 


2 лу Bm-r, n-r) 
= Ptr) r(n-r) 
T(m) Г(п) 
mr) (m+r—2)...(m) 
(0—1) (п—2)..(п=ғ) - 


12.7 


m 
п-1 
, т(т+1) 
4 200 I Un- 
42 N 2000 — 100 
m(m+-1) m M 
=D (2) 
n 1 
(n-1)n—2) 


The harmonic mean Н is given by 


us Mean 1 (0) 


P xl 


1 
e розна à 


= me n) pm- 1, п+1) 


On-) TG. 
T(m) TG 


Ex, 12-1. If x isa N (m, o), then 
1/x-m y 
т 
іза (5) 
Sol. Distribution of x is 


zm — 0 Ax 4 


1 /x-m \% 
o "DL. d E 
> х=т+с f27 
B سمه‎ e 


*. Distribution of 2 is 
.. dP=c. e 2 ½ dz, 0<z<o 
where c is constant to be obtained 2. f 


© 
f dP=1 
0 
-. сіз given by 
© 
с | ег 2 4½ дг | 
0 
he. сг (7) -1 
I. e., c= 1 


"(2) 


e” 2 I½ dz, 0<z<% 


-. Distribution of 2 is 
کو‎ 
r(7) 
which implies that z is a y (2) 


Ex. 12-2. [fx іза ү(А), find E (V). Dedu deviation 
about mean for a normal 118 M Чан 


Sol. Distribution of x is 


a= Pd " Ml dx, 0<х<‹. 
1 oo 
Bz) |у. * . 2-1 dx 
0 


12.9 


1 
N () 
Deduction. Let x be a N(m, o). 
=m \2 
Thea z= 22) 12 (+) 
Now |x-m|-e427 
-. Mean deviation about mean 
=0Е | х-т | 


=в\у//2 EN 
Ama (2 =) 
ja 


Ex. 12-3. Ifxandy are independent gamma variates, find the 
distribution of 


(i) x+y %% (iit) 1 


8 
Sol. Let x and y be gamma variates with parameters А and p 
respectively. * 


Then distributions of x апа у are 
1 =x А-1 
dP= n Д ЎР dx, 0<х<1 
mE 
Ш A ау, 0 
Ар. Tay ° lay, 0<у<1 


Since x and y are independent, joint distribution of x and y is 


1 = (x+. А-1 -1 
P= Ta) e (x+y) um ر٣‎ x dy 
Put w=x+y, v= xL y 
(2u. 20и: 
Qu у) _ Ox oy 
Ax, У) ду ду 
| Ox dy 


12.10 


1 1 
= y -y 
CHE GFF 
25565 3) SES Wl . 
DD и 
Now x =,  y=u(l —) 


*. Joint distribution of u and у is 


1 =u ۵-1 ув] 
FTO € Y (1-97! udu dv 


T glas e 


"TU e lay! a, a, 


E 1 =u 5+ н—1 Н 1 A-la 1 } 
Io SR а р” 1-۴ و‎ 
= wand v are independent variates. и ів а (+) variate 
and Y is 5100, ш) variate. 
To find dist. of = Proceed as below : 


Put u-—x-ry, => 


KLA ди 
Ә(и, v) | | 0x ду 
CORI ЫД y 
ox ду 
1 1 
y ya 
ae I 
Now x= 


uv 
qe 9 m 
3(u, v) »).. Ot»? 
Ax, Ax, у) u 
Point distribution of u and y is 


^no * (т) GR) ee ш» 


12.11 


= l 474 qual) ر‎ 
TT 


A1 
(кру 5 А aay "er Ф| 


= uand у are independent variates. 


и is a y(A-+p) variate 
and v is Ba(A, p) variate, 


Ex, 12-4. If x and y are two independent — normal 
variates, find the distributions of (i) x? (ii) x®+-y2 (itt) ge 
Sol (i) Put u=x2 
1433 1 i 
Then 2"isay (7) variate. 


Dist. of 2 ˙ is 


ony ЕЛЫ) 


Lied 
e ae а 


1 
V 
which gives the distribution of u. 


(it) 2 is a (2) уагіаќе 


® ) variate 
2 Got ва y( I) variate. 


xi" is 


а-у Qoo ( BUE 25 ( E ) 


* Dist. of 


12.12 
| —2 CAP ар 
where N= 
(ii) s is a (z ) variate. 


22 ) variate. 


la 

2 xt. 1" 
. 
2 


Ex. 12-5. If x and y are gamma ici with parameters А 
and n. Find the distributions of x+y and X 


D 
=, و‎ 
Sol Let u=x+y, v Xl» 
2 qe MY) uly) 
РАР hee Mis ae 
ах 2x | 
a(x, y) | ёи ду 
`` Ww») | ay ZA 
ди ду 
1+» u 
2 2 7 
кала БОГ A 
2 2 


Now Dists. of x and y are 


1 -x А-1 
ey e m dx 


dba al. ет? gt 
700 «ы 
The joint distribution of x and y is 


Bie a ру АЗСА 
TONES Oe «e 


12.13 
The joint distribution of u and v is 
34 1 -u Ur) )A—1) K - ]p—1 + 
e TO COUP С aei 
ra) s te) 
-far u du} 580, „е^ la Dn 1e, 
up and their distributions are 
ев Ate] м, 
Ттт ) 


and = 3 at rap dv respectively. 


Ex. 12-6. Let x be a BA, p), find E(4 x). 
Sol. Dist. of x is 


ak 2-1 a1 a, 0х1 


1 
s BA/x)= 9] ÓA X! a- ax 


-vl Atla- ld 


-wp tnm) 
r( aty) TG 
ray 7 ( Mat) 


EXERCISES 

1. If x1, xg, ., x, are gamma variates each with parameter A, find 
the distribution of. ¥= memo ne, 

2. Fora Beta distribution of first kind, show that 
() A.M >HM. 


(й) log G= Wow 3 BO, p) 
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Correlation Co-efficient and 
Linear Regression 


13.1. Introduction 


In bivariate distributions there are two variates x and y. If 
the change in one affects the change in other, the variables are said 
to be correlated. Otherwise they are said to be uncorrelated. If the 
increase (or decrease) in one results the increase (or decrease) in 
other, the correlation is said to be positive otherwise negative. 


In bivariate distribution the data is of the form (xi, J1), 
(ха, J2) .. (Xn, yn). Each of these value pairs can be represented by 
a point in xy-plane. The resulting set of points is called a scatter 
diagram. From the scatter diagram, one can get a fairly good idea, 
though vague, about the correlation between the variables. If the 
points are very dense (i. e., very close to each other) a fairly good 
amount of correlation is expected and if the points are widely 
scattered correlation is poor. 


Asa measure of degree of linear relationship between the 
variates, coefficient of correlation is defined. This formula is referred 
to as product-moment formula for linear correlation. It, being due 
to Kar! Pearson, is sometimes called Karl Pearson's correlation 
coefficisat. 


132. Covariance. Covariance between two variates x and y is 
defined to be 


Ех- 0 ~J) (for prob. dist.) 
п 
T Y > ЖХх‹— 30073) (for freq. dist.) 
i=l 


where & and} are respective means and is denoted by ‘cov(x, y). 


(13.1) 


13.2 


Correlation Co-efficient. Correlation co-efficient between two 
variates x and y is defined to be 


cov (x, y) 
(s d of x)(s.d of y) 


and is denoted by ray, 
er- Do- 
VN 0 3) 


3/5— (27000) 


7 [ал залу | Sie Ios } 


For freq. dist. rey= 


апа for prob. dist. ray 
NN A E(xy)— E(x)E(y) 
> У Ex- XRE(y ә) V [E92 — (EG)8EE(3) % 


133. Properties of Correlation Coefficient 


(i) The correlation co-efficient is numerically independent of 
origin and scale, 


Sol. Let x and y be two variates with expected values x and ў 
respectively and r the correlation co-efficient between them, 


The transformations corresponding to change of origin and 
scale are 


и= 20 апі je rb 


k 


where u and v are the variates to which x and y transform, a and b 
&re constants corresponding to the change of origin and ћ апа К are 
constants corresponding to change of scale, 


Now х=а+ић and y—5--ky 
i F=a+u and y hL K 
where и, v are expected values of y, у respectively 
AC - AkE(u-u v-v} 
eee ee ee 
hk 
= Tak] Tuv Fun 


according as В and k are of same or opposite signs. 
“. | ray | = | ға |. 


EREE 


(ii) For two independent variates correlation coefficient is zero. 
Sol. Let x and y be two independent variates with expected 
values x and } respectively. 
Now cov(x, Y) E(x— z)(y—3)) 
—E(xy p- 
=E(xy) - XE(y)- 9E(x)- 39 
=E(xy)— 39 — 33-39 — E(xy)— 3» 
Since x and y are independent, 
E(xy)=E(x)E(y) = X9 
cov(x, y)=%7— xy —0 
Tay=0, 
Converse. It is not necessary that, if r—0, the variates are 
independent. To observe this consider the following example : 
x: -3 -2 -1 0 1 2 3 
y-x?: 9 4 1 0 1 4 9 
xy :—27 -8 -1 0 1 8 2 
Here Xx-0-Zxy 


I 
®ху—-у 30») 

Tay . 0 

J (2x°)- Ge/ ھر‎ (A 

(iii) The correlation coefficient between linearly related variables 
is БГ or *— p, ^ 

Sol Let x and y be the variates related by the equation 
У=тх-+с and 7, J be their expected values. 

Then g-mz--c 


E(x—x)y—3) mE(x— х)? 
Now = I Vm H- x? 


=0 


m 
= Tm] =] 
according as m is positive or negative. 
(iv) The correlation coefficient cannot numerically exceed unity. 
Sol Let x and y be the variates with expected values x and y 
sespectively. à 
Let * =x —F and у'=у-у 


13.4 


Now for any real constant ‘a’, (ax'—y'?20 


Since probabilities are non-negative and the sum of the non- 
negative quantities is non-negative, 


Hax e -W*20 


„„ E(x) Ey’) 2aE('y 0 


Ax 
Put а= p 

E(x’. 
Then Ets 4 a END 


E(xy) Р | .— Ex-£Xy—-J) F 
та VE зуур | “т 
| rey | <1 or ICH Cl. 
Ех. 13-1. Show that, if x’, y' are the deviations of the variables 
X, y from л, 


т=1--{у Л ( -% y (Symbols have their usual 
D * 
meanings) 


Deduce that -I < r « 1. 


Sol. Ae. my 
"oa {жы AM) 
"RUE e) u 


1 
1 соу (x, y) 
=1 Ter „ f. + pum 
=r 


Similarly second result can be Proved, 


13,5 


1 xe "үг 
Now Ira ay >, (2-26) >0 te, 1»r 
7 


1 pi M 
and Leroy > A (= + ( 20 fe 9-1 
7 


-1€r«1 


Ex. 13-2. Show that the co-efficient of correlation between two 
variates x and y may be expressed in the form 


U 


where x, 9 are A. Ms. and бе, су are 5.15. 
Sol. By def. 


1 
ovn) 2 CHO 
(s.d. of x)(s.d. of y) = сасу 


= mm { 5 (y~ xy- 3x3 } 
aa T Xy—nx3-—n9yx--nxy ] 


g 5 > Mere ] 


Note. For the numerical data rey is. calculated by changing the 
variates x and y to the new variates u and v defined by 


х-а y-b 
k 


ay 


и= and у= 


where a, b, h and k are constants to be chosen suitably so as to 
simplify the calculations and using the fact ru Eoy. 


Ex. 13-3. The ages (x) and systolic blood pressures (y) of 12 
women are given below : 


Ages in years (x) Blood pressure (y) 
56 147 
42 125 
72 160 
36 118 
63 149 
47 128 
55 150 
49 145 
38 us 
42 140 
68 152 
60 155 


Calculate the correlation co-efficient between x and y. 


Sol Define the new variates 
u=x—52, and у==у— 140, 


Then we have the table of values as below : 

x y u У u? уё иу 
56 147 4 7 16 49 28 
42 125 —10 —15 100 225 150 
72 160 20 20 
36 
63 
47 


400 400 400 

18 -16 —22 256 484 352 

149 11 9 121 81 99 

28 -5 —12 25 144 60 

55 150 3 10 9 100 30 
49 145 —3 5 9 25 —15 
38 15 -M ~25 196 625 350 
42 140 —10 0 100 0 0 
68 152 16 12 256 144 192 
60 155 8 15 64 225 120 
4 4 1552 2502 1766 


1766— . (4)(4) 
pa : i 0896 
"m 12% ,/ 2502- LL y 


EH Ex. 13-4. Find the co-efficient of correlation for the Sollowing 
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Let — 2 
and v= 2-0 


Sol. Calculation of Co- eff. of Correlation. 


1 
115— -gg (54-28) 


S58 
J 210- тор (54° 7 286- 100 (—28)% 
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Ex. 13-5. A computer while calculating rey from 25 pairs o; 
observations obtained the following constants. гы е У 
n=25, x= 125, 2x2—650, Sy=100, Sy2=460, Xxy 508. 


А recheck showed that he had copied down two pairs (6, 14) 
(8, 6) while the correct values were (8, 12), (6, 8). Obtained the correct 
value of the correlation co-efficient. 
Sol. n=25 
Correct value of 2x=125—6—8+8+6=125 
Correct value of Zx2—650— 36 —64+64-+-36=650 
Correct value of Zy=100—14—6+12+8=100 
Correct value of > y2=460— 196—36+144-+4+64=436 
Correct value of 3xy—508— 84— 48--964-48—520 
. Correct value of co-efficient of correlation 
E 
пух (( 
(25)(520) — (125)(100) 
74 (25)(650)— (125)2 4 (250436) — (100) 
520— 500 20 2 


650-625 4436-400 56 3 


Ex. 13-6. The following table gives the number of students 
having different hts. and wts. : 


wts. in ibs. 


Calculate co-efficient of correlation between hts. and wts. 
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4f f 0Е1—020с1—011(011—001001—06 | 06—08 


1520 


"uope[ox1or Jo Ye- og jo uhu 
"Крлпоэазәт ‘sq pug i 94} 10J SIJENVA oq) oq 4 pus х JOT 105 
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Ex. 13-5. A computer while calculating rey from 25 pairs о 
observations obtained the following constants = as ^ У 
n=25, x= 125, Zx?—650, y= 100, Zy2=460, Хху= 508. 


А recheck showed that he had copied down two pairs (6, 14) 
(8, 6) while the correct values were (8, 12), (6, 8). Obtained the correct 
value of the correlation co-efficient, 


Sol. n=25 
Correct value of 2x—125—6—8--8--6— 125 
Correct value of Ix2=650— 36 — 64--64--36—650 
Correct value of Zy=100—14—6+12+8=100 
Correct value of x y?—460— 196— 364-1444-64—436 
Correct value of Xxy = 508 — 84— 48--96-1-48— 520 
Correct value of co-efficient of correlation 
n(Zxy)- (xXZy) 
Tni С r 
(25)(520)— (125)(100) 
774(05)650)— (125) V (250436) — (100) 
520— 500 20 2 


7550 525 4436-400 36 3 


Ex. 13-6. The following table gives the number of students 
having different hts. and wts. : 


wts. in ibs. 


80—90 | 90—100 | 100—110| 110—120|120—130 | Total 


50—55] 1 3 ü 5 2 18 
i 55— 2 4 10 7 4 27 
5160—65) 1 5 12 10 7 35 
Sk o 3 8 6 3 20 
Total 4 15 37 28 16 [100 


Calculate co-efficient of correlation hetween hts. and із. 


r 
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09—$$ 


HA 


Gols ” = E RES ES —— EE Рр 
zi— | zor | ps- | si s.zs SO 
7 X Sa E) xs eimod 
PIA 
— зай 3 + 
anf | ef | Af доу |0Е1—0с1|0с1—011011—00001—06 | 06—08 4 
4X 


"uone jo -09 jo uoriepuoper) 
"K[oAnoodso: ‘sq pue "зул оцу 10} seh om 29 f риз x 101 108 
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25- im (3714) 


y 123 = 55 (37) J 404-100 (14) 


Ex: 19-7. Find the variance of the variate 
ue01X1 9x3 -...... +anx, (where a's are constants) 
in terms of variances of x1, xa etc. 


Sol Let и, #1, Xs, etc., be the expected values of the variates 


=0‹09 


Then = й=К(и)=Ё(аүх--авхе+...... Ta, x-) 
he, &=01%1+-ae%o+...... +an#n 
„„ Var (u)= E(u ~u} = E(a1 (x1 = TI) TAX A- 82) - . 


"ахь ¥n)}® 


=Ё 73328 ast (x — 5)8-- ...... C a - Fn) 
aha i ROG E) 


= var (x1)+ ag? var (xs)--......--as? var (x) 
+Е2аав Соу (x1, ха)+...... 


Ex. 13-8, If on oy? and с»_,® be the variances of x, y and x- 
respectively, show that 


ун 033 -+-0,2— G 3 


ra 
20a0y 


Sol. ov_y2=var (x—y)=var (x)-- var (y)— 2 cov (x, у) | 
= 002+ od — 2rs,050, 
с:24с,2— Gey? 


2020, 


De Toy= 
Ex. 13-9, Find the correlation co-efficient between x and a x. 
Bol, Let u=a—x 
Then ü=4- 7 
where й, X are expected values 
хаг (u) - E(u— f) E(x— ) с (say) 
Cov (x, и)  E((x— #)(и— 0) = — E(x— x8 — o 


a= —— =~], 
oo 


Ex. 13-10 Find the correlation co-efficient between x+y and 
i y (it is given that x and y are uncorrelated), 
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Sol. Let u=x+y, x= 
Then = چ‎ +, =- 
where й, ö oto., are A. Ms. 
^ соу (u, у) = Е((и= ü)(v— v)) 
zE(x- 3)(y-3)(x-5)- 0-3) 
S E(x - Ry - (y-5))e o 
where ow, су etè., аге 8.08. 
Also var (и) var (x)--var (y)4-2 cov (x, y) 
le, eu os 0% 
and O= ga су 
If y be the correlation co-efficient between u and у, 
e = су? 
pn 


Ex. 13-11. Fx andy are two correlated variables with the 
same s.d. and the correlation co-efficient r, show that the correlation 


Ir 


co-efficient between x and x--y is "ү 
Sol Let u-x--y and с the s.d. of x or y 
Then =+ 


where и, #, J are A. Ms. 


Now var (u) var (x)--var (y)4-2 cov (x, y)e2c?--2rot 
=20%1-+-r) 
cov (u, х)= E[(u— uJ(x— x)]-- EIA --- 3)] 
=E(x—%)?-- E{(x— z)(y—3))  o?--cov (x, у) 
(Ir) 
*. Correlation co-efficient between и and x is given by 
Leut) (Br. 
^ “BVFA 4 2 
Ex. 13-12, If x, xa and xs be uncorrelated variables each having 
the same s.d., obtain the correlation co-efficient between u=xy xg 
and v—xa--xs. 
Sol. Let папі » be ће A. Ms of u and у respectively, 
Then = FFs and Y —3--Xs 
where 71, X» etc., are A. Ms of xi and хо etc., respectively. 
Now var (u) var (x1) T var (x2) 2 
where var (xi) o etc. 
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Similarly var (у)=202 
соу (u, v)=E{(u—u)(v—v)}= (Gt — 31)--(xa— 32) G- Ka) 
+ (%— 23))] 


= E(xy— 32) (, cov (x1, x5) O ete., 
88 X1, Xs, x3 are uncorrelated) 


Fo? 


.‘. Correlation co-efficient between и and v is given by 


1 


= 2% 2 


Ex. 13.13. Two vuriates x and у have zero means, the same 
variance с? and zero correlation. Show that. 

U=x cos a sin « and V=x sin a— y соза 
have the same variance с? and zero correlation. 


Sol. Since x and y have zero correlation, cov (x, y)=0 ie, 
Hay) b. 


Now var (U)=cos? « var (x)--sin? & var (у)=с? 
var (V) sind « var (x)--cos? « var O D o 
cov (U, V) - E(U —U)(V — 7)] 
Now U=cos «X --sin ay=0 
and V—3 sin &—7 cos a=0 
„„ cos (U, V)=E(UV)=E{(x cos «Fy sin a) (x sin &— y COS a)) 
cos « sin « E(x?) sin а cos & E(y2) 
=cos « Sin a c? — sin « cos а 020 


Ex. 13-14. If'u—ax--by and y—bx—ay, where x and y repre- 
sent deviations from the respective means and if the co-efficient of 
еа between x and y is ғ and и and v are uncorrelated, show 
that 


$ 


бибьо==(а®-ЕЬ?)саву\/ 1 — r8 
Where ou, ov etc., are s.d.s of u, v etc. 


Sol Now ob- var (и)==а?в„%--Ь2в,%--2аЬ соу (x, y) 
= var (Y) =62022--420,2— 2ab cov (x, y) 
cov (u, »)=E{(ax-+-by)(bx—ay)} : 
7ab(as* — о,®)--(5%— a?) cov (x, y) 
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.. Gu2ao®— соу? (u, y) (a? 4-52)? 520,2 — соу? (х, y) 
=(02+02)20,20,2 {1 EE » ] 
Nr бу 
—(a* + b2)20220,2 (1— r2) 
But cov (u, y) -0 
сись= (424-02) ozoy Y 1 — r2. 

Ex. 13-15. xı, xa are two variates with variances сү? and oy? 
respectively and р is the correlation coefficient between them. Deter- 
mine the values of the constants a and b which are independent of p 
such that xi Taxa and xı+ bx» are uncorrelated. 

Sol Let u—x;-4-axo and =x,+-bxo. 

ü—X1--axo and AIT 
. cov (u, v) E((u— z)(v— 0)} 
= E((1— 31) -a(xa— x2) (х1 — ¥1) + b(xa — 32)) 
= E(x, —31?- (a b) E(9 — 1) (xs — 2» 
-FabE(xa— 32)* 
=012+(a+b) cov (x1, ха) J-abos? 
=032+aboq?+(a+b)poi02 
Now cov(u, v) 
(632 +-abag2)+(a+)po192=0 
Since a and b are independent of p, a and b are. given by 
042+ abo —0 
and a+b=0 
a= (= 2 
og 

Ex. 13-16. If x and y are two variates each with mean zero and 
variance unity and ray=r(zé— 1), find ‘b’ so that ‘x+y’ and ‘x+by’ 
may be uncorrelated, 

Sol Let u=x+y and v—x4-by 

Then ü—X-Fy-0 and 7—x T=. 

O=cov (и, v)=E(x+-y)(x+ by) 
= E(x?)- (1 4- b) E(xy)J- D 
=(1+b)(1 +r) 

1+b=0 as г&—1. 
=-]. 
Ex. 13-17. If x and y are independent random varíates, shew 
that 
Мх+у, ху) = (х, x -y)- rt, x») 
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x—y) denotes the coefficient of correlation between 


Fel tek 
Sol Since x and y are independent, 
cov (x, у)=0 c(l) 
Put Х=х+у, Yex-y 
"n var (X) var (х) --уаг (у)+2 соу (x, y) 
LIT E 
and var (Y)==var (x)4-var (y) = 2 cov (х, у) 
LIE 
Now Tert  Yes-y 


^ eov (X, Y) EXY- X) Y- Y) 
m E(x-3)-3)(- #)— (y- 3) 
EU- = 
mot = 0,2 
s! - а, 
cov (x, X)e Ех X)(X — X) 
Hr - 
E(x X) E(x- (у-у) 
Seco (x, y) 


e gud | 
COV (y, Х)= E(y- »)(X— X) | 
=Ж(у-—у)(х- %)-+(y—9)} 
H- 3) —9)4- E(y- 59 
LI 
^ r. X) т=р= m 
and пф» K= tt | 


Ex, 13-18, ху, ха, xa are three variables each with variance o® 
and the correlation coeficient between any t40 of them lane Г 


Os- су I 
i W(X, Vert (x, X) rà (y, X) 
Jm atata, 
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show that 
var G -A (1920) 


Deduce that 72 2 


Sol. Jmm 


Er) TIL TA Ie 
var (#)= E(F ¬ E(3))* 
e y 


= Ehn i) Gn TAHE 


+201 X1) (xa = Fa) 2 (27 твт #9) 
20 — 319a — 39)) 


eg (3042 cov и, an) F2 соу C, 20) 
Yb eee) (i соу (хь xor ete) 


= o (1+2) 
Since var (#)>0, 
1+2r>0 
> >- 1 


Ех, 13,19. x and у are independent random variables each with 
mean zero and variance 1, Find ‘a’ so that the correlation coefficient 


between x Tay and x+y is maximum, 
Sol, By given 
ELILA oom aye d 
eov (я, y)=0 
Put Xextay, Yexty 
Then X-0- Y 
. Cov (X, Y)e(E(XY) 
= E(x Fay} 
= E(x) + (1-40) A 


=i+a 


13.16 


var (X)— var (x)--a? yar (у) 
=1 +a? 
var (Y)=var (х)--уаг (y) 
=2 
lta 
Now maximum value of Tayl 
BEES UM um | 
420-22) 
= 1+a2-+-2a=2+2¢2 | 
hen, a—2a+1=0 
a a=1 
Ex, 13.20. If x and y are uncorrelated random variates with 


means zero and variances o13 and og? respectively. Show that the 
correlation coefficient between 


u=x sin «4-y cos « 


and v=x cos a— y sin a 
is 


On Toy= 


012—052 
Sol. Ву given 
¥=0=y, 
var ( ) ol, var (y)= os? 
and cov (x, ) O 
Now u=x sin «у cos a 
vx cos a- sina 
ws u=0=y 
cu? — var (u) sin? & var (x)+cos? & var (y) 
—sin? а с124-с052 & 022 | 
cv! var (v) cose a var (x) sin « var (у) | 
=cos? « с124-ѕід? & 052 
.. Guvar®=(sin? «632-4- cos? ae (cos? «;2-I-sin? a02) 
—8Sin? « cos? х {014+ 031— 26,2552) 
+152 (sint «+cos4 «+2 sin? cos? a) 
Sein? a cos? а (61 — 0) 2.612022 


13.17 
Cov (и, v) E(uv) 
= E((x sin «+y cos «)(x cos a—y sin «)} 
=E{(x?—y?) sin а cos «xy (cos? а —sin? c)) 
=(в12— os?) sin а cos «--cov (x, y)(cos? a— sin? a} 
==(в12— 022) sin х cos a 
E. (012 — 02?) cos « sin о 
Ч (sin? a cos? а (o12— P01 
ETT (12 — os?) 
(ol o5)? -- 401209? cose 2a}1/2 
Ех. 13.21. If x and y are random variates with correlation 
coefficient between them, show that 
u= x sina+y cos a 
v=y sin a x cos ® 
are uncorrelated if 


270 


tan 20 
900 — ane 


Sol. By given 
u=x sin «+y cos а 
v=y sin «— x cos « 
u= sin о-у cos a 
y—J sin u 7 cos « 
cov (u, y) =E{(u—u)(v—¥)} 


= E((x — X) sin a+ (y—J) cos a} 
(0—7) sin a- (x— x) cos a} 


= E(— cos « sin a (x— X)*--sin & cos a (Y- 
+(x—%)(y—J) (sin? » cos? a)) 
=sin « cos « (0e 0:2) — cov (x, y) cos 2« 
sin а cos a (0у2— 022) — 026, cos 2« 
Now, u and v are uncorrelated if 
cov (u, v) = 
=> sinacos«(o,?— 0:2) — үсаву cos 2«=0 


2y020y 


tan 2 ni Ud 
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134. Rank Correlation 


1341, Non-Repeated Ranks, Let п be the number of 
individuals which are ranked according to two different characters 4 
and B, Let x and у be the ranks wrt, 4 and B respectively. 
Assuming that ranks are not repeated in either series, both x and y 
take the sume values 1, 2,......л, 


Then 3xeXye1--2--..... + Mot) 


and N Луб 185-284... ИОТ) 


, var (х) var (et zx- (= y 


2 изир _ (nmn 2 т—1 
2n 12 
Let d=x~y 
"n 24 =- у) (х Y- - 
where ¥ and J are A. Ms. 
„ - д-н L روو‎ 2% Ru- Ho- 
var (x) var (у)—2 cov (x, у) 


MENU —2 cov (x, у) 


, COV (x, ym et E 24% 
*. Correlation co-efficient between x and y is given by 


cov (x, 6 
Та) 50570 J -1- ч =) Zd” 

‘r' is called Spearman's rank correlation co-efficient, 

Ex, 13-22, Caleulate Spearman's rank correlati coefficient 
from the following data, Two numbers within — пац deme the 
ranka of the students in papers A and В respectively, 

(H D) (2, 10); (3, 3) (441 (5,5; (6,7); (0,21 (661 
(9, 8); (10, 1) i 01,15); (12,9); (13,14); (14,12); (5,10; 
(16, 13), 

Sol Let А; and Ry be the ranks for 4 and B respectively. 


13.19 
Calculation of Coeff, of Rank Correlation 


Ri | Ra |d2Ry-R| d? m Rı NIR 4% 
1 1 0 0 9 8 1 1 
2 |10 8 64 10 11 1 1 
3 3 0 0 11 15 4 16 
4 4 0 0 12 9 3 9 
5 5 0 0 13 14 1 1 
6 7 1 1 4 12 2 4 
1 2 5 25 1$ 16 1 1 
8 | 6 2 4 | 16 | 13 3 9 

136 


„ Spearman's Rank Correlation Coefficient is given by 


624% 6,(136 
1-р! Tea 
=0'8, 
Ex, 13-23, Ten competitors in a voice test are ranked by three 
Judges in the following data: 
First Judge: 1 6 3.1053 2.4. 9.7.48 
Second Judge: 3 3 8 4 7 0 2 1 6 9 
Third Judge : 6 4 9 8 J 2 3 «+10 § 7 
Use the method of rank correlation to gauge which pair of judges 
have the nearest approach to common likings in voice, 
, Sol, Let Ri, Ra and Аз be the ranks due to three judges res- 
pectively, 
Calculation of Rank Coeff, of Correlation 


1 11.9766 4 — | 25 
2 | 6) S| 4 1 2) 4 
3 51819 9 —4 |16 
4 0; 4| 8 36 2 |4 
3 13$ TE 16 2|4 
6 | 2|10| 2 64 0|0 
7141213 4. 1 1 
8 | 9| 1|10 64 =1 1 
91716135 1 414 
10 | 8| 9| 7 1 1 1 
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Rank coeff. of correlation between first and second judge 


1200 5 
1-10.55 0212 


Rank Coeff. of correlation between first and third judge 


__ (6)60 0. 


and rank co-efficient of correlation between second and third judge 


6.124 
1 70.99 = 0:297. 

Since the correlation between first and second judge is — ve, 
opinions regarding voice test are opposite of each other. Similarly 
opinions of second and third judge are opposite of each other. But 

е opinions of first judge and third are of similar type as their 
correlation is positive j.e., their likings and dislikings are very much 
common, 


Hence first and third judges have nearest approach to the 
commion likings. 


13.42. Repeated Ranks 


In this case two or more individuals are bracketed equal in 
either or both classifications. Here, common ranks are given to the 
bracketed individuals, This common rank is the average of the ranks 
which these individuals would have assumed had they been slightly 
different in ranks from each other. 


The rank co-eff, of correlation when 11, tg ...ty figures are given. 
same rank, is given by 


_ (2d? T) 


(oe n(n?— 1) 


p 
where t= ту @3—1) 

ї=1 

Ех. 13-24. Find spearman’s/rank correlation coefficient for the 
data given below : 
Students :1 23456789 10 11 12 

Marks in Exam. A: 15 13 17 14 18 12 20 16 18 17 19 21 
Marks in Exam. B: 18 16 18 15 19 16 18 18 21 17 18 20 


13.21 
Sol. Calculation of Rank Coeff. Correlation. 


Ranks in A 
S.N. Ry 


Ranks in В | Ri~ Ra 
Ra d а? 


1 9 5:5 35 | 1225 
2 11 9:5 1:5 2:25 
3 6:5 55 1-0 1:00 
4 10 11:5 1:5 2:25 
5 4:5 3 1:5 2:25 
6 12 9:5 2:5 6:25 
7 2 5:5 35 | 1225 
8 8 11-5 35 | 1225 
9 45 1 $5 | 1225 
10 6-5 8 1:5 2:25 
11 3 55 2:5 625 
12 1 2 1 1:00 
72:50 


Here in paper A, two students have got 18 marks each and 
two 17 marks each. While marking ranks, ranks 1, 2, 3 are given 
to students getting marks 21, 20, 19, ranks 4th and Sth are to be 
given to students getting 18 each. As they have got equal marks, 
their ranks should be same and hence each is given the rank 

4+5 


I 4s. 


Similarly the ranks of students getting 17 marks each is 
6+7 


INTE =6'5 each 


In paper В, there are four students getting marks 18 each and 
1he ranks to be given to them are 4, 5, 6, 7. 


Rank of each student getting marks 18 
4+5+6+7 22 5. 


Similarly rank of each student getting 16 marks in B 
9+10 ,. 
=—5— 9:5 
and rank of each student getting 15 marks 
eis 
As in т А, two students get the same rank 4:5 and two 
students get дир, rank 6:5, for paper A we have 1-2, 13—2. 
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In B, there are 4 students getting rank 5:5, two students 
getting rink 9.5 and two students getting rank 11:5. 


„. 0194, 42, 1522. 
„ Tae ty =D fy 087 2)4- ty (48-4) .- (29-2) 


4-2 
eq 8-2 (64-4) 
“2+4=7, 
^ ral- d 
1-8 T 86 —0 23 


Ex. 13-25. The coefficients of rank correlation of the marks 
obtained by 10 students in Physics and Maths was found to be 0'4. 
Tt was later on discovered that the difference in ranks for one student 
was wee. taken as 2 instead of 3. kind the correct coefficient of 
rank correlation. 

Sol. Here r=0'4, n=10 

654% 
e 1— An- I) =0 4 
Ў 6242 
o E buen TT 
- 24299, 
Now, corrected value of 52=99— 44-9104, 
Corrected value of rank correlation coefficient 
6004) _ 
Ti mago 
13.4.3. Limits for the Rank Correlation Coefficient 
The formula for rank correlation coefficient is 
6.302 
n(n? —1) 
where r is the rank correlation coefficient. Now, r is maximum when 
Zd? is minimum, which is so only when each d is minimum i.e., 
zero. This is achieved only when ranks of each individuals are same 
in-either classification. 
-. Minimum value of 242—0 
Maximum value of r—1 


r-1— 
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r is minimum, when Zd? is maximum, This is achieved only 
when the ranks in two classifications are in reverse order ie. if the 
rank of an individual in one classification is r, its rank in other 


ER isn=r—l=n+1—r. In this case corresponding value 
of d is 


| n=(2r—1) | 
.. Maximum value of Jd? 


n 
= 2 -f e 

r=] 

n 
ка 1 (n*-- (4r? — 4r--1) - 2n(2r— 1)} 

r= 

n 
= E (0-1) 40 rare} 

r= 


eben, te T 
тичаи). AED 4 4 Е DOR D 
= nln DET mln Dn 4- 1) 
pna Dn 2-304) 

= 4-8-1) 


Min, value of r=1— es Lami) 


6 
n(n*— 1 
=-1 
13.5. Regression and Lines of Regression 


In case there is some relationship between the variates, the 
points of the scatter diagram will be more or less concentrated round 
acurve. This curve is called curve of regression, From this curve, 
it is possible to estimate one of the variables (the dependent variable) 
from the other (the independent variable). This process of estimation 
is often referred to as, regression. If y (or x) is estimated from x (or у), 
regression curve is of y on x (or x on y). 


In case this curve is a straight imc, it is called the line of 
regression and the regression is said to be linear. 
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Evidently the line of regression is the straight line which gives 
the ‘best fit in the least square sense’ to the given data. 


In case y is treated as dependent and x as independent variable, 
the line of regression is called the line of regression of y on x' an 
gives the best estimate of y for any given value of x. In the contrary 
case it is called the line of regression of x on y' and gives the best 
estimate of x for any given value of y. 

13.5.1. Equations of Lines of Regression 

Consider the bivariate freq. dist. 

X Хі x2. ( 
x yi уз. 
FINAL . 

where fi tft... m= №, 

The line of regression is the straight line best fitted in the least 
square sense to the given distribution. 


Let y=mx+c be the equation of line of regression of y on x, 
where m and c are unknown to be determined by the method of 
least squares. 


Let Y;2mxi--c 


n n 
and ma 2 "ial re ge i fimxite- y)? 
According to the method of least squares, m and c are to be 
determined so that 5 is minimum. 
The Normal equations are: 


n 
om 38 -> 2f(mxi-e— у) 


i=1 
n n n 
ie, m Z fixte E fi E fy 
j=] i=] і=1 
i. e., mã Kc (I) 
n 
S 
and У 2f(mxid-c— y(x) 
i=l 


n n n 
їе. m 5 fragte 3X fx Y fo (2) 
i=1 i=1 Iz 
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Now by nid 


ды Ls f a Sp fxd Ha 2x) 
i=l i=] 


(2 xR мал) 


and U. cov (x, y)=— 1 S uua 50095 
і=1 


n 
- >, bo- a0 
i=] 


n 
- > foy x» 
i= 


n 
i Ый fixo Mu, +39) 


Substituting in (2) 
mí(ost 4-33) + Fe= py, Ry +3) 
Solving (1) and (3) for m and c 


= mh. 
ma a and c P a 
°. Eq. of line of regression of y on x is 
te (K x) 


Similarly the line of regression of x on y can be shown to 
have its equation $ 


з= A O 
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Ех. 13-25. Ifa is the angle between the two regression lines in 
the case of two variables x and y show that 
1—r? cs 
E IET си o 
where the symbols have their usual meanings. 


Sol. The equations of two lines of regression аге 


y-3-55 (х=) ...(1) O on x) 


r O- ...(2) (x on y) 
Case I. If 1,40. 


Sy 


Slope of (D- =. E 


ба 


Slope of Qum 


roz 


where г is the correlation co-efficient between x and y. 


7 o ow ]l—r? сусе 
Now tan VIRES y AE == Ur ood 
Шыр 


Сазе II. If џ,=0. 
Lines (1) and (2) become 
y=} ай  xex 
which are parallel to co-ordinate axes 
A a=90°. 


13-5.2, Regression Co-efficients. The quantities ci and . 
y 
are called regression co-efficients of ‘y on x’ and ‘x on у’ respectively 
and are denoted by bya and be, respectively. d р 
13.5.3. Properties of Regression Coefficients 


(i) The correlation co-efficient is the geometric mean between 
regression co-efficients. 


Regression co-efficients are given by 
bye P and be, т 

А =] Ра Le ° 

ay bya.boy b r 


where r is the correlation coefficient. 
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(ii) The correlation co-efficient cannot numerically exceed the 
arithmetic mean between regression co-efficients. 


Regression co-efficients are given by 


„Б p ал eau, DM 
bya E on and Day E m n 
| bys+ bzy dm | r | o,?-- 02? 
2 2026, 


betin] r= Ir DEA] 


2сасу 


(oy — оз)? >0 


=) oe 


20 
bya+b 
et» |r| 


Remarks. (1) Буа is the slope of line of regression of y on x 
and bay is the reciprocal of the slope of line of regression of x on y. 
(2) bv», bay and r are of same signs. 


Ex. 13-26. The ages (X) and systolic blood pressures (Y) of 12 
women are given below: 


Age in years Blood Pressure 
(X) (Y) 
56 147 
42 125 
72 160 
36 118 
63 149 
47 128 
55 150 
49 145 
38 115 
42 140 
68 152 
60 155 


Determine the least squares regression line of Y on X and find 
the value of the regression co-efficient of Y on X. 


Also estimate the blood pressure of a woman whose age is 
45 years. у 
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Sol. 
X x xy 
56 16 28 
42 100 | 150 
72 400 | 400 
36 256 | 352 
63 121 99| х=Х—52 


y=Y-140 


Let the line of regression of y on x be 


y=a+bx 

where the co-efficients ‘a’ and ‘b’ are given by the equations 
Zyzna--bIx 

and ZA AEX Tx 


Substituting the values of Zx etc., 
4= 1224-4 ог 1=3a+5 
and 1766-4 ＋ 15525 or 883—2a--776b 


Solving 
47 — 0:046 and b=1'138 


„„The equation of line of regression of y on x is 
y=(—0°046)+-(1'138)x 
The equation of line of regression of Y on Y is 
Y—140—(— 0:046) 4-(1:138)(X — 52) 
or Y=(1'138)X-+-(80°778) 
Regression co-efficient of Y on ¥=(1°138) 
Now value of x for X—45 is (45—52)— — 7, 
Estimate of у= —0:046 — 7-966 
= — 8:012 


Estimate of Y for ¥=45 
—140— 8:012 

—131:988 
Ex. 13-27. For the following table : 


Ages of 
husbands 
in years 
15—25 
25—35 
35—45 
45—55 
55—65 
Total 


Find (i) the co-efficient of correlation 


10—20 


6 
3 


Ages of wives in year: 
20—30 30—40 4080 50—60 


3 
16 
10 


29 


10 
15 
7 


32 


(ii) The two regression lines. 


Sol. The calculating table is on page 13.30. 
The co-efficient of correlation is given by 


() 


Gi) а=2= C. 


98-1 (- 9) 
dd 2-45 Jy / 122 
... 9800-64 
12200-64) 
9736 . 
ein 
8) 008 


e. ууу {122}— (= 


-TOF 


8 
100 


vual | | 


00 (9 


(12200— 64}=1-2136 
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The equations of lines of regression of v on u and u on v 


and 

bus ben T= 0:802. 
respectively ere 
and 


(v4-0:08)—0:802(u-1-0:08) 
.(u4-0:08) —(0:802)(v 4-008) 
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«x 
ERIN Н 
epis уо sa лор age өй f pur SOAIA JO 5938 oq} JO} o[qerivA оцу oq x PI 
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-. The equations of lines of regression of y on x and x on y 
respectively are 


37:409) dan etos x—35 |. 
( 10 4006) 0802 = +008 ) 
or y—0:802x 4-11:772 
ОО 
and ( 2535 оов 00 802 [ut +008 ) 
ог x=0°802y+-2°762, 


Ex. 13-28. Ina partially destroyed laboratory record of the 
correlation analysis of data, the following results only are legible : 
var (x , regression lines 8x—10y+66=0 and 40x — 18у=214. 

Supply (i) mean values of x and y. 

(ii) the s.d of y. 
(iii) the correlation co-efficient between x and y. 


Sol. (i) The equations of lines of regression of y on x and 
x on y respectively are 


v bi- 0 
and x—x-bs(y—J) (2) 


-. Thus x and ӯ are the values of x and y which satisfy both 
the regression equations simultaneously. 


Solving regression equations 
¥=13 and  j-17 


(ii) It is not given, of the two regression equations which 
represents the line of regression of y on x. So we assume. 


8x—10y--66—0 
to be the equation representing the line of regression of y on x. 
Then ecuation representing the line of regression of x on y must be 
40x—18y—214 
Comparing with (1) and (2) 


4 9 
һ»= 7> апа bay = 30 


The co-eti. of correlation r is given by 
9 


2 
пы 3. 20 mag (D 


Since r2 comes out to be less than unity, our assumption is 
correct. 


Since bys and bs, are positive, г must be positive and hence 


r= T 06 7 
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(iti) Now bar -2 where symbols have their usual meanings. 


ete 5 
or oy=4, 

Ех. 13-29. Two random variables have the least Squares regres- 
Sion lines 3x--2y— 260 and 6x4-y— 31-0. Find the mean values 
and the correlation co-efficient. T 

Sol, Solving regression equations 

3-4 and  y-7 
Now slopes of regression lines are 


N und -6 
Since $1, 
3 1 
bya= =, 7 апі bay= - € 
e Hebdo A. (&1) 
b r=—0°5 (.* , bay are < 0) 


Ex. 13.30. For a bivariate distribution, the lines of regression 
are dr IAI and 3y LG 46. Find the mean of the distribution 
and the correlation coefficient. 


Sol. Solving regression equations 


#=5 and »-i 


Now slopes of regression lines are — 4 and —3 


К m NE 


72 bus. bey + 


-— 3 (C bos, bey 0) 


Ex. 13-31. Given that the lines of regression of y on x and x 
on y are respectively y=x and 4x— J—3-0 and the second moment 
about the origin for x is 2; calculate @) the mean for x (ii) the mean 


for y (iii) variance of x (iv) variance of y (») the correlation coeffi- 
cient between x and y. i 
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Sol. Solving regression equations 
5 #=1=7 
Now slopes of regression equations are 1 and 4 


bys= 1 Г] bay= 4 


n=} ie, r=0'5 
Now for x, 2 (02 
5 asd us (0) — 2222 — 11; 


1 
Also Тра 20 Oy. 


ву=2. 


Ex, 13-32. Given x—4y--5 and y==kx+4 are the regression 
lines of x on y and у on x respectively. Show that 0<4k <1. If 


kat, find the means of the two variables and the co-efficient of 
correlation between them. 


Sol Here by;—k and bzy=4 
72 bia. ben Ax. 


Now since 72 is the square of the real quantity, it should be: 
nonnegative. 


Since bxy#0, г520 

Also as two lines of regression are different, ris. 
P 0<r3<1 

=> 0<4k<l 


When kote the equations of lines of regression become 


x=4y+5 (x on y) 
l6y=x+64 (y on x) 


Solving regression equations 
¥=28 and 3—575 * 


1 1 
Also г2=4К=4. 16 45 


м 75 p-05 (bye, boy > 0) 
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are 


and 


Ex. 13.33, For two variables x andy the two regression lines 


x+2y—5=0 
2x+3y—8=0 
Also var(x)=12. 
Find X, 9, cy апат. 
Sol Solving regression equations 
z=] and y=2. 
ye x 1 2 
Slopes of regression lines are -% and 7 
1 2 
M by —-;- and bey=— > 
1 3 3 
. Sul cs 
„ n0(- 3) (-2)-4 («D 
А ram Ae 6 byn bay < 0) 


Also bys=r Se and o,=2/3 


r 


Ex. 13-34. For 10 observations on price (x) and supply (y) the 


following data were obtained (in appropriate units): 


Ex=130, 2y—220, 3x2— 2288, 2y1—5506, Exy—3467. 
Obtain the line of regression of y on x and estimate the supply 


when the price is 16 units. 


"where the co-efficients ‘a’ and ‘b’ are given by the normal equations 


and 


and 


Sol Let the equation of the line of regression of y on x be 


y=a+bx. 


Zy-—na--bZx 
XxycaXx4j-bZx?. 
Substituting the values 
220=10a+130b or 22—a--13b 
3467—130a-4-2288b 


5 а=8'8 and 5=1°015 


r 
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The equation of line of regression of y on x is 
yz884-1:015x: 
^. Estimate of supply (у) when the price (x) is 16 units 
—8:8--16:240—25:04. 

Ex. 13-35. From the data given below estimate the most likely 
height of a father whose son's height is 70". 

Fathers: Mean height is 67" with a s.d. of 3'5" 

Sons: Mean height is 65" with a s.d. of 2'5". 

Co-efficient of correlation between the heights of fathers and 

sons is +0°8, 


Sol Let y be the variable corresponding to the height of 
fathers and x be the variable for the son’s heights. 


Then 3 —65, 9=67, oe=2'5, „у: -3'5 and Fay: 0*8. 
(0'8)(3'5) _,. 
b= 5) 1 12 
*. The equation of line of regression of y on x is 
y-J-by(x— X) 
or y—-6721r12(x— 65) 
or у=112х— 58 
Most likely height of а father whose sons height is 70" 
Estimate of y for x=70 
—784—58—726. 


Ex. 13-36. The following statistical co-efficients were deduced 
in the course of an examination of the relationship between yield of 
wheat and the amount of rainfall : 


Yield in Ibs. Annual Rainfall 
(per acre) (in inches) 
Mean 985:0 128 
s.d. 70:1 16 


r(between yield and rainfall)=+0°52. 


From the above data, calculate (i) the most likely yield of wheat 
per acre when the annual rainfall is 9:2" and (ii) the probable annual 
rainfall for yield of 1,400 Ibs. per acre. 


Sol. Let y be the variable for yield aud x be the variable for 
annual rainfall. 


Then 3—12:8, 9=985-0, c2=1°6, oy=70:1 and г»у=0'52 


_ (0-52)(701) _ 59, 
bem o —=227825 


and 5 ONE) 001187 
^. The equations of lines of regression are 
у—985=22'7825(х— 12:8) ^ (yon x) 
and x—12:8—(0:01187)(y— 985) 
.. The most likely yield of wheat per acre when the annual 
rainfall is 9:2". : 
7:9854-(22:7825)( — 3:6) 902 983 
› =903 
and the probable annual rainfall for yield of 1,400 Ibs. per acre 
- 2212:84-(0:01187)(415) 
217726052177", 


Ex. 13-37. The following data give the correlation coefficient, 
means and s.d. of rainfall and yield of paddy in a certain tract : 


Yield per acre Annual Rainfall 
(in lbs.) (in inches) 
Mean 973:5 18:3 
s.d. 38:4 20 


Co-efficient of correlatian=0'58 


Estimate the most likely yield of paddy when the annual 
rainfall is 22" , other factors being assumed to remain the same. 


Sol Let y be the variable for yield and x be the variable for 
annual rainfall. Then 


%=18'3, 9=973'5, 0:=2'0 oy=38'4 and ray=0°58, 


: L(058)984) . 
ee Dya 5-06) 77 11:136 
~. The equation of line of regression of y on x is 
9—9135—11:136(x—18:3) 
WEN 1 emus of the most likely yield of paddy when the annual 


: Estimate of y for x=22 
L © =973-5-&(11°136)(3:7) 
7:973:5--41:2032—1014:7032 
e 10147, 


Ex. 13-38. If a number x is chosen at random from among the 
integers 1, 2, 3, 4 and number Y is chosen from among these at least 
as large as x, prove that 

cov(x, у)= 5/8 
Also find the line of regression of x on y. 
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Sol. Since x is to be selected at random from the integers 
1, 2, 3, 4 


prob. of x taking each of these values is f 


Now, when x takes value 1, y is to be chosen out of 1, 2, 3, 4. 


Conditional prob. of y taking each of these values is 1. 


Prob. of each of the pairs 
(1, ), (1, 2), (1, 3), (1,4) is 
11.1 
4 4 16 
Now, when x takes value 2, y is to be chosen out of 2, 3, 4, 
Conditional prob. of y taking value 1=0, 


and conditional prob. of y taking each of the values 2, 3, 4-4 


Prob. of the pairs 
(2, 1), (2, 2), (2, 3), (2, 4) are 0, í 
A ok id PTUS 
4 3 12* i AE T 
When x takes values 3, y is to be chosen out of 3, 4, 
Conditional prob. of y taking each of the values 1, 2 is 
zero, 
and conditional prob. of y taking each of the values 3, 4 is +: 
„ Prob, of the pairs 
(3, 1), (3, 2), (3, 3), (3, 4) 
1-1. 1 ЗАЯ 
are 0, 0, TEs 8 
When x takes value 4, y can take only one value 4. 
Conditional prob. of у taking each of the values 1, 2,3 is 
zero. 
and the conditional prob. of y taking value 4 is 1. 
Prob. of the pairs 
(4, 1), (4, 2), (4, 3), (4, 4) 


are 0 0, 0, ll 
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Thus, the bivariate distribution is 
y 1 2 3 4 
xi 
1 1 1 P 
1 TE dé 16 16 
: 1 1 1 
2 9 12 ТЕ 2 
i 1 1 
й 0 i qose 
0 0 0 25 
4 4 


The calculating table is on page 13.39. 
(i) cov(x, y) Zpxy— (Zpx)(Zpy) 


40 10. 156 
48 4 ` 48 


(и) Let. eq. of line of regression of x on y is 
x=a+by 
Normal equations are 
Xpxca-rbYpy 
and Zpxy=a8py+bZpy? 
Substituting values, equations reduce to 


daara b 


іе., 120=48 a+156 b 

and 420156 40848 b 

E a=0'13, 5-073 — 

«Eq, of line of regression of x on y is 
x20:134-0:73 y, 


and 


13.39 


g/ oc y 
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13.5.4. Standard Errors of Estimate 
Find the standard errors of estimate of y and x respectively, 
Sol The eq. of line of regression of y on x is 


(x-3)‏ ےو ر 


Let (xs, yj), i=1, 2...» be the variate value pair occurring with 
fi 


frequency fi. 
Let Y) Fs (x7 x) 


The standard error of estimate of y is given by 


n 
5а >, Ay? 
i=l 


n 
where N= If 
i=] 


ij» Hs (* 50-0 } 


i=] 
=>. (оону 


—2- PG 3)0s -3) } 
2 
~ ty tothe 
ы \ 
[unm 
.. S. 0 721 
Similarly standard error of estimate of x is given by 
а= с„(1— 72)1/2, 
Note. If r AI, Ss=S,=0 


А - All points lie on both lines of Tegression and hence two 
regression lines coincide and thus there is a linear functional relation 
between the variates x and y. 3 
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As r2->1, 52-0 and 5,2-0 i.e., as r2 comes nearer to unity, 
the points are closer to lines of regression which are nearer to 
coincidence, 


The departure of r2 from unity can be taken as a measure 
Ы departure of the relationship between the two variates from 
inearity. NOA 


Ex. 13-39. For a given bivariate dist. find the straight line for 
which the sum of the squares of the normal deviations is minimum. 


Sol. Coincider the bivariate dist. 


20 Xi xz. . . * ) 
у» | уз 2 Yn 
J> A to —. n 
and let the equation of the straight line be 
x соз a+y sin - p=0 (1) 
The normal deviation of ap observed value pair (x; y) from 


the line is the length of perpendicular from the point (ху, у) upon 
the line i. e., x; cos а-у: sin &= р=0. 


n 
Let S= } AM соз а-у; sin a— p)? 


Normal eqs. are 


n 
o=25 = > rien cos а-у sina—p)(— x, sin а-у; cos a) 2 


ж 


i=l 
(2) 
n 
— 5 in a- NON 
and 0= 22 2fi(x: cos a+); sin «— p) ( ) : 
Eqs. (3) and (2) are equivalent to eqs. 3 
Я соза) sin a—p (4) 


п п п 
and cos « sin af : 3 we- A Six2}+c0s pn T 


n n 
‚ 2 =0 
+p{sin af Pai cona, х /? 


ie, cos a sin allay +3)— (o +79} 1 12 сов а=0 · 


4-Xy(cos? а — sin? «)+ px sin «— ру cos «)—0 


{ та д (9,2 с:2)--соѕ 28. U, hb cos «(7 sin «+7 cos «—p) 


—X sin «(x cos a+) sin a — p) 10 


sin 2a 


PUE (% — а22) со 26. — [using (4) 


22 
ts ae tan dac c ..(5) 


Eq. (5) gives two values of х, If one is 0, the other is > +0. 


‘The corresponding values of p аге given by (4). With these values 
of a and p, (1) gives the equation of the required line. Evidently 
there are two such lines which are perpendicular. 


13.6, Correlation Ratio 


Def. Consider the case when corresponding to any given value 
of x (say x;) there are more than one values of y (say у). Let the 
pair (>ч, уз) occur with frequency fis. 


Let Jc 2 Ју) E fis 
j 7 


Then correlation ratio of y on x ( is defined by 
Р F 


“where E X fu= 
17 


Theorem. Show that 
72 N ! 
Proof. Evidently 7,:2<1. 


To prove 2 le first the equation of line of i 
on x will be obtained. Let it be y=a+bx. Dre ef 


The unknowns a and-b are given by 
ZZfuyg—Nactb ® 3 fux 
ij ij 


and X Zfuxyu-—al L ux У Ууух? 
17 17 ij 


le., J=a+b7 ) 
and p, -x9—ax J- b(os*2- x8) 5 
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х 


te, 3 
b= oat and а=ў— 2 


б: 
Eq. of line of regression is 
у-3=-6(х-39) 


Let Yo (xi— X) 


a > 2 De Y= b»: lo 0-6 $) ү 


2 2 
=n oy? s 26) моа) 


ж 


Now х 2 O- Ye 3 This I? 
17 17 


i.e., the sum of square of deviations inanyarray is least when. 

they are measured from the mean of the array 
Noy(1—72) 2 NoyX(1—72?) 

which implies rem, 

e r?«» «l1. 

Note. Similarly as above correlation ratio of хоп у (sv) сап 
be defined and it can be shown that * 

У D >r? 

Ex, 13-40. Show that the correlation ratio of y on x is the ratio 
of the standard deviation of the weighted means of the arrays of y's 
(weighted by the corresponding array frequencies) to the standard devia- 
tion of all y's of the dist. 

Sol. Let ya (j=l, 2, ..) be the values of y corresponding to 
x xi and fy be the frequency of the pair (xi, Ji4): 1 

Now Моё= X D. fi N where 3 —A.M. of y ^ 

ij 


= Я I0 DO 
where v ( faye) | Xfa 
7 J 
= 3 uly P+ E ISAI- 
1 17 
eee ee 
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=Noy(1—%ye2)+ L n D -) where ahd 
i 
Ce nn 


fe * — > n( 3-7 »} J ste E 
i 


where ow 7255 nı y)ê is the s.d. of the weighted 
7 


means of arrays of y's (weighted by the corresponding array 
frequencies), 


АА. 


- Note. For correlation ratio of x on y, bg 


EXERCISES 


, Calculate correlation co-efficient for the following datas ; 


xs $15 siet LBP A 40 
у: 21 14 28 3 42 
[Ans. 0:49] 
x: 188 191 176 168 182 195 200 21:8 219 
УТТЕ 76 77. 7S «T8! 72. 80 79 78 


[Ans. 0:37] 
Husband'sage(x) 20 30 40 50 60 70 80 
Wife's age (y) 14 5 30 32 40 45 65 

[Ans. 0:94] 


Husband's age (х) 24 27 28 28 29 30 32 33 35 35 40 
Wife's age (y) 18 20 22 25.22 28 28 30 27 3022 
[Ans. 0'5] 


5 x: 20 18 16 15 14 12. 12 10 8 5 

„% ¶ 90 514 127-104 9. э 7 2 
[Ans. | 0'87] 

6. x: 28 41 40 38 35 33 40 3 36 33 


x 


Уу: 23 34 33 3 30 26 28 31 36 38 
[Ans. 0:44] 


From the index numbers given below, find Karl Pearson’s co: 
efficient of correlation : 


n 


10, 


11. 


1345. 


Months : May June July Aug. Sep. Oct. Nov. Dec. Jan. Feb. 
(in 1984) : 
Index no. . : 

of prices in 169 182 182 192 198 211 227 238 350 253 
Calcutta (x) 


Index no. 
of prices in 204 222 225 228 231 233 249 266 255 255 


Bombay (y) [Ans. 0:74] 
Obtain the co-efficient of correlation between ‘male and female 
death rates in Delhi city during the period 1930—37. 

Year 1930 1931 1932 1933 1934 1935 1936 1937 
Male death33 23 24 28 7 28 22 RA 
rate 


Female 45 31 33 40 35 39 32 34 
death rate [Ans. 0'97] 


Calculate the correlation co-efficient between the marks in two 
examinations given below : 

Marks (in 15 13 17 14 18 12 20 16 18 17 19 21 
Exam. A) x 


Marks (in 18 16 18 15 19 16 18 15 21 17 18 20 
Exam. B) y [Ans. 0:703] 


The table below shows the number of vehicles with licences and 
the number of motor vehicle accidents in a city. Calculate the 
Co-efficient of correlation : 

Year 1975 1976 1977 1978 1979 1980 1981 1982 
No. of Vehicles 

with licences 26 28 29 31 32 23 25 18 
(000) 


No. of Motor 
vehicles accidents 59 60 62 62 76 70 T4 55 
(^00) [Ans. 0:366] 


Calculate the co-efficient of correlation between coiton and 
woollen cloth manufacturers from the following data : 
Months July Aug. Sep. Oct. Nov. Dec. 
Index nos. of cotton 103 105 108 106 104 102 
cloth manufacturers (x) 
Index nos. of woollen 75 73 78- TI*- 80 76 
cloth manufacturers (y) 
Jan. Feb. March. April. May. June. 
108 115 118 114 116 120 


68 65 62 60 58 84 
; [Ans. 0:909] 
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Calculate the co-efficient of correlation between the production 
of rice and its price from the following table : 


Year 1965 1967 1969 1971 1973 1975 1977 1979 1981 1983 


Produc- 2 
tion 250 270 278 325 260 510 428 320 440 310 


price 84 50 62 75 90 170 136 65 72 58 
[Ans. 0°74] 


Find the correlation co-efficient of datas given below : 
K 30—35 35—40 40—45 45—50 50—55 55—60 
y 
Y 
80—90 2 3 2 = zh aa 
90—100 — 2 5 4 2 — 
100—110 — 4 8 5 1 — 
110—120 — — 2 3 1 1 
120—130 1 — — 2 1 1 
[Ans. 0°43] 
х» 18 19 20 21 22 Total 
N 
4 
0—5 = as us 3 1 
5—10 — — — 3 2 5 
10—15 — — 7 10 — 17 
L] 
150 | — 5 4 E = 9 
20—25 3 2 — — T 5 
Total 3 7 11 16 3 40 
[Ans. 0:837] 


15. Ages of daughters (in years) 


3 5—10 10—15 15—20 20—25 25—30 Total 
2915—25 6 3 i ой ik 0 
3825—35 3 16 10 — ii» 29 
ERE35 45 — 0 15 7 22 
3545-55 — — 7 10 4 21 
8 5-65 4 5 9 
F Toa 9 29 32 21 9 100 


EAS 


16. 


17. 


19. 


20. 


21. 
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8 Marks in History 

E 0—20 20—40 40-60, 60—8 

A 0—20 32 88 15 5 1 1135 

= 20-40: 45 436 200 4 685 

2 40—60 16 500 398 25 939 

X 60—80 — 105 532 40 677 

= 80—100 — 8 40 Local 54064 
Total 93 1137 1185 85 2500 


[Ans. 0:048] 


The following table gives the ages of husbands and wives at the 
time of their marriages. Calculate the correlation co-efficient 
between the ages of husbands and wives : 


2 Ages of wives 
3 ; 
E 10—20 20—30 30—40 40—50 
з 
= 10—20 20 25 2 — 
> 20—30 8 14 37 — 
$ 30—40 — 4 18 6 
S 40-50 — — 4 3 
[Ans. 0:69] 


Construct examples of atleast 5 pairs of observations with 
co-efficients of correlation equal to — 1, 0 and 4-1. 


Two independent variates x and y have means 5 and 10 and 

variances 4 and 9 respectively. Show that the variates 

u=3x-+4y, v=3x— y are uncorrelated. 

The variables x and y are connected by the equation 
ax-+by+c=0 

Show that the correlation co-efficient between them is — Lif 

the signs of ‘a’ and ‘b’ are alike and +1 if they are different. 

The independent random variables аге defined by 


f(x) dax SAIS Jy) 4by AENEA. 


=0 otherwise =0 otherwise 


Find the correlation co-efficient between x+y and x— y. 


22. 


b—a 
Ans. 57 
(a) Show that IA, 

var (x+ y) var(x)--var (у) 
provided x and y are uncorrelated. 
(b) Show that 
ray > Or <0 according as oe or S. 
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30. 


7 be the A.M. ofn independent variates xj, x......x» each of 
.d. o, show that var (=~ E 


If u=ax-+by, v=ax—by, where x, y represent deviations from 
the means of two measurements by the same individuals, The 
co-efficient of correlation between х and.y is r, If u and v are 
uncorrelated, show that 


ouov=2aboaoy | — F3, 


If ху, x2, xg are three variables with s.ds o1, og, аз respectively. 
If any two of the variables are uncorrelated, obtain the 
coefficient of correlation between x1-+x2 and xo-I-xs. 


X1, х....х are random variates each with mean ц and s. d. с. 
The correlation coefficient between any two of them is P. 
Show that 


var (= + ( 1-4) po? 


where zaitak tan Deduce that 


x and y are random variates with zero means and unit 
variances. If 
1+2ab 
r (ax--by, Tan ae 7 
find r (x, у). 


The coefficient of rank correlation is 0 8. If the sum of the 
Squares of the difference in ranks is 33, find the number of 
individuals, (Ans. 10) 


. The table below shows the respective heights of 12 fathers and 


their oldest sons 


65 63 67 64 68 62 70 66 68 67 69 71 
$8 66 68 65 69 66 68 65 71 67 68 70 
find coefficient of rank correlation, 


For the following data find the lines of regression : 
x: 5 15 10 20 25 30 
* 21 14 28 7 35 43 
[Ans. y—12:6--0:68x, x=9+0'347y} 
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32. 


33, 


35. 
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Obtain the lines of regression for the following data : 
x: 1 2 3 4 5 6 7 8 9 
y: 9 8 10 12 11 13 14 16 15 


Deduce the value of correlation co-efficient and also obtain an 
estimate of y which should correspond on the average to 


х=:6'2. 

[Ans. y2095x-4-725; x—0:95y—6:4; 0:95; 13°14} 

Determine Karl Pearson's co-efficient of correlation between 
exports and imports given in the following table : 
Exports: 45 46 48 30 52 33 51 49 47 
Imports: 94 96 98 100 104 105 102 99 97 
Obtain also regression equations and standard errors of esti- 
mate of x and y. 


[Ans. 0:99; у=1:333х4-34'111 ; х=)'739у — 24 511, 
0°31, 0:42 


Mean soil temperature and germination interval (time between 
sowing and appearance above ground) for winter wheat 
1981— 86 for 12 places are recorded below : 


Mean soil temp. : 57 42 38 42 45 42 44 40 46 44 43 40 


No. of days : 10 26 41 29 27 27 19 18 19 31 29 33 
Obtain the regression equation of germination interval on mean 
soil temperature, [Ans. 3=80'752— 1:262x] 


. Calculate the coefficient of correlation between the marks 


secured by 12 students in two tests : 


Student: 1 % m D ORR КО ИУ ав 
Test] :50 $4 56 59 60 62 61 65 67 71 71 74 
Test Il :22 25 34 28 26 30 33 30 28 34 36 40 


Also obtain the equations of lines of regression. 
; [Ans. 0774; y20:538x — 3:125, x—1:115y 4- 28:493] 


The following table gives the number of candidates obtaining 
marks in two subjects A and В in an examination: 


Marks in B 
Marks in A 30—39 40—49 50—59 60—69 Total 
30—39 3 1 1 — 5 
40—49 2 6 vý 2. mil 
50—59 ] 2 2 1 6 
60—69 — 1 1 1 3 
Total 6 10 5 4 25 


Calculate the co-efficient of correlation. Obtain also the lines 
of regression. 


[Ans. 0°39; y—0:43x4-26:961 ; x—0:361y--30225] 


36. The following regression equations de obtained from a 


41. 
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Find the values of (i) the correlation co-efficient (ii) the mean E 


. Given the regression lines 2y— x—50, 3y—2x=10. Show that 


275 
Hint. We have tan = IL _9#% 


correlation table: 
x=0'8456y+5-45 
y=0°7326x+35'86 


of x and y. 


For two variables x and y with the same mean, the two 
regression equations are y=ax+b and x ag. Show that 


y =т= Find also the common mean. 


the estimate of y for x—150 is 100 and the estimate of x for 
y=100 is 145. Explain the difference. 


Criticize the following : 
: ba—32 and b 0-8 


Show that sin 0< (1 ~r) where 6 is acute angle between lines 
of regression. 


Ir] ero? 
oa koy ( oy)? >0 


IM 20 2020, 


бабу 1 
iare 
1-r? 
tan 9r iri 
2|r| 
I-r 


cot 02. 


? ; 2 1+r2 
ji 1-cot? 0> 1+ ES is 7 (i ua : 


(12-78)? 
(1—729 
sin 0« nS < (l-r?) (. 1421) 
If the lines of regression of y on x and x on y are respectively 
axthy+e=0 
and a Ebay 
show that alba Cazbi. 
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Sampling Theory and Large 
У Sample Tests 


14.1. Introduction 


Very often in practice one is interested in drawing valid 
conclusions about a large group of individuals or objects. Instead 
of examining the entire group (which may be difficult. or impossible) 
one may think of examining a small part of it This is done with 
the aim of inferring certain facts about the large group from the 
results found for smaller part. This process is called statistical 
inference. Various technical words used during this process are 
explained as below : 


Population. Any collection of individuals or of attributes or 
the results of operations which can be specified numerically. 


Finite Population. Population containing finite number f 
members. Otherwise the population is called infinite population e.g. 
the population of boys in a college and the population of pressures at 
various points in the atmosphere are finite and infinite respectively. 


Existent Population. Population of concrete objects e.g., the 
population of a city. 


Hypothetical Population. Population of non-concrete objects 
e g., the population of heads and tails obtained by tossing a coin an 
infinite number of times. 


Sample. 4 part or small section selected from the population 
is called a sample and the process of such selection is called 
sampling. 


Random Sampling. When a sample is taken in such a way 
that each member of the population has the same chance of being 
selected, the sample obtained is called random sample and the 
technique is called random sampling. d 


(14.1) 


Stratified Sampling. In this Process the entire heterogeneous 
Population is divided into a number of homogeneous groups (termed 
45 strata) which differ from one another but each of these is homo- 
geneous within itself, The samples are drawn from each stratum (the 
Sample size in each stratum varying according to the relative impor- 
tance of the stratum in the Population). The aggregate of the samples 


of the inhabitants of a city, it is necessary that all sections of the 


may be dominating the sample. 
or this purpose it is better to divide the city into ifferent strata 
Say, according to the localities ; slums, middle-class localities and 
ungalow areas, business localities etc., and then to draw samples. 
Лот each of these localities, This would ensure that all sections of 
the Society are Tepresented in the sample, 


Sampling with or withont Replacement 


i Sampling where each member of a population May be chosen 
more than once is called sampling with replacement and if each 


member cannot be chosen More than once, it is called sampling 


Remark, (i) From a "finite population, a sample with 
replacement of any size can be drawn without exhausting the 
population. 


. . (i) For most practical purposes sampling from a finite popula- 
tion (which is very large) can be considered as sampling from an 
infinite population, 


Parameters 


A population is considered to be known if the probability 
function (or density function) Nx) of the associated variable x is 
100 € g., if x is normally distributed, the Population is said to be 
normal. 


Certain quantities may appear in f(x) (eg, m and с in case of 
normal distribution). Other quantities Such as mean, variance etc., 
can then be obtained in terms of these. Such quantities are called 
Population parameters or Simply parameters, 


Remark. When the Population is given, the population 
parameters are taken to be known, 


Statistic. It is a statistical measure computed from sample 
observations alone. 
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Remark. Statistic is calculated with the Purpose of estimating 
a population parameter. To each population eter there is a 
statistic to be computed from the sample. This statistic may not 
always give the best estimate. One of the important problems of 
sampling theory is to decide how to form a proper sample statistic 
80 as to get a best estimate of a given population parameter, 


Sampling Distributions 


The statistic is itself a random variate. Its probability dis- 


tribution is often called sampling distribution. It can be thought 
of as below : 


All possible samples of given size are taken from the popula- 
tion and for each sample the statistic is calculated, The values of 
the statistic form its sampling distribuiion, 


Standard Errors, The standard deviatian ofa sampling dis- 
tribution of a statistic is known as standard error and is written as 
‘S.E? 


Precision. The reciprocal of S.E. is called precision, 

Probable Error (P.E.). It is defined by 
P.E.—(0:67449) S.E. 

Standard Errors of Various Parameters. 


(i) Quartiles 436265 
Vn 
(il) Median : T2581 7. 
E с 
lii). S.D. TTA 
( ) Van 
(iv) Variance і о i. 
(у) Co-efficient of correlation koe 
wm 
* fE. 
(vi) us = 
Unbiased Estimate. A statistic ‘t’ is said to be an unbiased —— 
estimate of a parameter 0 if E(t)—0. "I 


Asymptotically Unbiased Estimate, 4 statistic ‘ty’ is said 
to be an asymptotically unbiased estimate of a parameter 6 if. 
Lt F(tn)=0 ; 
n>% 
where n is the size of the sample. 
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Large and Small Samples. Samples of size greater than 30 
are called large samples and of size less than or equal to 30 are called 
small samples. 


Hypothesis. Very often it is required to make decisions about 
populations on the basis of sample information. Such decisions are 
called Statistical decisions. In attempting to reach decisions it is 
often necessury to make assumptions about the population involved. 
Such assumptions, whice are not necessarily true, are called statist ical 
hypothesis. 


Null Hypothesis. The hypothesis tested for possible rejection 
under the assumption that it is true is usually called null hypothesis. 


Tests of Significance. Procedures which enable us to decide, 
on the basis of sample information, whether to accept or reject hypo- 
thesis or to determine whether observed sampling results differ signi- 
ficantly from expected results are called tests of significance, rules of 
decision or tests of hypothesis. 


Level of Significance. The probability level below which we 
reject the hypothesis is called the level of significance. 


Confidence Interval 


It is the interval in which a population parameter is expected to 
lie with certain probability (mentioned in percentage). 


The end enumbers are called confidence Limits or fiducial 
limits. The probability is called confidence level. 


142. Sampling of Attributes 


In the case of sampling of attributes we are concerned only with 
the presence or absence of some given attribute. The selection of an 
individual in sampling may be called a trial and the presence ofa 
specified attribute a success and its absence a failure. 


By simple sampling of attributes we mean random sampling in 
which each event has the same chance of success and in which the 
chances of success of different events are independent whether the 

previous trials have been made or not. 


Mean and s.d. 


Suppose we are to draw a simple sample of п individuals from 
a population. Let p be the chance of success and д the chance of 
failure for each trial. 
Then рі9=1 
The drawing of a sample is identical with the problem of a 
series of n independent trials with constant probability p of success. 


The probabilities of 0, 1, 2,...2 successes аге the successive 
terms in the binomial expansion of (g- г)" (from B.D.). 
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-. The probability of x success is given by 
P(x)—"c;p*q"^* K , 1, 2,...n. 
The binomial probability distribution so obtained i: 
sampling distribution of the number of successes in the We igi 


-. The expected value or mean value of the number of 
successes x 


i. e., E(x)=np 
and the s.d. of the number of successes 
= npa. 


Now proportion of successes 7- 


НЕ 
апа var (2 Jeu var (x)= 22. 


Standard deviation of — = * 2 
n n 
142.1. To test the significance of single proportion for large 
samples. 


Let us suppose that w.r.t. attribute A it is possible to classify) 
individuals of a population into two mutually exclusive and collec- - 
tively exhaustive sets. Let x be the number of individuals possessing 
A in a single sample of size n. Then the proportion of individuals 
possessing A is given by 


Pet 
Let P be the probability for an individual to possess A i.e., P is. 7 
the probability of success. f 
Then x is a binomial variate with expected value nP and sd. 


«Гаро, (where Q=1—P) E 
ua X Pat pP bob 
n “пРО. [РО Kat 
n 


isa binomial variate with mean zero and s.d. unity. Since sample is 
large и is nearly a N(0, 1). 

= у. PC| u] > 3)=1-P(-3 <u < 3)=1—2Р(0 < u < 3) 
=1—2(0°49865)=1—0:9973=0:0027 


* 
WM э 
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Similarly P( | и | > 1:96)=0:05 
P( | u | 2880 001. 


The probability P is obtained by setting null hypothesis. On 
d basis of probabilities obtained above the rules for taking deci- 
sions are : 


(i) If |u | > 3, the difference between the observed and ex- 
‘pected number of successes is highly significant and hence the 
hypothesis is certainly wrong and is to be rejected, 


(ii) If 2:58 < | и | < 3, the difference is significant at 1% level 
of significance. 


(iit) If 1:96 < | u | < 2:58, the difference is significant at 5% 
level of significance, 


(iv) If |u| < 1°96, the difference is not significant and the 
data issaid to be consistent with the hypothesis and hence the 
hypothesis may be accepted. 


Note. (i) The above test is valid only for large samples since 
for small samples binomial distribution may not be nearly normal. 


(ii) The test may furnish evidence against the hypothesis but 
it cannot prove the hypothesis to be correct. It can at the most 
provide no evidence against it. 


(iii) Since the hypothesis can be rejected but cannot be proved, 
always null hypothesis is set, e.g, to test whether there is any 
Ж ference it is assumed that there is no difference; to test whether 

ere is any relationship it is assumed that there is no relationship 
etc, The rejection of no difference will mean a difference and the 
rejection of no relationship a relationship. A 


i Ex.14-l. 4 coin is tossed 400 times and it turns up head 216 
e times. Discuss whether the coin may be regarded as unbiased one. 


jan Sol. Let x be the number of heads obtained and P the prob 
of getting head in a toss. 


2%; Set the hypothesis : ‘Coin is unbiased’. 


; 1 
м гай и P= 2 
^ Here n=400, and x—216 
ELI 
1 
216—400 . — 
x-nP 2 
oe u= ——— = — : -=]" E 
{РО T^ LESNI 
; T 400 


„ The hypothesis may be correct and hence the coin may 
be regarded as unbiased. " 


г = 
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Sol. Set the hypothesis ‘Dice were unbiased’, 


Then P=prob of 4, 5 or 6 ina throw 3. - 


Here n—49,152 and х=25,145 
25145— 49152. : 


uA 


2 569 
1 1 
Jom ＋ 2 


= 110:85 


2:513» 3 
.. Hypothesis is wrong and hence the dice could not be 
regarded as unbiased. 


Ex. 14-3. Certain crosses of the pea gave 5,321 yellow and 1,804 
green seeds. The expectation is 25% green seeds on a Mendelian 
hypothesis. Is the divergence significant or might have occurred as 
due to fluctuations of simple sampling ? 


Sol. Total number of seeds (n)=5321+ 1804=7125 


ж 


Неге P=expected proportions of green seeds aie 
eE Е | 
100 4 


The standard error of green seeds 
QR f I 2 1 
4/7125 тс 6 


1 
15 1804— 4 . 7125 
p 366 


. The data is consistent with the hypothesis and hence tho 
divergence may be regarded as due to fluctuations of simple sampling. 


Ex. 14-4. А die is thrown 9,000 times and a throw of 3 or 4 is 
reckoned as a success. Suppose that 3,240 throws of a 3 or 4 have 
been made out. Do the data indicate an unbiased die? If not, find 
the probable limits of prob of getting 3 or 4, 

Sol. Here n=9,000 

x=3,240 


Set the hypothesis: ‘Die is unbiased’, 


u =0:6<1'96 
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2. 7t 

Then Bem 5 
3240—9000. + 

* ETT E таче а E 
6000 377 


Difference is highly significant and hence the hypothesis is 
wrong. 


The die cannot be regarded as unbiased. 
1 
Pe 
Tn order to find the limits of P, we estimate the standard error 
of the proportion of successes from the sample. 
Now proportion of successes 
324) 


= 9000 ^ 0:36 


Estimate of the standard error of the proportion of 


successes 


(0:36)(1—0:36) _ J| 40:36)(0*64) 
9000 9000 
ex0:005 
-. Probable limits of P are given by 
a? 3ie, 300 005) < P > K + 3(0:005) 
0005 | < 346 7 muet ( 
^. Probable limits of P are 
0:36 +3(0'005) i.e., 0:345 and 0:375. 


Я Ex. 14-5. In a locality of 18,000 families a sample of 840 
families was selecied. Of these 840 families, 206 families were found 
to have a monthly income of Rs. 50 or less, It is desired to estimate 
how many out of the 18000 families have a monthly income of Rs. 50 
or less. Within what limits would you place your estimate ? 


Sol. Let p be the proportion of families with income Rs. 50 or 
less in the locality. 


Then estimate of p from the sample 


206 103 
840 420 70245 
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Estimate of the standard error of the proportion of families 

with income Rs. 50 or less 
. [103 ТЕ К 
"ES ( 1— 220 00 5 


Probable limits of p are 
0:245+3(0°015) i.e., 0°20 and 0:29 


-. The probable limits of the number of families with income 
Rs. 50 or less are 3600 and 5220. 


Ex. 14-6. 4 sample of 900 days is taken from meteorological 
records of a certain district and 100 of them are found to be foggy. 
What are the probable limits to the percentage of foggy days in the 
district? 


Sol. Proportion of foggy days in the district (estimated from 
the sample) 


100 ^9. 
= gp =y OM 


Estimate of the standard error of the proportion of foggy 
days in the district 


m 1 $ 
aor 1-5 )=00105 
Probable limits to the percentage of foggy days are 
100{0°1111-£3(0-0105)} i.e., 7:96% and 14.2696. 


Ex. 14-7. A sample of 500 pineapples was taken from a large 
consignment and 65 were found to be bad. Estimate the proportion 
of bad pineapples in the consignment, as well as the standard error of. 
the estimate. Deduce that the percentage of bad pineapples in the 
consignment almost certainly lies between 8'5 and 17:5. 


Sol Here n—500, 
p= proportion of bad pineapples in a consignment 


The standard error of the proportion of bad pineapples ~ 
/ р-р) — [(913(087) o. 
2 JE =0015 
Probable limits to the percentage of bad pineapples are 
1000-13 3(0:015)} i.e., 8:527 and 17:57. 


14.10 T 


Ex. 14-8. A biased coin was thrown 400 times and head resulted 
240 times. Find the standard error of the observed proportion of 
heads and deduce that the probability of getting a head in a throw of 
the coin lies almost certainly between 0°53 and 0'67. 


Sol. Observed proportion of heads 
240 

7400 =0'6 
2, 8. E. of the observed proportion of heads 

_ [009002 

400 

=0 0245 

.. The probability of getting a head ina throw of a coin lies 


0'6:Е3(0'0245) 
Le, 0:5265 and 06735 
ie, 0:53 and 0°67. 


Ex. 14-9. A dealer takes 100 samples from a consignment of 
1000 items of a certain goods and finds that there are 50 items of 
grade I worth Rs. 5 per thousand, 30 items of grade II worth Rs. 4 
per thousand and 20 items of grade UI worth Rs. 3 per thousand. 
Within what limits should the value of the consignment be fixed ? 


Sol. Grade І, 


3 50 Ў 
Proportion of items= 00 =0'5 


. SE. of the proportion of items 
- 100 (030:5)005 


-. Probable limits to the proportion of items are 
0'5 #3(0°05) i.e., 0°35 and 0°65 
Grade П. 


Proportion of items 20 03 


* S.E. of the proportion 
(03(07) o 
as / 100 00458 


.. Probable limits to the proportion are 
0-32 3(0-0458) i e., 0°1626 and 04374 
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Grade III. 


i { 20 
Pi ti f = — =0 
roportion of items 100 02 


. S.E. of the proportion 


= 1 * = 
то (0:2)(0 8)=0°04 
Probable limits to the proportion are 
0:2 3(0'04) i e., 0°08 and 0°32, 


Now the highest value that can be given to the consignment is 
that valug for which grade I is the highest and grade III the lowest so 


Proportion of grade I=0°65, 
and proportion of grade I11—0:08 
Proportion of grade 11= 1—0 65— 0:08=0:27 
Highest value of the consignment 
=(0°65)(5)-+(0'27)(4) ,) Rs. 4:57. 
The lowest value that can be given to the consi, nt is that 
value for which grade I is the lowest and grade Ш the Highest so that 
proportion of grade [=0°35 
and proportion of grade 111:==0°32 
Proportion of grade Il=1—0°35—0°32=0'33 
Tke least value of the consignment 
=(0°35)(5)+(0°33(4)-+(0 32)3— Rs. 4:03 
Ё 451 The limits of the value of the consignment аге Rs. 4 03 and 
8. 4'2/. 


EXERCISES 


l. Acoin is tossed 10,000 times and it turns up head 5195 times. 
Is it reasonable to think that the coin is unbiased ?  [Ams. No] 


2. In 324 throws of a six-faced die odd pen appeared 181 times. 
Can the die be regarded as unbiased 
[Ans. Insignificant at 1% level] 


3. In breeding certain stocks, 408 hairy and 126 glabrous plant 
were obtained. If the expectation is one-fourth glabrous, is 
the divergence significant or might it have occurred as a fluctua- 
tion of sampling ? [Ans. Insignificant] 


4. Experience has shown thet 10% of a manufactured product is 
of top quality. In one day’s production of 400 articles only 50 
аге of top quality. Does this contradict oir hypothesis of 
10 per cent ? fans. No] 
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Balls are drawn from a bag containing equal number of black 
and white balls with replacement. In 2000 drawings, 1100 
black and 900 white balls appear. Is there some bias in the 
drawer ? [Ans. Yes] 


A personnel manager claims that 80% of all single woman hired 
for secretarial job get married and quit work within two years 
after they are hired. Test this hypothesis at 5% level of 
Significance if among 200 such secretaries 112 got married 
within two years after they were hired and quit their jobs. 

[Ans. Hypothesis is wrong.] 


400 apples are taken from a large consignment and 50 are 
found to be bad. Estimate the percentage of bad apples in the 
Consignment and assign the limits within which the percentage 
lies. [Ans. 75% and 17:57] 


Given that, on the average 40 out of 1000 insured men of age 
60 die within a year and that 60 of a particular group of 1000 
such men died within a year, show that this group cannot be 
regarded as representative sample, seeing that the actual 
deviation of the proportion of deaths is more than three times 
the standard error of the proportion for samples of this size. 


А man buys 100 sacks of tomatoes. He finds that out of 
100 tomatoes chosen from the sacks at random, 40 are of type 
A, worth Rs. 10 a sack, 25 are of type B, worth Rs. 7 a sack, 
20 are of type C, worth Rs 5 a sack and 15 are of class D, 
worth Rs. 4 per sack. What are the upper and lower limits for 
the value of the tomatoes ? [Ans. 634778 and 83521] 


12 dice were thrown 6500 times 4, 5 or 6 being reckoned as a 
success. What proportion of success do you expect? If in 
actual observation the proportion of success is found to be 
0.5016, find the standard deviation of proportion with the 
given number ofthrows and state whether you would regard 
the excess of successes as probably significant bias in the dice. 


142.2, Comparison of large samples 


Let the two populations be tested for the prevalence of a certain 


attribute A by taking from them large simple samples of sizes nj and 


по respectively. Let x; and xo be the number of individuals possessing 
4 in the two samples. 


Let زا کی‎ 
n m and p2 à 


Let Pi and Pp be probabilities for an individual to possess A 


for two populations, 


Then E(x1) m and hence E(p1)— P1 


var( xi) PII and hence var( ps e, Qi1—P1 
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Similarly, Е(рә)=Рә and var (pa)— Ie p= 1— Po 
Now Epi- p2)=E(p1)— E(py) - P1— Pa 
P101 3 


n 


and var (py— po) —var(pi) -var( po) — Be 
— (р-р) - (— Р») 

PiQi , P»Qo 

m . om 


u 


is approximately a M, 1). 
(i) The hypothesis to be tested is : 


‘Is the difference (p1— рә) significant of a real difference between 
the two populations w.r.t. A’. у 


To proceed with we set up the hypothesis that two populations 
are similar w.r.t. A, On the basis of this hypothesis 


Ру=Р»=Р (say) 
ba Тараб 


[ro Ge] 
where O=1—P 


we now test the significance with the aid of the normal curve. 


Thus if (i) | u | < 1:96, the hypothesis is acceptable at 5% 
level of significance. я 
(ii) 196 < |u| < 2:58, the difference is significant at 5% 
level of significance. 
(iii) 2:58 < |u| < 3, the difference is significant at 1% level 
of significance. 
(v) |u| > 3, the hypothesis is not acceptable and hence the 
difference is highly significant. 
Generally P is unknown so we have to estimate it from the 
sample proporticns. An unbiased estimate of Pis given by 
—mpitmps _ mtx 
Inn mno 
It is unbiased because 
Е(х\+хз) _mPitnaPe 
m+n mne 
=P {3 


uz 


E(P)= 
+ эү=Ре=Р) 
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(ii) The hypothesis to be tested is : 


‘Isthe real difference between the Populations likely to be 
hidden in two samples drawn’ ie. If in populations P» <P, is it 
likely that p; and рә will be s.t. 1 Sp 


i. e., Di—pa«0 

ie, (Pı— P3) +eu <0 

i.e., ug -OP 2) 

where е= al AO: 4222 
n "na 


1-645 
Now Аи>165)=05- f dP-0$-045-005 
„ P(ue — :645)—.0:05 
ли E > 1645 
РУ _ 29 164s 
P( ug- 2280) сооз 


which implies that at 5% level it is unlikely that difference will be 
hidden in simple sampling, 


Similarly if B-^ 22:327, the difference is unlikely to be 
hidden at 1% level of significance, 


Ex. 14-10. In two large populations there are 30% and 25% 
respectively of fair haired people. Is this difference likely to be hidden 
in samples of 1200 and 900 respectively from the two populations 2 


Sol, Here Рү=0'3, Po=0'25, 11200 and 79-900 


8 = /(0:3)0°7) (025X075) . 
^ e 307 +022075 =0'0195 
A- 005 


e 00195 52 5008 1-645) 
At 5% level the difference is unlikely to be hidden, 


Ex. 1411 Ina simple sample of 600 men from a certain large 
city, 400 ure found to be smokers. Inone of 900 from another large 
city, 450 are smokers. Do the data indicate that the cities are 
шыу different with respect to the Prevalence of smoking among 
men 
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Sol. Set the hypothesis : Two cities do not differ significantly 
. r. t. the prevalence of smoking among men. 


n,—600, x1—400 
713—900, x2=450 
2 I 
Pisa. and pi 
pa*it*e_ 850 ГА 
nyitna 1500 30 


5 
-= = 


1 1 17 1 
ora | TS (805 300) 
=0°000682 
e=0°026 
1 


PIPE ELS 
mue PD) 


2 
3 
u= 


„The difference is highly significant and hence the two cities 
are significantly different with respect to the prevalence of smoking 
habit among men, 


Ex. 14.12 4 railway company installed two sets of 50 Burmaties 
each. The two sets were treated with creosate by two different 
processes After а number of years of service it was found that 22 
ties of first set алй 18 ties of the second set were still in good 
condition. Are we justified in claiming that there is no real difference 
between the preserving properties of the two processes? 


Sol. Set the hypothesis : There is no real difference between 
the preserving properties of the two processes. 


Here Pi =0°44, po=0°36 
P=04, Q=0'6 and e—0:098 
БА и=08<1:96 


Data provides по evidence against the hypothesis. 


Ex. 14.13. In а referendum submitted to the student body at a 
university 850 men and 566 women voted. - 530 ofthe men and 304 of 
the women voted yes. Does this indicate a significant difference of 
opinion оп the matter, at the 1% level, between men and women 
Students ? ; 


14.16 


Sol. Set the hypothesis : There is no Significant difference of 
opinion between men and women on the matter. 


Here 51 =0°6235, po=0°5371 
834 582 
Pius = 1 e=0 02 
tarp AIG and 700267 
u=3'2 (>3) 
Hypothesis is wrong. 

Ex. 14. 4. On the basis of their total scores, the 200 candidates 
at a civil service examination are divided into two groups, the upper 
30% andthe remaining 70%. Consider the first question of this 
examination. Among the first group, 40 had the correct answer; 
whereas among the second group 80 had the correct answer. On the 


basis of these results, can one conclude that the first question is no 
good at discriminating ability of the type being examined here ? 


Sol Set the hypothesis: The first question is no good at 
discriminating ability of the type being examined. 


Here n=. 200—60, no—140, x1—40, and хо=80 


р1= 0:667 and pa —0:5714 
P—0:6,Q—0 and e= 


1 
5/7 
i uc 1:26 (—1:96) 
The data is consistent with the hypothesis. 
Ех. 14-15. Ina year there are 956 births in a town A of which 
52:5% were males, while in towns A and B combined this proportion 


in a total of 1406 births was 0 496. Is there any significant difference 
in the proportion of male births in the two towns ? 


Sol. Set the hypothesis. There is no Significant difference in 
the proportion of male births in the two towns, 


Неге m2956, mu = 1406 4 ng=450 
Pi =0°525, P=0:496 .. Q=0°504 
p2=0°434 
и—32 (> 3) 


Hypothesis is wrong. 


Ex, 14-16. A machine puts out 16 imperfect articles in a sample 
of 500. After machine is overhauled it puts out 3 imperfect articles 
in a batch of 100. Has the machine been improved ? 


Sol. Set the hypothesis : Machine has not been improved. 
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5 32519 _ 581 
Here pı=0'032, po=0°03, P= 600 Q= 600 
uz0°1 (<1°96) 
Hypothesis may be correct. 

Ex. 14-17. Ina large city A, 20% of a random sample of 900 
school boys hada certain slight physical defect. In another large 
city B 18:59; of a random sample of 1600 school boys had the same 
defect. Is the difference between the proportions significant ? 

Sol. Неге p;—02, z 0185, P—0:19, Q=0'81 

a ue 0:92 (— 1:96) 

Difference is not significant. 

Ex. 14-18. (a) Two large random samples of sizes m and пз 
are taken from two populations. If pı and рә be the proportions of 
members possessing the attribute in two samples, give procedure of 
testing the significance of the difference between py and 


pid spe 
m+n 


(b) In two random samples of 400 and 500 students from two 
different colleges, 300 students in each were found to be failed in an 
examination. Find out whether the proportion of failures in first 
college is significantly greater than the proportion of failures in two 
colleges taken together. 


Sol Let рү and p be the expected values of p; and p. Then 
iudi mpi+naps 
Р m+n 
where po=E(p2) 
Now cov (pi, Y) E(p - р1)(р— р) 
1 P" PE = 
= rum —pi){m(pi— pı) +n(p2— Ра) 
wavy 
n 
n 
mn vengo 
( соу(р1, рг) =0 as ру, pa are independent) 
Now p gives the estimate of population proportion and hence 


(m E(pi— p)! +E palp- P2)) 


var(p1) = and var(, pa) Et 


cov (py, p)= co 
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var (p n 


1 
Now var(p)— m 


1 
" HD (m? уаг(ру)-Епә® var(po)) 


Pq 
nno 


var(p—pi)= vary) var(p1)— 2 cov(pi, р) 


Umm Um mm 
— 2. P4 
m Mn 


Assuming the hypothesis that there is no significant difference | 
between p; and p, the test statistic becomes | 


Wc cH | 
fe TERE a AS 
m ` m+ng 


which is a MO, 1) as n; and лә are large. 
(b) Here 1400, m 500, p= and 725 


_ 300+300 2 
75 4007500 3 


и=-————————=47(>3) 


p and p; are significantly different. Evidently pı> р. 


EXERCISE 


1, In a random sample of 500 persons from towns A, 200 are 
found to be smokers. Ina sample of 400 from town B, 200 
are found to be smokers. Discuss the question whether the 
data reveal a significant difference between A and B so far as 
the smoking habit among persons is concerned. 


[Ans. Significant] 
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2. In a large city A, 20% of a random sample of 900 schoolboys 
had defective eye-sight. In another large city B. 15:5% of a 
random sample of 1600 schoolboys had the same defect. Is the 
difference between the two proportion significant ? 

[Ans. Not Significant] 


3. In a random sample of 500 men from a particular district, 300 
are found to be smokers, In one of 1000 men from another 
district, 550 are smokers. Do the data indicate that the two 
districts are significantly different w.r.t. the prevalence of 
smoking among men ? [Ans. Not-Significant] 


4. From each of two consignments of eggs, a sample of size 200 
is drawn and the number of rotton eggs counted. Test whether 
the proportion of rotton eggs in the two consignments are 
significantly different or not, given that 

Size of sample No. of rotton eggs 
Sample from consignment 4 200 40 
Sample from consignment B 200 30 
[Ans. Not-Significant] 
5. In two large populations there are 35% and 30% of fair haired 


people. Is the difference likely to be hidden in simple samples 
of 1500 and 1000. [Ans. e=0°019, unlikely] 


Ex. 14-19. Show that standard error of the number of successes 
is the square root of the mean number of successes provided the mean 
proportion of successes is small. 


Sol. Mean proportion of successes p ў 
If p is small, standard error of the number of successes 
=Vnpq=V пр(1—р) 
ev np 
=4/ Mean number of successes 
Ex. 14-20. Show that precision of the proportion of successes 
varies as the square root of the number of members in the Sample. 


Ex. 14-21. Jf for one half of n events, the chance of success is 
p end the chance of failure is q, whilst for the other half the chance 
of success is q and the chance of failure is p. Show that the 
standard deviation of the number of successes is the same as if the 
chance of success were p in all the cases i.e., млрд but that the 


7 and not np. 


Sol. Let х and хә denote the number of successes in two 
halves. 


mean of the number of successes is 


14.20 
n n 
Then E(x)=-> P. var(x)=>- pq 
n n 
and Е(ха)= 3. 9. var(x2)= 7- Pq 


M E+ x)= (р+4)=-у- 


var(xı+x2)=var(x1) +Var(x») 
[- The halves are independent] 


n n 
— Patz pq—npg. 
Ех. 14-02. The sex ratio at birth is sometimes given by the 


ratio of male to female births, instead of the proportion of male to 
total births. If z is the ratio i.e., 2 ^ show that the standard error 


/ 
of is approximately 102 M =, п being large so that deviations are 


small compared with the mean. 


| 
Sol. Let x be the number of male births. Then (u- х) is the 
number of female births. 


Now Spel step Nem 
q l-p 
x d 2527 
Bl 1+2 pe 1+2 | 
SUME ec eap VEI IS RAM x x 
Also 55 { 1 +} - ib e 


S.E. of zeS.E. of 


— 
IET 
— 
П 
UR 
“|| = 


1 Iz 
m—— |2. 
1+2 4 п 
Ex. 14:23. n individuals fall into one or the other two categories 


with probabilities p and 9(=1— p), the number in two categories 
being m and n» Show that cov(m, ne) —npq. Hence obtain 


Sol. Evidently n —n— nı 
Now E(ni) np 
E(ng)=n— Em) n= np=nq 
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соу(т, ng) — E((m — np)(na— nq) 
= E((m — np(n— m — na) 
=— E(m —np)*— var (т)= —npg 


var (3 E ri 4 var(m — пә) 


= + [var (m)--var(ng)— 2 cov (m, ng) 


1 
m. 1"Р4--пра+-2прд[ 


NL 
"rv 
14.3. Sample mean 
A sample of size п can be described by the values of the 
random variables. Let xl, xa,.....- X» denote the random variables 


for a sample of size n. Then the sample mean is a random variable 
defined by 


The probability distribution of x is called sampling distribution 
for the sample mean 7 or the sampling distribution of means, 


Remark. In the case of random sample, xi, Xo...... x, are 
independent. 


143.1. Central Limit Theorem 


Statement. If xj, X2,...... Xn be п independent random 
variables all with same distribution, mean „ and s.d. с and 


n 

i- - > then, if m.g.f. of x; exist, the variate = e Vn 
=1 

has а distribution that approaches the standard normal distribution 


аё п-> со, 
z- E 
Proof. Mo(t) c | 26e А } 


с 


e 


=e 


-t pyn {её (х\+х+...... Tx) 
— c slev n 
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n t t 
=e xh ds x {, ۴ т} Es zv") 
(as x's are independent) 
Now since all x, has same distribution, mean and s.d., their 


m.g.f. will also be sam 
A pe 


t 
where Mo( ү) is the m. g f. of x; 


.. Molt) of z=e - 


log (Molt) of z}=— г UMS юе] Mo( Mo (тут) 
ey ER, 


+n log [isa e YEN : y+} 
EVE Цо a. "Its E. ] 
cun Wet a f+ joge ] 


"agg 16200) i)) I terms containing 


Now p1'(0)=p. 


'. log {Mo(t) of 2 
n in the denominator. 


Lt log {Mo(t) of Te L3 0)— (a 00e — 
n- oo e 


^ . a2 (0) (04700) ua — 0%} 
Lt Mo(t) of HORE 
п со 


which is the m. f f. of a N(0, 1) 


Lors, Аз n0 the distribution of z tends to the standard normal 
distribution, 
143.2. The standard error of the mean ofa random sample 
of size n from a population with variance c?, 
Sol Let xi, xz, . X, be a random sample. 
Then T5 iT Xe... Xn 


is the sample mean. 
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vara)=-} [var (xı + a. . x 


= [var (x1)4- var(xo) - . --var(x,)] 
(as x's are independent) 


(var (x;)=0? for all /) 


SB. of z=. 
Ji 
14.4. Sampling of variables 
In this case population is the frequency distribution of the vari- 
able and its each member provides a value of the variable, Drawing of 
a sample is same as choosing certain values of the variable from those 
of the distribution. 


14.41. Unbiased estimate of population mean 


Let the values XI, Xs, ...... Xx constitute a finite population 
with mean z and variance os. 


Then 
Let x1, Xo, ...... x, bea random sample from the population. 
The sample mean is 
n 
1 
Fs * » 
i=] 


Now. for fixed i, x; can take any one of the values X1, X. Xx 


each with probability +. 
E(x) 1 (X14 Ye Xe) 


n 
E= > вв 
i=] 


Sample mean x is an unbiased estimate of the population 
mean. 
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1442. Unbiased estimate of population variance 
Sample s.d. is 


n 
sel >. (xi- х) 
і=1 


-l S (-A- x 


n 
-15 (xi- p)? (n- 3) 


"i E(st)- 1. > E(xi— u)*— E(x — p). 
i=| 
Since E(x) =р=Е(Х), Ex- p =var(xi)= 0? 


and HF itv) 


Ty E(s?)=0?— T 


Unbiased estimate o variance 


x v= S2, 


s 
14.4.3. Test of significance of single mean 
Consider a large random sample with mean x from a large 


population with mean р and s.d. с. Then N P Te) 
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х-н 
z= = MO, 1 
Er Mene 
The hypothesis to be tested here is 'the sample has been 
drawn from a population with mean p and s.d, с’. 


The significance is tested with the aid of normal curve and the 
rules of taking decisions are same as before, 


14.4.4. Confidence Limits or Fiducial Limits 


Consider a large random sample of size n with mean x from a 
population (not necessarily normal) with mean р and s.d. o. Then 


is nearly a N(0, 1). If с be known but not p, there is a range of 
possible values of u for which x is not significant at any specified level 
of probability. If x is not significant at 5% level of probability, then 
Since 


P(|z | > 196}=005, 


p must be s t. 


х-т 
—|.« 1°96 
Au 
#—196 = x4-196—— 
x BUT <p < +19 3 
The values  —1:96 = are called 95%, Fiducial Limits or 
n 


Confidence Limits for the mean of the population corresponding to 
the given samnle. The interval x— 196 to F195 VT is 
called 95% Confidence Interval. 

Similarly since P{ | z | > 258}=0:01, 99% Fiducial limits for 

3258 ——. 

the population mean are F3 АЛ 

In general if Р{ 2 | > z'}=P', 100(1—P')%. Fiducial limits 
are x Fz’ TT 

Evidently the limit vary from sample to sample. The totality of 


values of limits ( for given P') for different samples determine the 
field ME. TE p is asserted to lie. This field is known as 


Confidence Belt. 
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Ex, 14-24. 4 sample of 400 male students is found to have a 
mean height of 67:47". Can it be reasonably regarded as a sample 
from a large population with mean height 67:39" and s.d. 1:3" ? 


Sol. Here n—400, ¥=67°47", 4=67°39" and с=1'3" 
e zex1:23( 196). 


„. The sample mey be regarded as drawn from the population 
with mean 67:39" and s.d. 1:3". 


Ex 14-25. A sample y, 900 members is found to have a mean 
3'4 ст. Can it be r y regarded as a simple sample from a 
te population with mean 3:25 cm. and s.d. 2:61 ст? 


Sol, Here n=900, 1234, „==3'25 and с=2'61. 
"s 21'7) < 1:96) 


.. The no o be regarded as drawn from a population 
with mean 3'25 and s.d. 2°61. 


Ex, 14-26. Mean of 10 readings on the length of a given rod is 
20". The s.d of errors of measurement is known to be 0'1". Does 
the result contradict the assumption that the length of the rod is 19'9" ? 


Bol Here џ=19:9, c=0'1, n=10, and ¥=20, 
is z= 3162 (>3) 
Sample contradicts the given assumption. 


Ex. 14.27, A sample of 900 members is found to have mean 3'5 
cms. Can it be reasonably regarded as a random sample from a large 
population with mean 3'3 ems. and s.d. 2:3 стз? 


Sol. Here n=900, 33:5, 3.3 and o=2°3, 
95 z=2'6 ( > 2:58) 


At 1% level sample cannot be regarded as drawn from a 
population with mean 3:3 and s.d. 2:3. 


Ex, 14-28. The mean of a certain normal population is equal to 
the standard error of the mean of the samples of 100 from that distri- 
bution, Find the probability that the mean of the sample of 25 from 
the distribution will be negative. 


Sol Let and с be the mean and s.d. of the population. 
Th = — ART ы, 
CE ST 10: 
Let X be the mean of the sample of size 25. 


. 
“E VBE E AY 


— с 
* Seg A уг 


8 


14,27 


0 ра -O 2+ 10 <0)= (< 1) 


-X >> )=0s-P(0<:<7 ) 
=04-(01915)=03085 (from tables), 


Ex. 14-29, А normal population has mean 0'1 and s.d. 21, 
Find the probability that the mean of a simple sample of size 900 will 
be negative, 

Sol Here p=0'l, c=2'1, n=900. 

‘ 7-011 
D z-( > ) o- vo. 1) 


e x20:07 z4-01 


E 10 

3; Pz <0)=P( i) 
=P(z>1°43)=0'5— 021443) 
—0:5— 04236 0:0764. 


Ex. 14-30. A research worker wishes to estimate the mean y, a 
population, using a sample sufficiently large, such that the probability 
will be 0°95 that the sample mean will not differ from the true mean 
by more than 25% of the s.d. How large а sample should be taken? 


Sol, Let п be the size of the sample. 


Now P{ | #— р | <0'25a}=0°95 
бА P( | z | $0254 )=0'95 
A P(0<2<0'25 n )=0°4750. 
^ 0:254 h —1:96 


^ n=62, 

~ ч — i ͤũ6ẽ — ALCL, 
Ex. 14-31, Jf the mean breaking strength of copper wire is 

574 ibs with a s.d. of 8:3 ibs, how large a sample must be used in 


order that there be chance -ijg that the mean breaking strength 
of the wire is less than 571-ibs ?.— 


Sol. How 47574, 02833. 


mit (9s -- ds V 


Now РЇ z<- y Vn |=001 
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Um V n 2327 (from normal tables) 


3,2 
CE 


. (2:327)? 41:46; 
nez42. 


Ех. 14-32. The guaranteed average life of a certain type of 
electric light bulbs is 1,000 hours with a s.d. of 125 hours. It is 
decided to sample the output so as to ensure that 90% of the bulbs 
do not fall short of the guaranteed average by more than 2 5%. What 
must be the sample size ? 

Sol Here џ= 1,000, с= 125 


8100 p=25 i.e, ¥>p—25=975 


l 
Nae ies 
E ( i34 )=о». 


#1:28 — (from normal tables) 


we nct40:96e4], 


` Ex, 14-33. It is known that the mean and s.d. of a variable are 
Uy U 100 and 10 in ihe universe. It is however considered 
clent to draw a sample of sufficient size but such as to ensure 

that the mean of the sample would be, in all probabilities, within 
0 01% of the true value, How much would be the cost (exclusive of 
overhead charges) if the charges for drawing 100 members of a sample 
be one rupee? 

Sol. Assume the simple sampling conditions hold. 

Here 1.77100, с=10 


[эси] 4100 c- ol in all probabilities. 


12 p IV DES Мт in all probabilities. 


e 


sdai araa 
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f 
Sampling charges = Rs. 908 100 =Rs. 90,000. 

Ex. 14-34. To know the mean weight of all 12-year old boys 
ina state, a sample of 225 is taken. The mean weight of this sample 
is found to be 67 ibs with a s.d. 9 ibs. Can you draw any inference 
from it about the mean weight of the universe ? 


Sol Here s.d. of the universe is not given but we can take in 
its place the sample s.d. as the sample is large. 
9 
S. E. of the mean == =0°6. 
4225 


Assuming simple sampling conditions, the mean weight р of the 
universe would in all probability be s.t. 


۷٣| = 
30 30 
. BE #— „> 47+ = 
13 (e m qe 
ie, 67— 1:8 <p <67+1'8 
ie, 65:24 «68:8, 


Ex. 14:35. The mean height of 10,000 children of age 6 years 
is 4126" and the s.d. is 2:24". Find the odds against the possibility 
that the mean of a random sample of 100 is greater than 41'7", 


Sol. p=41'26, 02:24, n=109. 
E. le mean 7— 20:224. 
S.E. of the sample me Pir 


The probability of 
23-8. 417-4126, 
fUr MEC 
is needed. 
Since z~N(0, 1). 
P(z>1-96)=0'5— P(0<z <1'96) 


у 1 
=0°5—0°4750=0:025= w 


.. Odds against are 39 : 1. 
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Ex, 14-36. Suppose that the distribution of the statures of men 
is a normal distribution with s.d. 2'48". One hundred male students 
in a large university are measured and their average height is Sound to 
be 68:52". Determine the 98%, confidence limits for the mean height 
of the men of the university. 


Sol. Here 3:68:52, n=100 and с== 2 48, 
в 

1 = — m0248", 
S.E. of sample mean 77 


É 2 68:52-p 
pi 0:248 
Now since P( | z | «2:33)—0:98, (from normal tables) 
p is needed s.t. 
actas 
ie. 679<ь<69'1. 


98% confidence limits for р are 67:9" and 69°1”. 
Ex. 14-37. The data concerning height measurement for a 
random sample of individuals from a given population are as follows : 
mean=172, S.D.—12, n= 100 
If a large number of samples of the same size were selected at 


random from the given population, what would be the limits of 2% 
confidence interval for the true mean ? 


Sol. The limits of 2% confidence interval for the true mean 
means the same thing as 98% confidence limits for the true mean. 


.. Reqd. limits are 
12 
172.233 ) te, 1692 and 1748. 

Ex, 14-38. An unbiased coin is thrown n times. It is desired 
that the relative frequency of the appearance of heads should lie 
between 0:49 and 0 51. Find the smallest value of n that will ensure 
this result with 90% confidence, 


Sol, Probability of head (tail) in a single toss— > 


1 
.. S.E. of i = — а ==, 
of proportion of head K. BII OW a 
Let p be the observed proportion of heads and 
2 20.5 


1/24 n 


"т тотунун SNNT / 


тту инк EAS 


| 
| 
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Now since P( | z | < 1:645) 0:9, ‘n’ is to determined s.t. 
| p-95 

124 п 

1:645 1:645 

Le, 05- — =. < 05 — 
24 п Ln 271 


1:645 
DE 05- —= 20:49 
24 n 


< 1645 


апі 056-022. =0'51 
24 n 


Subtracting 002 


à n=6765. 
Ex. 14-39, If p is the observed proportion of success in m 


independent Bernoullian trials, prove that the 95%, fiducial limits for 
the population proportion p'; for large samples, are, 


5% [24 
pars f”. 


Also show that 99% fiducial limits are the roots of quadratic 


equation 
(p—p3)(2:58 np — p* 
Sol S.E, of proportion of successes 7 24 
Now 22ےے‎ ~ NO, 1) 
pa 
n " 


Now since P{|z| <1°96}=0°95, 959, fiducial limits are 
given by 


р-р 


mi 
n 
105 = 196, [22 <p <p +196 

Similarly, since P{ | z | <2'58}=0'99, 99% fiducial limits are 


given by 
gps xs f” 


« 1:96 
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Le, n(p'— p)*=(2'58)2 pg- (2-582 )p(1 — p) 
=(2'58)(р— р?), 
EXERCISES 


dent sets of trials of large sizes m and пә, show that 95% 
fiducial limits for the difference (1 рг’) of the proportions of 
successes in the population are 


Pi— po 2:58 / E 45 an 


Also find 95% fiducial limits. 


2. A sample of 900 members is found to have а mean of 3:4 cm. 
n it be reasonably regarded as a simple sample from a large 

population with mean 3: ст. and s.d. 2:3 cm? 
[Ans. 2=2°6, No] 


9. A simple sample of 1000 members is found to have a mean 
3'5ст. Could it be reasonably regarded as a simple sample 
from a large population with mean 3:2 cm and s.d. 2:6 cm. ? 

[Ans. 2-36, No.] 


5. A sample of 900 members is found to have a mean of 3:47 cm. 
Can it be reasonably regarded as a simple sample from a 
population with mean 3:23 cm and s.d. 2:31 cm. [Ans. No.] 


14-4-5 Test of significance of the difference between the 
mean; of two large samples. 


Let 31, Xs be the means of two independent samples of sizes 
т and ng (both лу and ng are large) from two different populations 
with means шу, and мз and sd. c; and c; respectively. Then 


&-N( =) and Fn ( c ) 
A. ^m 3 дү Хп» 
EE 3 cy 
41> Xo N (ais. EE 

2 — ee Мо, 1) 


112 go? 
ny ng 
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The hypothesis to be tested is ‘Are population means same 
i.e., ръ= ш. Assuming this hypothesis the test statistic becomes 


Xi—5. 
3 

в? , o»? 

n ng 


The significance is tested with the aid of normal curve. 
Note 1. If o3?— 052= 02, then 


Note 2. If c is not known, then it is to be estimated from the 
samples. An unbiased estimate of c? based upon two samples is 
_ (т-—1) Sit S2 
mrnm-2 —— 


n 1 no 
where 512 ma Sour #1)? and S= сы} ee 
i=1 = 


c? is unbiased because 


Дане чес — {rı 1)(512) F- DEG) 
Dp ACA z {l= Do*-(m- Heth e c? 


(% Е(512)= H Se) о?) 


Since m and лә are large, 11 Im and no— In. 


^ S1? 53? and Sa 
n ng 
"where 610 * > (хи— 33)? and s= t Уо — 72) 
i=l j=l 
are sample variances, 
^ gie. 11912 Eros? 
nı tna 


Note 3. If с1252 с? and o; and og are unknown, these are to 
be estimated from respective samples. Respective estimates are 
S12 s1? and 59252. 

Ex. 14-40. The mean of simple samples of 1,000 and 2,000 are 
67:5" and 68:0" respectively. Can the SUM be regarded as drawn 
from the same population of s.d. 2:5". ? 
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Sol. 11.000, 22 2,000, 5167.5, %2=68'0 and o=2°'5. 

oe zei52(»3) 

.. Hypothesis is wrong and hence the samples cannot be 
regarded as drawn from the same population of s.d. 2'5". 


Ех. 14-41, A simple sample of heights of 6,400 Englishmen has 

a mean of 67:85" and s.d of 2 56", while a simple — of heights 

4 1,600 Australians has a mean 68'55" anda s.d. of 2'52". Do the 

lata indicate that Australians are on the average taller than 
Englishmen ? 


Sol. Here population standard deviations ate not known 
so these are to be estimated from samples. As samples are large, 
sample standard deviations can be taken as estimates of population 
standard deviations, 

85 в1=2`56, og=2'52, 

* 204100 3). 

.. Difference between sample means is significant. 

Englishmen are on the average smaller than Australians. 


Ex. 14-42. А random sample of 1200 men from one state gives 
their mean pay as Rs. 40 p m. with a s d. of Rs. 24 p.m. und a random 
samplé of 1600 men from another state gives their mean pay as Rs. 36 
p.m. with a s d. of Rs. 32 p.m. Discuss whether the mean levels of 
pay of men from the two states differ. 


B 


Sol. Here пу = 1200, 31240, 012224 and 
19221600, 332236, 092232. 
4 
* ا‎ e 7 3 
z Gar G3 3°78 (23) 
1200 . 1600 


„Difference between means is significant and hence mean 
levels of pay in two states differ. 


Ex. 14-43, Mean and standard deviations calculated from. the 
weights in hn of students of two groups taken from two universities 


are given below : 

Mean S.D. Sample size 
University A 55 10 400 
University B 57 15 100 


Test the significance of the difference between the means. 


57—55 
Sol. Here 12648 я 
ШЇ дй. и 
400 * 100 
.. Difference between the means is due to fluctuation of 
sampling only. 
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Ex. 14-44. A random sample of 1000 farms іп a certai) 
gives an average yield of rice 2000 lbs per acre with a 147 192 57 
А random sample of 1000 farms in the following year gives an average 
yield of 2100 Ibs per acre with a s.d. of 224 Ibs. Show that the data 
are inconsistent with the hypothesis that the average yield in the 
country as a whole was the same in the two years. 
2100— 2000 
— 2:107 (> 
ЧО ae 7070» 
1000 1000 
Data is inconsistent with the hypothesis. 


Ex. 14-45. A potential-buyer of light bulbs bought 50 b 
each of two brands. Upon testing these bulbs, he eae that fes 
A had a mean life of 1282 hours with a s.d. of 80 hours whereas B had 
a mean life of 1208 hours with a s.d. of 94 hours. Can the buyer be 
quite certain that the two brands do differ in quality ? 


Sol. Here m = 50, 3121282, 180 
and 72750, ¥2=1208, 09794 
AP 29142 (73) 
Difference is significant. 

Ex.14-46. A random sample of 200 villages was taken from a 
certain district and the average population per village was found to be 
485 with a s.d. of 50. Another random sample of 200 villages from 
the same district gave an average population of 510 per village with a 


s.d. of 40. Is the difference between the averages of the two samples 
significant Give reasons. 


Here [2| =— 


Sol. Неге n1 200, 312485, о1=50 
and 77:200, 39-510, 09240 
510—485 
“ = ———— — e5:$(»3 
а= оао 029) 
200 


^. Difference is significant. 


Ex. 14-47. у 60 new entrants їп а given university are found to 
have a mean ht of 68:60" and 50 seniors а mean height of 69:51", is 
the evidence conclusive that the mean height of the seniors is greater 
jo that of the new entrants? Assume the s.d. of the height to be 
2:48". 
Sol. Here 1 —60, 212686, o1=2'48 
and ng 50, 32-6951, с2=2'48 


T 1-92 (1:96) 
agi Ean 
: / 60 +50 


121 = 


14,36 


Difference is insignificant and hence it cannot be said that 
the mean height of the seniors is greater than that of the new 
entrants. 


Ex. 14-48. А certain psychological test was given to two groups 
(samples) of army prisoners: (a) first offenders (b) recidivists. The 
sample statistics were as follows : 


Population Sample Sample Sample 
size mean s.d. 
(i) First offenders 580 34°45 8:83 
(ii) Recidivists 786 2802 881 


Find the 95%, confidence limits of the difference of the means for 
the two populations. 


bs (34°45 — 28:02)— (u1 — p2) 


{= (881 
-580 Т 786 . 


2,643- (a — ра) 
Sew) омо, 1) 


.. 95% confidence limits are given by 


6:43— (a1 — p2) 
0 48 


ie,  6°43—(0°48)(1-96) < p1— p2 < (0 48)(1'96)+6°43. 


| < 1-96 


i.e. 54892 A- < 73708 


Ex. 14-49. Two populations have the same mean, but the s.d. 
of one is twice that of the other. Show that in samples of 4500 each 
drawn under simple sampling conditions the difference of means will in 
all probability not exceed (0 1)o where с is the smaller s d. and find 
the probability that the difference exceeds half that amount. 


Sol Let a be the common mean and o, 2с be the standard 
deviations of two populations. Let x; and x9 be the sample means. 
X1— Xa 
в? (2в)® 
4500 ^ 4500 


Then z= 


14.37 


Now Ae 3 (for all probability) 
— = с =f 
ie., (1-72 < To Ole, 
Now P{ | %1—%2 | > 0050} 
=P{ |z | > 1:5} 


=1-P{|z| <15 
-I-2P(0 < z < 1:3) 
=1—2(0°4332)=0°1336 


Ex. 14-50. Ги an intelligence test administrated to 60 boys and 
100 girls, the following results were obtained : ў 


Mean score S.D. 
Boys 114 13 
Girls 110 Hi 


Assuming the correlation coefficient between the two to be 0:75, 
test whether the difference between the means is significant. 


Sol SF, of the difference between the means 


12+ — _ 2 ooa 


n ng mna 
= | (13)? 00e » (07750137010) 
60 100 100 60 
e vT257724:12 
Iz] I 59503 
Difference is significant. 
EXERCISES 


1. The data given below gives the mean and s.d, of stature of two 
groups of boys taken from a certain city : 


Sample size Sample mean Sample s.d. 
1145 48:6 2:416 
654 50°79 2:53 


Find whether the difference between the mzans significant. 
[Ans, Significant] 


2. 64 senior boys from college A and 81 senior boys from college 

B had mean heights of 68 2“ and 67:3” respectively. If the 

s.d. for heights of all senior boys is 2°43’, is the difference bet- 
ween the two groups significant ? 

(z=2'21, significant at 5% level). 
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3. Two random samples of sizes 1000 and 1500 give following 
values of mean and s.d. : 


Sample size Sample mean Sample s.d. 
1000 47 28 
1500 49 40 
Test whether the difference between means is significant. 
[Ans. No.] 


4, Intelligence test on two groups of boys and girls, give the 
following results. Examine if the difference between means is 


significant. 

Sample mean Sample s.d. Sample size 
Girls 84 10 121 
Boys 81 


12 81 
[Ans. Not-significant] 
5. Two samples of bricks, produced at two different works, were 
tested for transverse strength with the following results : 
Sample size Sample mean Sample s.d. 
Ist sample 300 990 240 
2nd sample 200 1000 202 
Is the difference between the means significant ? 
[Ans. Not-significant] 
6. Two populations have the same mean, but the standard devia- 
tion of one is twice that of the other. Show that in samples 
of 500 each drawn under simple random conditions, the 
difference of the means will in all probability not exceed 0'30 
where c is the smaller s.d. and assuming the distribution of the 
difference of the means to be normal, find the probability that 
it exceeds half that amount, [Ans. 0:1336] 


144.6. Test of significance of difference between the standard 
deviations of two large samples. 


Consider two large independent samples of sizes m, по and 
standard deviations sı ; зо from two populations with standard devia- 
tions ol, со respectively. 


The hypothesis to be tested is ‘Are population standard devia- 
tions same e., 0109". Assuming this hypothesis, the statistic 
ciu cH 
S.E.(s1— 52) 


for large samples. Now for large samples drawn from normal 
populations, 


„Мо, 1) 


var (= and var (s2)= 


var(sı— 52)=var(s1) + var(s2) pa 4 = 


3 
| 
N 
| 
| 
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8. E. (51 — 62) d a = 
1 2 


-. For large samples, ا کے‎ Mo, 1) 
eu. ont 
2m * 2m 
The significance is tested with the aid of normal curve. 
Ex. 14-51. 


Random samples drawn from two universities A and 
B gave the following data relating to the heights of male students : 


Sample Sample Sample 
mean s.d. size 
University A 67:42 2:58 1000 
University B 67:25 2:50 1200 


(i) Is the difference between the means significant ? 
(ii) Is the difference between the standard deviations significant ? 
Sol. Here n —1000, x1—67:42, 51=2:58 


and 73—1200, x»—67:25, so=2°50 
0'17 
z= — . — 7 1'56(< 196 
/ (2:58)2 | (2:5 ( ) 
1000 1200 
There is no significant difference between sample means. 
(ii) e уун... 


(2588 (252 
|." 2000- + 2200 
Sample standard deviations are not significantly different. 
Ex. 14-52. The mean yields of two sets of plots and their vari- 
ability are as given below, Examine (i) whether the difference in the 


mean yields of the two sets of plots is significant and (ii) whether the 
difference in the variability in yields is significant. 


Set of 40 plots Set of 60 plots 


Mean yield per plot 1258 1243 
S.D. per plot 34 28 
15 
i 2230 2·58 
ва , eee, LAB 
40 60 


Difference between the mean yields is significant at 1% level. 
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6 
if z | =— =13(< 1°96) 
ш) ls) caer 
2(40) 2(60) 
Difference is not significant. 
EXERCISES 
1. Test whether the difference between the standard deviations is 
significant, given that 
Size s.d, 
Sample A 1,392 53°84 
Sample B 630 56°56 
[Ans. Not-significant] 
2. Two samples of sizes 1000 and 800 gave the following results : 
Mean S.D. 
1st sample 17:5 23 
2nd sample 18 27 


Assuming that samples are independent, test whether the two 

samples may be regarded as drawn from the universes with 

same standard deviations. [Ans. Yes at 1% level] 

Ex. 14-53. Two samples of sizes 100 and 80 gave the following 
results: 


Median S.D. 
Ist sample 85 7 
2nd sample 100 8 


Test whether the difference between the medians is significant. 


_ Soll. Let c, сз be the standard deviations of two samples of 
sizes пз and ng. Then assuming the samples to be independent. 


S.E. (e) of the difference between the medians 
—(1:25331) ye n 
m 12 
Here 0177, 03-8, п = 100 and 73—80 
dts em 1:42 


Difference between medians 


"^ [21 = = 
15 
42 10 6(>3) 


-. Difference is highly significant. 
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Chi-Square Distribution 


151. 9. Distribution. 


Let x1, x2, ... xn be n independent standard normal variates. 
Then, each one of 


1 1 1 
7715, * , эх? 


is gamma variate with parameter c 


3: 
+ (124- x2? f . . xn?) isa ү (7) variate. 
% Ik (=x x22. x., 
үз is a v (+ ) variate. 
Distribution of 2 is 
_# 1 
WEES 2/2 g 
S mE s (+) (5) 
(2) 
st Ат 
be, p Te ae) 


where 0<{2 — о. 
This distribution is known as chi-square distribution and 4 is 


called chi-square variate. n is called the degrees of freedom associated 
with chi-square distribution. 


(15.1) 


15.2 


Remark. (1) Normal distribution can be regarded as a 
particular case of chi-square distribution for n— 1. 
Hereafter chi-square distribution will be written as j?-dis- 
tribution. 
(2 Xp X2, ., Xn can be represented by a ее oint with 
linates (x1, x», . ., хл) in Euclidean hyperspace of n dimensions. 
If these variates are subjected to a linear constraint, that constraint 
can be considered to represent a hyperplane. Thus the effect of this 
constraint is to lower the dimension by one and hence the number 
of degrees of freedom associated with ¢ will be n— 1. 


In general if there are p independent linear constraints, the 
number of d. f. is n— p. 


1511. MGE. of Un. distribution. 
10 0 -E (9 


| 
E 
I 


902 1 
e e (42) 4042) 


20-20% 2-1 
E Ww ay") 


"(шун (2 (2) 


-(-2) 2, 
which exists only when 127 | < |. 


wr ee ee СЕ 
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15.1.2, Moments and §, y coefficients. 
n 


Mqt)--20 2 
(53+) 


=1+ 2 20+ jf (2002 T. 
a 1 2 (zn |- (7471 ) ari 
ГА 


47 (0)— coefficient of =] 


AF) 
—n(n4-2).. (n+2r—1) 
„ mean=p1'(0)=n 
p2'(0)=n(n+2) 
A pg —n(n4-2)— n? 
| =2n 
| which gives variance. 
us (0) —n(n4-2)(n-4-4) 
4 ua (0) — 332 (0) i (0) 3- 2{u1'(0)}? 
| =n(n+2)(n+4)— 3n*(n 4-2) --2n$ 
| =n(n®-+6n+8)— 3(л8--2л®)--2л8 
| =8п 
| pa (O)=n(n+2)(n+4)(n+6) 
pa pa (0) — Aus (0) 1 (0) + 612 (0)(11(0))* — 3{u1'(0)}4 
wxn(n--2)(n4-4)(n4-6) — 4n*(n--2)(n--4)- 6n*(n4- 2) — 3n* 
==п4412184+4412-4-48л — 4n*(n3-- 6n 4-8) -- 2) — 3n* 


| =12n?+48n 
6, ү Coefficients 
51 - s. h= Ha =3+ 12 
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15.1.3, Cumulative Function and Cumulants. 
Ko(t)=log Molt) 


log (1—2t) 2 
=- T log (1—21) 


sppe +. +0 id 


.. Kı(0)=coeff. of tn 


с 17 r-1 
K, coefficient of 7Ó =2 (r-1)!mr22. 
15.14. Mode. 
The density function is 
1 n 
-5p dica 
لبر‎ . 2 qs? 
mar (2) 


f е) pd (2) 


"^ TE 
„„ 
el ys [o5 
"grt 2 692 { Pr- 


T= = {2=п-2, 0 
for ¥2=0, f(42)=0 which is minimum value of AN. 
. for {2=п— 2, ) із maximum. 
.. Mode-n-2. 
15.15. Limiting form of (® distribution. 
Pon 
Let z= US 


———————————" —— 


Then мид og ,7F| “| e 


6 
feos, = е тее 
, aye ey 


% 


ук) 
— 4e asn > o 
be 

^ Molt) of 2 >e as п ©. 

. z and hence {2 tends to normal variate as л ~ ©. 
15.1.6. Additive Property of {#-уагїабев. 

Theorem. The sum of any finite number of independent u- 
variates is a (?-variate. 

dici Let 2, 9e? . i 
m, u. Пп degrees of freedom respectivel 


Then Molt) p pa 7 0720" 2 , 181. 2,- 


Let x= + ل‎ L... thet 
Then, 


Molt) of ya -zf Any 


B 
= е у ще үк 


cs — Jn 
=(1-2) ?2.ü-2) 2...0-259 2 
at Luz. . . Eu. ) 
—(1-21) 2 


which is the m. g. f. of a j?-variate with (m na u) d. f. 
.* is a hg. variate with (rı +... +n) d. f. 
Ex. 15-1. If}: and Wo? are two independent . variates with 


m and na d. f. respectively, then 12/45? is a Bo (+ 2) variate. 


2^ 
` Sel. Distributions of {12 and 22 respectively are 
Jat 1 
e m. 2 2 
dP: т pu) e (1) didi?) 
2 
0<012< o 
1 
uM ee 
an MEZ e (фә?) афа?) 
2 
0<(02< oo 
The joint distribution of 442 and de? is 
1 
1 => (h?+ he?) 
45 ——r— • ũ4é e С 
m+n 
2 n пә 
2 (2 )(4) 
4 Sj + —1 
(44) ($2?) ар? dis? 
0< y, 9 < co 
2 
Put x, у= фа? 
W2=xy, фу 
I аа 
Ads", de?) | Ox ду 


45» ат зы 
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E ib? 
lo 1 | 


. The joint distribution of x and y is 


1 
y ma t 
2 n no 
; (20 (T) 
N 
(xy) y $ y dx dy 
1 D 
mns : 
2 n na 
2 я) ) 
mo um 
2 2 
* y dx dy 
The range of x and y are from 0 to oo. 
Marginal distribution of x is 
n 
ER o + у “Су” mimi 
mtn ax | 2 4 a 
2 n n y=0 
2 1140 r(2) 
Lu m+n nta 1 
2 2 © 
x 2 (2 ечи du 
nia 1+х 
nm no 0 
2 12) (2 ) 
where u-l- (1+х) у 
тіп + rl 
r 2 x 
dx 
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qub s, 
x 
= dx 
(3.3) |. 
x is a (Z 2) variate. 


Ex. 15-2, 17 {12 and i are independent (*-variates with nı 
and ns d.f. ра аса 
122 
+ 74 we 
are independent. Hence find their distributions. 
Sol. The joint dist. of 912 and (2 is 
1 Ps U) 


тпа 
2 түүт 
N 1 (3 ) 
UE 1 
(5? 092 дады 
0012, ڈول‎ <0 
3 
Put dr and у=({102+4% 
A фл2=ху and jai y(1— x) 
; out eut 
абз, м) | ox ay 
Ax, y) әу? DEI 
EE EN 
Meus 
= =y 
-y 1-х 
-. The joint dist. of x and y is 
1 i =! 
= y 
Е s EA, 
2 m т 
2 (2) (в) 
21 


А mim] 
x رو‎ 2 
{ m+n етм Ф} 
2 m+n 
2 (E ) 
no 
Ced moa 
ER hoi OD 


= х and у are independent. Marginal distributions of x and 
y respectively are 


| ae 1 те 
(2 T3 x (1—x) 
и mtm _| 
and SES giles 
27 (225 


x is a Ê1 (2 А +) 
and y is a (*-variate with (rı 4-73) d.f. 
Ex. 15.3. For a (*-variate with n d. f. show that 
BnimPaeRnaedi, r21 


Sol For a i variate with n d. f. 
mean=n 


„ M. G. F. about mean is given by 
M3 (0 Ee К-у 
ze" Molt) 


=e" (I- 20 912 


log LA O I 2 log (1—2) 
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Differentiating w.r.t. ©” 


11105600 A. 
M- m“ 0- "i 1-2 
p 
2nt 
= 1-2 


> (1-250) 40 g” = dnt Ma (t) 
Dtfferentiating r times w.r.t. ‘t’ by Leibnitz’s theorem 
(1—2) Ма (t)— 2r М-, Р () TOLM (+r ма (0 
Now pr (Mt) 1=0 NO 
. Substituting :=0 in (1) 
Ppt Tr 2 nr, 
- Err nE. 
15.1.7. Chief Features of the chi-square Probability curve. 
The eq. of the {2 probability curve is with n d. f. is 
n 


n жы 2. 
22р par (Z) 5)“ 


( 
2 
log ›=-тё+(-1 ) log 92 — log 27?—1og Г (2) 


Differentiating w. r. t. {2 


rci) 


{n-2)- 42 
ad 
Since (20, y>0, we have 
f -1,2, A 
or n 40 <0 


and for n>2, 
— 0 if O. - 
dii #0<{#<п—2 


=0 її ф=л-2 
«0 ifp>n-2 
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For n=l, 2, y decreases continuously as у? increases 


and for n>2, y increases or decreases as ¢ increases according as 
9 «n—2 or ф%>п—2 


and for ф4=п—2, p —0 which implies that y is maximum, 
For all values of n, y>0 as (?- oo. 


A- axis is an asymptote to the curve. 
The shape of curve for n=1, 2, 3... is shown below: 


Ex. 15-4. If ® is a chi-square variate with n d.f., show that if n 
is large VIY is normally distributed about mean ^/2n—1 with vari- 
ance unity. 

Sol. Now  4/Xj«4/2n-14z 
if WS (2n— V) +2242 2n=1 z 


n= 7 LV iz 


J. e., 
Pa- e 
ie, Vi. 24m Din "B 1 d 
te. =н аз л is large 
: Vn 


nos S Viv mies] 


y 2n 
=P {V-V ii<} 
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92—1 
Now V; 1) 
t: V V= IN (0, 1) 
> VI~ муп 1, 1)- 


Ех. 15-5. If {2 is a chi-square variate with n.d.f., show that if 
n is large V is normally distributed about mean Vn with vari- 
ance unity. 
15-2. (?-tests. 

Tests of significance based on 92. distribution are called 
G- tests. 


Cells. When a given data is arranged in compartments, the 
compartments are called cells and the corresponding frequency is 
called Cell Frequency. 


Linear Constraints. Constraints which involve linear equa- 
tions in the cell frequencies (i.e., equations containing no squares or 
higher powers of the frequencies) are called linear constraints. 


Degrees of Freedom. It is the greatest number of cell fre- 
quencies which can be assigned arbitrarily. It is given by 


v=n—k 
where n is the total number of cells and k the number of independent 
constraints. 


Definition of j?. If О; and e. by the observed and expected 
frequencies, the variate 4? is defined by 


Bi eel (Ae hi 
P ei 


This variate follows g- distribution as seen below: 
Let there be a random sample of size п whose members are 
distributed at random in k cells. 


Let pi prob. that a member is in ith cell. Then, the prob. 
that Or IE are in Ist cell, 0, members іп 2nd cell etc. is 
given by 


n! 0 _ 0 0 
ОЧТУ UI Tol Or! D p JE Dx Е 
Also 0ı L.. Oln „0 


Үл is sufficiently large so that 01, 02......0. are not small, 
Stirling’s approximation for factorials can be used. 


> nnti 
Vine n 
Р= е ар" pi? poe 
П Vie 0, 
і=1 Ј 
-—} d (орет: каа 
(27) n 
k 0+4 
= n ("PL 
Au i ) 
1 
where c= Pea ESI 


Qu) 2 n 2 (pp... u 
k 
log P=log 223 0;4- i) log 17 
i=1 

Now e expected frequency of ith cell 
np. 
n (0,.— е) 

ме 


0,—4/& Biter 


k 
>. log Pzzlog c+ TIA +} log „„ 
i=1 


LN А — 
tos eve 2) ш 1 


1 

> sa 1 Ё 
~ Ja N 
z- ; Ln Mei + 2 | log jus РЕ 


If e, is large, & will be small as compared to Vi, and hence 


Let Е 


the expansion o: log | 1+ ^ is valid. 
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Assuming е; large, 


k 
log ==- 2i 3)bs- 5 
* 
=~ %, 
* * 
Now de va->{ 0;— e; } 
і=1 n " 
-> 0,— Sexo ps: ( T) 
i=1 i=] 
k 
-. Neglecting small quantities af ( Te ), 
k 
log ы ir) E? 
=} 3 ke 


> Pese i= 
= Each Ё, is distributed as N (0, 1). 
Also kes are connected by linear relation (1). 


k ow k 
(0;— e 
M, cru 
iE a 
i=1 i-1 
is distributed as 92. variate with (k— 1) d.f. 
Conditions for the Application of 02 test 
(1) The members of the sample must be independent. 

(ii) Constraints on the cell-frequency, if any, should be linear. 


(iii) N, the total frequency must be reasonably large. N should 
be at least 50, however few the number of cells. 


n 
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(iv) No expected or theoretical cell frequency should be less 
than 5. It is better if it is greater than or equal to 10. 


Note. If any expected cell frequency is less than 5, then to 
apply \-test this cell is to be merged with the proceeding or succeed- 
ing cells so that the new cell frequency (obtained on adding the cell 

frequencies of cells merged) is more than 5. 


Rules of Decision 
Let P= P۴) >40?) 


For various fixed values of P and for degrees of freedom n 
ranging from 1 to 30, values of {02 are tabulated in the form of 
42 table. For 1230, a property that q is a normal variate is used. 
Thus rule of decision is as below : 


Values of d at specified levels of significance for given degrees 
of freedom are seen from the tables. Generally 5% and 1% levels 
are taken. If ea < (?o.os, the hypothesis is acceptable at the 5% 
level of significance otherwise non-acceptable. Similarly for 1% level 
of significance. 


Alternately, the probability Р is determined. If this is small, 
the hypothesis is rejected and if this is not small the hypothesis is 
accepted, 


Remarks. (1) If 4?—0, 0;=е; › 
i.e., observed and expected frequenci& coincide. On the other hand, 


if observed and expected fregzeactes differ greatly, J? is large. Thus 
{2 gives a measure cz correspondence between theory and experiment. 


(2) Not atly small values of P lead us to suspect the hypothesis 
but Жл of Р very near to unity may also lead to a similar 


result. 


_A3) qà-test depends only on the set of observed and expected 
fre4üencies and on degrees of freedom, It does not make any 
Saen, regarding the parent population. Since q?-variate does 
/not involve any population parameter, this test is known as Non- 

/ parametric test. 


(4) An alternate expression for 9 is as below: 


p= > (0; Е e) 


Xen] 
i 

-> “+> «Уо 
i i i 
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-> 52 24 У. ( Pe. 200 
7 


(5) The value (о? is called critical value. 


Uses of I. tent 
Some of the uses of the J- test аге: 


(1) To test the goodness of fit. 
(it) To test the independence of attributes, 
(ii) To test for variance of a normal population. 


(iv) To test the homogeneity of several independent estimates of 
the population variance. 


(у) To test the homogeneity of several independent estimates of 
population correlation co-efficient. 


(vi) To combine various probabilities obtained from independent 
experiments to give a single test of significance. 


Note. Here only (i) and (ii) will be considered. 


15.21. The Test of Goodness of Fit 


One of the principal uses of 42 distnbution is to test how well 
an observed distribution fits a theoretical one. When Ji. test is used 
in this way it is called the test of goodness of fit”, The expression 
within inverted commas may be used in two ways, In the first place 
it may describe the “fit” of observed to the hypothetical data. In 
the second it may be used, without reference to a h thesis, merely 
to test the merits of a particular formula or a particular curve in 
leaped а set of values or a series of points, e.g., it may be tested 

ow well a binomial distribution or normal distribution or Poisson 
distribution fits the given data, The calculations in both the cases 
are exactly on the same lines. 


Ex. 15-6. In experiments on pea-breeding, Mendal got the 
8 ke oo gd of seeds : 315 round and yellow; 101 wrinkled 
and yellow ; 108 round and green; 32 veiled d and green. neo 
predicts that the frequencies should be in the proportions 9: 3: 3:1. 
Test the correspondence between theory and experiment. 


Sol. Total frequency -3 15-7 101 4-108 2-32 556. 


.'. Expected number of round and yellow seeds 16 55622313 


Expected number of wrinkled and yellow seeds Ê 5562104 


Expected number of round and green seeds ir 55522104 
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Expected number of wrinkled and green seeds I 5566233 

(13-315)? (101— 104)? (108— 10% (32—35)2 

LOIS SIO TIO HT 
e40'013--0°087+0°1544+0°257 05. 

Since there are four expected frequencies, number of d. Ai 


2 p= 


má 123, 
From tables 90. os for 3 d. f. «7:815 
Now jou. < poos? 


„ The differe..e between expected and observed frequencies 
is not significant at 5% level of significance, 


s. Experiment is in agreement with the theory. 


Ex. 15-7. А genetical law says that children having one parent 
of blood group M and the other parent of blood group N will always 
be one of the three blood groups M, MN and М, and that the average 
numbers of children in these groups will be in the ratio 1:2 : 1. е 
report on an experiment states as follows : of 162 children having one 
M parent and one N iens 28.4% were found to be of group M, 
42% of group MN and the rest of the group V. Do the data in the 
report conform to the expected genetic ratio 1: 2: 1. 

Sol. Total freq.—162. 

Observed frequencies are 

284 16246, . 1620468 and 162—46— 68-48 

100 100 

and expected frequencies are. 
4. 16221405, 2.162281 and 405 

(55?  )13( , (7:5)? 

405 + 81 Т 405 
e 42. 

No. of d. f. =3—1=2 

Now (0.052 for 2 d.f.—5:99 

oe Yea? < 0.05 

.. Hypothesis may be correct and hence genetical law appears 
to be correct. 

Ex. 15-8. 300 digits were chosen at random and found to give 
the following distribution : 

Digit 0 1 2 3 4 5 6 7 8 9 
Freq. 18 54.728, „ 42. $0. 12, 23 2T. 29 


° p= 


15,18 
Test the hypothesis that the digits were distributed in equal 
numbers in the table from which the data were collected. 


Sol. Onthe assumption that digits are distributed in equal 
numbers in the table, expected frequency of each class 


300 
ү vat {(12)2-4-22-4-28-+.42-4-(1.2)2-4-(20)2-4+-(13)24-72 


+32+ 12} 
31:3 


No. of d. f.=10—-1=9 
From tables, o.05 for 9 d. f.—16:92 
ve Yoa? > 0.05% 
.'. Assumption is wrong. 


Ex. 15.9. 200 digits were chosen at random from a set of tables. 
The frequencies of digits were :— 


Digits 0 1 2 3 4 Sg avg 9 
Freq. 18 19 23. 21 16. 28$ 0224.20. 21... 15 


Use ® test to assess the correctness of hypothesis that the digits 
were distributed in equal numbers in the table. Given that the values 
of ® are respectively 16:9, 18:3 and 19:7 for 9, 10 and 11 degrees of 
Freedom at 5% level of significance. 


Sol Set the hypothesis ‘The digits were distributed in equal 
numbers in the table”. Then expect frequency of each digit 


AF £20 


10 
vad (4+1+9+1+416+25+4+0+41+425} 


ets 

No. of d. f.=10—1=9 

Now o.05 for 9 d. f.— 16:9 

s Vea < 90. 052 

Data is consistent with the hypothesi d hi - 
thesis may be correct. A ers 

Ex. 15-10. In 120 throws of a single die, the foll i- 
bution of faces were obtained : t Piin dtr 


Faces 1 2 Sg 4 5 6 Total 
Freq. 30 25 18 10 22 18 120 


~——_ 
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Test whether these results constitute a refutation of the ‘equal 
probability’ hypothesis. 7 : f 

Sol. Set the ‘equal probability’ hypothesis. Then expected 
frequency of each face Ке M 


=—— =20 


6 
g- (1004-25--4--100--44-25)—12:9 
No. of d. f.26—1—5 
10-052 —11:07 
Yea? > 10-05? 
The hypothesis is wrong. 


Ex. 15.11. The following figures show the distribution of digits 
in numbers chosen at random from a telephone directory : 


Digit 25431444. «916 Кы, ЫЛ 83579 
Freq. 1026 1107 997 966 1075 933 1107 972 964 853='10,000 


Test whether the digits may be taken to occur. equally frequently 
in the directory. 


Sol. Set the hypothesis Digits occur equally frequently in the 
directory’. Then expected frequency of each digit 


10,000 
10 


а= ds (287+ 107+ ) G4? 05) (67) 
+ (107)? 4-(28)2 -- (36)? 4-(47)2) &39-142 
No. of d. f.=10-1=9 
Now from tables, o.05 for 9 d. f.=16°92 
Фоа > Yo.05" 


.. Hypothesis is certainly wrong and hence digits can't be 
taken to occur equally frequently in the directory. 


Ex. 15-12. In the construction of a table of random numbers, 
15,000 digits were taken from some logarithm tables and the numbers 
of each digit obtained were as follows : 


Digit. 0 % ЗОН COL ERG 06 
Freq. 1439 1441 1461 1452 1494 1454 1613 1491 1482 1519 


Use d- test to assess the correctness of the hypothesis that each 
digit had an equal chance of being у 


= 1,000 
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Sol. Assuming that each digit had an equal chance of being 
chosen, expected frequency of each digit 
=1500 
1 


„ @=-зу {G+ (59)8-+-(39)2-+ (48)2-+ 6 (46 (lian 


4-924-(18)2 4-(19)2) 817.8 
No. of d. f. 10-129. 
Now (o.o5* for 9 d. F. = 16˙92. 
ite Vut > 10.053 
„ Hypothesis is wrong. 
Ex. 15.13. Five dice were thrown 96 times and the number of 
times 4, 5 or 6 was thrown are given below : 
No. of dice showing 5 4 3 2 1 0 
4,5 or d ^ 
Freq, 8.195 3 % 10 1 
Calculate (3. 
Sol. The probability of getting а 4, 5 or 6 in a throw of a 
single die 
1 
= Fe 


, By B.D., the expected frequencies are the successive terms 
in the binomial expansion of ps 


1 1 y 
(7-7) 
.'. Expected frequencies are 
3, 15, 30, 30, 15, 3 
Since the border frequencies are small these are to be combined 
with the adjacent ones. Doing so 
Observed freq. 26 35 24 11 
Expected freq. 18 30 30 18 


64 25 36 49 
Sg) 18 ＋ 30 * 30 18851 


Ex. 15.14. Twelve dice were thrown 4096 times and a throw of 
p ind reckoned as a success ; the observed frequencies are given 


No, of successes 0 1 Dare Br Gans 6 7 and over 
Freq. 447 1145 1181 796 380 115 24 8 


Find the value of 4? on the hypothesis that dice were unbiased and 
hence show that the data are consistent with the hypothesis so far as 
the qa: test is concerned. 

Sol. On the hypothesis of unbiased dice the theoretical fre- 
quencies are the successive terms in the binomial expansion of 


1521 
5 1 
4096( = +5) 
as the probability of success witha throw of one die is T 


Expected frequencies are à 
459 ; 1102 ; 1212; 808 ; 364 ; 116 ; 27 and 8. 
de (5 GD, (22 (69, 1а, 3 , 99 
= "959 W II02 L 1212 “ 808 ^ 364 ^ 116^ 27 *^ 8 
4: 
No. of d. . =8—1=7 
Now Фо-052 for 7 d. f.— 14:07 
x pe < Qo.os? 
*, The data are consistent with the hypothesis. 
Ex. 15.15. A set of 6 similar coins is tossed 640 times with the 
following results: 
No. оў heads 0 1 e 
Freq. 7 64 140 210 132 75 12 
Calculate the binomial frequencies on the assumption that the 
coins are symmetrical and test the hypothesis. 
Sol. On the assumption that coins are unbiased, the expected 
Seaway are given by the successive terms in the binomial expan- 
sion of 


6 * 
et (3-7) =10(141)8 
65 654 6.543 , 65432 
10076 4-35 + 543217! ) 
.. Expected frequencies аге: 
10, 60, 150, 200, 150, 60, 10 
3 4 (поз (p (9* (155, 2 46 


0 +760 159 * 200 . 180 + 60 10 
No. of d. f. 7—1-6 
Now фо.052 for 6 d. f.—12:59 
E феа < 90. 088 


.". Assumption may be correct. 
Ex. 15.16. 12 dice were rolled 26306 times and each time the 
number of dice which had 5 or 6 on the up face was 
The results are given in the form of the following table: 
No. of dice 0 1 2 3 4 5 6 7 8. 
showing 5 or 6 


Freq. 185 1149 3265 5475 6114 5194 3067 1331 403 
9 10 11 12 
105 14 4 — 


Fit a binomial dist and test for goodness of fit. 
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Sol. From the data, 
A. M. 26306 (1149-1-65304- 16425 -1-24456-4-25970-1- 18402 
3-93174-3224--945--140--44 


106602 
26306 


Let p be the probability of occurrence of 5 or 6 in a throw of 
single die. Then since for binomial distribution mean=np, estimate 
of p is given by 


_ 106602 
ПР= 776306 


where n—no. of dice=12 

u^ p-0:3377 

x q=1-—p=0°6623 

-. Expected frequencies are Successive terms in the binomial 
expansion of 


26306(0°6623 +-0-3377)12 
«^. Expected frequencies аге: i 
187, 1146, 3215, 5465, 6269, 5115, 3043, 1330, 424, 96, 15, 1, 0. 


2 32 (509 (102. (155)2 (79)2 (24) 
B Mar Ja — 4 CYT су LU 
ЕВУ E TIAS 3215 5465 J 6269 +5115 +3043 
P 23, 92 (18-169? A 
15350 44 + gg 6 =8201 
Now since mean and total frequency have been used from the 
data to obtain expected frequencies, 
No. of d. . 11229 
Now 00-05? for 9 d. f.—16:92 
Da Pea? < 00.052 
Fit is good, 
Ex. 15.17. The following data shows th ici 
in 8 Punjab cities during 14 Tu ee NN E 
No. of suicides in 0 1 „„ 6 
@ State per year 
Freq. 364 376 218 89 33 13 2 1 


Fit a Poisson distribution to the data апа show that the fit is not 
good. (e 180.070). 


7 


pu 
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Sol. The parameter m of the Poisson distribution is to be 
obtained from the data itself. Since it is equal to the mean of distri- 
bution, we have 


m= 1056 (003640) + 1(376)-+2(218)-+3(89)+-4(33)+-5(13) 
7-6(2)--7(1))&1:18 
The theoretical frequencies are 
1096. 118. one pa) Serna 7 
i.e., 337, 398, 235, 92, 27, 6, x 0 
vn Gort Sout . 2 f poete 


merging last three classes as the о frequencies of last two: 
dasses are less than 5. 
Here no. of classes—6(as last three classes have been merged) 
No. of d. f.=6—2=4 (as mean and total freq. аге kept 
same for expected and observed frequencies). 
Now 90.052 for 4 d. f.—9:49 
e. Yea? > 00.052 
Fit is not good. 
Ex. 15.18. Fit a normal distribution to the data given below 
and test the goodness of fit : 
Height (inches) 60—62 63—65 66—68 69—71 72—74 
Freq. 5 18 42 27 8 
Sol The A.M. mand s.d. с of the given data can be easily 
shown to be 67:45" and 2:92" respectively. 
The calculations are arranged in the table below : 


Areas 

b under i 
Heights | 200 2 normal | Areas for |Expected | Observed 
curve from, each class | Freq. | freq. 


(¥) 00 Z 
60—62 | 59:5 |—2:72 | 0:4967 0:0413 413 5 
63—65 | 625 |—1-70 | 0°4554 0:2068 20 68 18 


66—68 | 655 |—067 |0:2486 0:3892 | 3892 42 
Йй 
в, 0271 |2771 27 
72—74 | 71:5 1:339 |0:4177 0:0743 T43 ^8 
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In and column class boundaries (X) are written, in 3rd column 
the values of 22-6905 are written and in 4th column areas 
under the normal curve from Z=0 to the various values of Z are 
written. In Sth column areas for each class are written. These are 
obtained by subtracting the successive areas in the 4th column when 
the corresponding Z’s have the same sign and adding them when Z's 
have opposite signs (which occurs only once in the table above). In 
6th column expected frequencies are written by multiplying the entries 
in Sth column by total frequency 100. 


з= GL 413" | (1820682 | (42—3892у 
43 + 20:68 + 3892 — 


(27=27-71)2 (87.4% „ 
r 


Since mean, s.d, and total frequency have been used from the 
data to obtain expected frequencies, number of d. f.=5—3=2 


Now 0.052 for 2 d. f.—5:99 
ds Yoa? < фо.052 
Fit is good. 
EXERCISES 
1. Ina Sample of ре from coffee plants the number of round 
peas is 336 and the number of angular peas is 101. Is this in 


agreement with the Mendalian hypothesis that the ratio in which 
they should occur is 3: 1? [Ans. 42—0:8] 


2. Ina Mendalian experiment on gea· breeding the four possible 
seed varieties are expected to occur in the proportion 9: 3 : 3: 1. 
In one experiment involving 720 trials the actual observed 
frequencies were respectively 396, 139, 129 and 56, Examine 

whether these results correspond with the theory. 
У [Ans. j2—3:27] 
. Genetic theory states that children having one nt of blood 
type M and the other of blood type N will Аа be one of 
е three type M, MN, N and that the proportions of three 
types will on average be 1 :2 : 1. A report states that out of 
iM 3 S Ar РҮ. Mei one N parent, 30% were 
pe M, d i e N. 
Test the hypothesis by Kell. n 
[Ans. 045. Hypothesis may be correct] 

^. Find the value of j? for the following table : 


Class A B с р Е 
Observed 8 29 44 15 4 
Expected freq. 7 24 38 24 


10. 
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Find the value of ф for the following table : 


Class A B С р Е 
Observed freq. 8 29 47 16 4 
Expected freq. 7 24 38 7 

[Ans. 7:3] 


The following table gives the number of aircraft accidents that 
occurred during the various days of the week. Find whether 
the accidents are uniformly distributed over the week. 


Days Sun. Mon. Tue. Wed. Thu. Fri. Sat. Total 


No. of : 
accidents 14 16 8 12 11 9 14 84 
[Ans. Uniformaly distributed] 


Five coins are tossed 320 times and the following results are 

obtained . 

No. of heads 0 1 2 3 4 5 
Freq. 8 57 110 90 0 5 

Test the hypothesis that coins are unbiased. 


12 dice were rolled 4,096 times anda throw of 4, 5 or 6 is 
reckoned as a success, the observed frequencies are given below: 


No. of successes 0 1 2 3 4 8 бе 8 
Freq. о 7 60 198 430 731 948 847 536 

9 10 11 12 

251771 11. 9 


Apply d- test to test whether dice can be regarded as unbiased, 
[Ans. Dice can't be regarded unbiased] 


Five dice were thrown 192 times and the number of times 3, 4 
or 5 were thrown are given below : 


No. of dice throwing 5 4 3 2 12970 
3, 4 or 5 

Freq. 6 46 70 48 20 3 
Calculate 12, [Ans. 16'6] 
The following is the distribution of 106 eight pig litters ассог- 
ding to the number of males in the litters : 
No. of males 0 1 2 3 4 5 6 7 8 Total 
No. of litters 6 5 8 22 23 25 12 1 4=106 


Fit a binomial distribution under the hypothesis that the вох 


ratio is 1 : 1 and test the goodnesss of fit. 
(фо.05? for 8 d. f.=15'51) 
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11. 


12. 


13. 


14. 


15. 


Records taken of the number of male and female births in 
800 families. 


No. of male births No. of female births No of families 
0 


© س‎ NWA 
кю 
© 
e 


1 
2 
3 
4 


Test whether the data are consistent with the hypothesis that 
the binomial law holds and that the chance ofa male birth is 


equal to that of a female birth, namely =p. You may 

use the table given below : 

Df. 1 2 3 4 5 

5% value of 902 3:84 5:99 7˙82 9:49 11:07 
[Ans. Binomial law does not hold] 

One hundred and ninety-two families (for each of which the 

possibility of an albino child being born is otherwise established) 


had the following distribution of albinos among the first three 
children. 


No. of albinos 0 1 2 3 Total 

No. of families 77 90 20 5 192 

Find the expected frequencies on the basis of a theoretical 
probability 0:25 of a child being bornan albino and test the 
goodness of fit, [Ans. Fit is good] 
Fit binomial distribution to the following data and test the 
goodness of fit. 

x:0 1 €. ad 4 5 6:7 8 9 Total 
723 8 ll 15 16 14 12 11 9 1 109 
In 1,000 extensive sets of trials for an event of small probabiiit 
the frequencies 7 of the number x of successes are found to b 
x: 0 1 2 3 4 5 6 7 

f: 5395 365 210 80 28 9 2 1 

i а Poisson distribution to the data and test the goodness of 
A шне Sample of 100 pages was taken from the concise 


Oxford Dictionary and the observed frequency distribution of 
foreign words per Page was found to Beia follows E ies 


No. of foreign 0 1 2 3 4 5 6 
words per page 
Freq. 48 27 12 7 4 1 7 

Graduate the data by a Poisson distribution and judge the 
goodness of your graduation by . test. 

16, Thetable below gives the number of mistakes committed per 
page in typing a manuscript of 584 pages : 
Mistakes per page 0 1 2 3 4 5 6 7and above 

No. of pages 238 208 97 30 9 0 2 0 


Graduate the data by a Poisson distribution and test the good- 
ness of fit. Present your results in a tabular form. 


[Below are given values of 42 with probability P of being excee- 
ded in random sampling; п being the number of degrees of 


freedom : 
P+ 
n 0:95 0:05 0:01 
V 
4 071 9:49 13:28 
5 114 11:07 15:09 
6 1°64 12°59 16°81 
7 2:17 14:07 18:481 


1522. Test of Independence of Attributes 


Consider for example the attribute-heights of individuals. Then 
it may be divided into a large number of parts, e.g., very-tall, tall, 
medium-sized, short and very short. Thus the given attribute A can 
be divided into a number of classes Ay, 4e A,. Similarly any 
‘other given attribute B can be divided into classes Bı, Bg. . B. 
Evidently when both attributes A and В аге taken into account each 
One of the classes 41, Ao, ...... A, would be divided into a large 
number of subclasses according to By, Bg, ... B. Such а classifica- 
tion is called manifold classification anda table of the following 
type is obtained. 


Attributes A 
A41 . „ A; Total 
By O11 ©» Olie vere ‘O1: (Ву) 
5 В, On Osa . On... On (Ba) 
B, oa On. O On (B) 
B, Ón 55 (Bi) 
Totals (41) (43)... (42)... (41) N 


Such a table is called 5x? contingency table. Here N is the 
total frequency, O., is the frequency of(i,j)th cell (i.e., a place 
common to ith row and jth column), (Bi), (B2)...... (Bs) are totals of 
rows and (Aj), (A2). (A.) are column totals. Evidently 

N=(41)+-(Aa)+...+(4:)=(B1)+(Bo)+...+-(Bs) 00 

To test whether there is any relationship between A and B, the 
independence of two attributes is assumed (Null hypothesis). On the 
basis of this hypothesis expected frequencies of various cells are 
obtained by keeping the rows and the column totals for expected 
frequencies same as for observed frequencies. 

Now proportion of individuals belonging to class B. in the 
entire data 

_ 
Ү` 


Since A has no influence оп В, this proportionality is expected 
to be maintained in all the classes А], 4o, ...... Ay. 
.'. Expected number of individuals belonging to (i, J)th cell 
_ (4B) 1.2 
seg reed EL ell 
j =1, 2,...... t. 
Knowing expected frequencies independ is tested b - 
ing - test as ua E ЕРУ 


No. of degrees of freedom associated with а s Xt contin- 
gency table. 


There are in all s.t, cells. Since row and column totals ate 
kept same for expected and observed frequencies, there are (s+1) 
Constraints, Because of (1) there are only (s+t—1) independent 
linear constraints, 

v=The no. of d.f.=s.t.— (s4-t—1) 
==(8— 1)(t— 1). 

This is the number of cells whose frequencies can be arbi- 

trarily assigucd. 
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Test of Independence 
Ex. 15-19. An opinion poll was conducted to find the reaction 


to a proposed civic reform in 100 members of each of the two political 
parties. The information is tabulated below : 


Favourable Unfavourable Indifferent 
Party A 40 30 30 


Party B 42 28 30 


Test for independence of reactions with the party affiliations, 
(Given that: o.os* for 2 d.. = 5:99), 


Sol Assuming the independence of reactions 


with the party 
affiliations, the table of expected frequencies is as below : 
Favourable Unfavourable Indifferent 
82x 100 58x 100 60x 100 
Party A 200 =41 200 =29 200 =30, 
82x 100 58 x 100 60x 100 
Party B — 200 - =41 200 =29 200 =30, 


12 12 2 2 40 
Vag tarts tay ar КЎ 1189 012. 


2 1189 
No. of d.£.—(2— 1)(3— 1)=2. 
Now 000.052 for 2 d. f.—5:99 
^ Фоа < 00. 082 


.. Hypothesis of independence of reactions with the party 
affiliations may be correct. 


Ex, 15-20. The following table shows the result of inoculation 


against cholera : 
Not-attacked Attacked 
Inoculated 431 5 
Not-inoculated 291 9 
Is there any significant association between inoculation and 
attack? Given that 
|[Р=0074 for {2=32 
or onn for ja 3:3 
Sol. Assuming the independence between inoculation and 
Attack, expected frequency table is : 
Not-attacked Attacked 
722x436 ў 14x 436 =$ 
4x300 
Not-inoculated -722X300 204-3 . 
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аа на ы е 
TEOR fz 271 83 2943 tage ё 
у= №. of d. f.—(2— 1)(2—1)=1 
Now for {2=32, P=0:074 
Now for j2=3'3,  P=0-069 
Now when 4? increases by 0:1, P decreases by 0:005 


„ when e increases by 0'08, P decreases by WS 0°08 
20040. 

s. For Y2=328, P=0:074—0:004=0-07, 

Thus, if the hypothesis 1s true, the data give results which would 
be obtained about 7 times in hundred trials. This is infrequent but 
not yery infrequent. Moreover the theoretical frequencies in the 
‘attacked’ column are not very large. It will therefore be unjustified 
in rejecting the hypothesis but it can be said that data lead us some- 
what to believe that hypothesis is not correct ie., inoculation and 
attack are associated. 


Ex, 15-21. From the following table 
Eye colour in sons 


Not light Light 
Not light 230 148 
Eye colour in fathers 
Light 151 471 


test the association between the eye colours of fathers and sons. 


Sol Assuming that there is no association, the expected 
frequency table is 


Eye colour in sons 


Not light Light 
Not light 144 4 
Eye colour in fathers е T 
Light 237 385 
р ےر‎ (230-144)? (148— 234) (151—237) , (471 —385)2 
OMM ay C у 
2:133. 
No. of d, f.=(2~1)(2~1)=1 
N 19.052 3:84 
s ea o.os? 


-. Assumption is wrong. 
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Ex. 15-22. Іп ап experiment on immunization of cattle from 
tuberculosis the following results were obtained: 


Affected Unaffected 
Inoculated 12 28 
Not inoculated 13 7, 


Examine the effect of vaccine in controlling the incidence of the 
disease. 


Sol. Assuming that vaccine has no effect on disease, expected 
frequencies table is, 


Affected Unaffected 
Inoculated 17 23 
Not inoculated 8 12 


(17—12? (23-28 , (8-139 , (12-7? 
PUT. Uoc Ыр 


E У 
=25 +++] 8. 


17 
No. of d. f.=(2- 1(2—1)1 
s^ 10.052 53:84 
heels фоно? 


Assumption is wrong. 
Ex. 15-23. Examine by any suitable method, whether the nature 


of area is related to voting preference in the election for which the 
data are tabulated below : 


Vote for» A B Total 
Área 

4 Е 
Rural 620 480 1,100 
Urban 380 520 900 
Total 1 1,000 2,000 

ota ,000 10 for 1 4. % 


Sol. Assuming the independence of voting preference and the 
nature of the area, the table of expected frequencies is : 


Vote for A B 
ae 
Rural 550 550 
Urban 450 450 
2 2 
pane +0 + COP uae фо.05% for 1 d. f. 


Assumption is wrong. 
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Ex. 15-24. An investigator into chocolate consumption divided 
the United Kingdom into eight areas and took a random sample from 
each, the individuals so obtained being classified as consumers or 
non-consumers of chocolate. His results were as follows : 


Area number : 122 7 P3 7 8 Total 


Consumers : 56 87 142 71 88 72 100 142 758 
Non-consumers: 17 20 58 20 31 23 25 48 242 
Total 73 107 200 91 119 95 125 190 1,000 


Do these results suggest that the consumption of chocolate varies 
from place to place. 

Sol. On the assumption that areas and chocolate consumption 
are independent i.e., chocolate consumption does not vary from place 
to place, the expected frequencies table is 


Area number : 1 2:59 4$ 6 2 8 
Consumers : 55 81 152 69 90 72 95 144 
Non-consumers: 18 26 48 22 29 23 30 46 


x ф%=6:28 

No. of d. f.=(2—1)(8—1)=7. 

From tables, 90. o52 for 7 d. f.—14:07 

725 Yea < 900-052 
Assumption may be correct. 


Ex. 15-25. Deduce that for a sXt contingency table. \2<N(s—1 
or Mt -I) whichever is less. n 


Sol. Let e;; be the expected frequency of (i, j)th cell. 


Then eu (40000. 
5 1 о 
= 0.72 
Now У y NM 200 be, 
i=] j=l i 


SSDS 
E pog TRA, 
Xa 


Now since O, (A,) 
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rr DOA 
77 
ss (B) 
xr) 81-2) 
L. 77 


=N(s—1). 
Similarly H N(t— 1), 
V? «min. [N(s— 1), N(t— 1)]. 
Co-efficient of Contingency. 
The co- efficient of contingency (C) is given by 
c= | 95 
ns 
where N=total freq. 


Yates Correction of Continuity. This correction consists in 
modifying the definition of 4? as below : 


LN 00-61-0592 
е 


In general correction is made only when the number of degrees 
of freedom is o=1. For large samples this yields practically the same 
гема as the uncorrected , but difficulties can arise near critical 
values, 


Ex. 15.25. Show that in a 2» 2 contingency table wherein the 
frequencies are aj? ‚ 9? calculated from the hypothesis of indepen- 


d 
dence is 
(a--b--c4- d)(ad— bc? 
(a--5)(c 4-d (a c5 --4) 
Sol Let LE be the expected. frequencies obtained on the 


hypothesis of independence. 
„ (a+b)(at+e) „ (a+b +a) 
Then re, 
,_ (ateXe+d) Edler 
f a+b+e+d and 2 a+b+e+d 
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З (a+b)(a+e) }2___(ad—be* 
а-а »-[ а--а+ъ+с+а J (а+5+с+4# 


Similarly (b)! -(c- c -(4à- d P= рса re e 


(a-a)? (ad--behn 1 
gy ©” d ~atb+e+d T fd) 


1 
ааста OF Dera) 


(ad be)? { a+b+c+d a+-b+c+d } 
= FoF pdl аас) а) 


a+b+c+d 
=(ad— be)? { etate) 


Ex. 15.26. Show that for a 2Xn contingency table, 


E 8) 


where pir, par are the Лнан in the rth column and №, Na are 
the marginal sums of the 2 rows. 


Sol. Let m, and "a, be the expected frequencies in rth column. 


(u ver) № (uir-+par).No 
MESA №+№ 


„(рае iar) F 


epee ee Eye 


{ p (al- нае) № 


M+M Ie) EIC 1 


Then ne and 127 


A :*x1] 


M м(& . Har 


E UR z^ ) eo 


1535. 


Ex. 15.27. Show that for entries in 2Хг contingency table, 


Total 
a a2 one a ET а, а 
bi ba sas b: Sod br b 
Total | m ng d ni ie nr n 


г 
v= X wil pi р)? 
i=l 


П b 
23 1 19 а= =, 4% -p. 


a 
where pe p 


пф 


z na 
Sol. Two expected frequencies of ith column are = and "Js 


ebbe] 


Now q=1-p=1- ےگ‎ rte (^ m-actb) 
- a)? un N b. b 
пур]. 


i=] 


Il (p- p?4- Gau] 
i=] 


„ 
i=l 


-> "ар } 
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-У(5 2) -x (р-р)? 


r 
-> wp. р)? 
i=l 


Ex. 15.28, In Ex. 15.27 show that 
r 

5 енсе) 
i=1 
Sol. From Ex. 15.27. 


r r 
wd, E rateaAES 


r 
1 
742 {(тшрдр‹— 2(pan)p t na?) 


г 
- X {asp 2раз-тр?) 


-5 [> (шр)—2р (> ar (x ")] 


we uy (aipi) — 2ра+-р?п ] 
i=l 

Ay (ap)-2pa+ ap | 
i=l 

= H5 (api ар ] 


i=] 


1. 


15.37 
EXERCISES 
Find the value of {2 for 2x2 contingency table 


Hair colour 


Eye colour Light Dark 
Blue 26 9 
Brown 7 18 


[Ans. 12°6] 


In a locality 100 persons were randomly selected and asked 
about their educational achievements. The results are given 
as below: 


Education 
Middle High School College 
Male 10 15 25 
Sex 
Female 25 10 15 


Can you say that education depends on sex ? 
[Ans. 9:9, Education depends on sex] 


From the following table find whether the hair colour and sex 
are associated : 


Hair Colour 
Fair Red Medium Dark et black 
Boys 592 119 849 504 36 
Sex 
Girls 544 97 677 451 14 


[Ans. Associated] 


In an experiment with immunization of cattle from tuberculosis, 
the following results were obtained : 


Affected Unaffected 
Inoculated 12 26 
Not inoculated 16 - 6 


Examine the effect of vaccine in controlling the susceptibility 
to tuberculosis. 


[Ans. Vaccine is effective in controlling the susceptibility to 
tuberculosis} 
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A 5 ERES rox 
5. In an experiment on the immunization of goats from ant 
the following results were obtained. Derive your inference on 
the efficiency of the vaccine : 


Died Survived 
Inoculated 2 10 
Not Inoculated 6 6 


[Ans. Survival is not associated with inoculation of vaccine] 


6. In experiments on the Spahlinger anti-tuberculosis vaccine the 
following results were obtained : 


Died or seriously Unaffected or Total 


affected not seriously 
affected 
Inoculated 6 13 19 
Not-inoculated or 
inoculated with > 8 3 11 
control media °) 
Total 14 16 30 
Find the value of {2 and test the independence. [Ans. 47] 
7. Thetable below gives the data obtained during an epidemic 
of cholera ; 
А Attacked Not attacked 
Inoculated 31 469 
Not inoculated 185 1,315 
Test the effectiveness of inoculation in preventing the attack of 
cholera, [Ans. Inoculation is effective} 


8. Can vaccination be regarded as a preventive measure for small 
pox as evidenced by the following data : 


‘of 1,482 persons exposed to small-pox in a locality, 368 in all 
were attacked. Of these 1,482 persons, 343 were vaccinated and 
of these only 35 were attacked. | 


9. From the following data test whether there is any association: 
between intelligency and economic conditions : 


Intelligency | 
Excellent Good Medium Dull 
Good 48 200 150 80 
Economic conditions 3 
Not Good 52 180 190 100 


10. A producer ofa certain film claimed that his movie was not 
liked equally by men and women. Accordingly a sample of 


1. 


12. 


13. 


14. 
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men and women was collected. The following are the number 
of men and women falling into each of the five classes: 
Most liked More liked Liked Not much Disliked 
liked 


Men 110 591 840 500 30 
Women 90 549 670 450 20 

Is producer’s remark supported by data ? 

The following table shows the association among 1000 school 
boys, their general ability and their mathematical ability. Cal- 
culate the co-efficient of contingency between the two. 


General ability 
Good Fair Poor 
Good 44 22 4 
Maths ability Fair 265 257 178 
Poor 41 91 98 
The following data observed for hybrids of Datura 
Flowers 
Violet White 
Prickly 47 21 
Fruits 
Smooth 12 3 


Apply q?-test to test the association between colour of flowers. 
and character of fruits. Given that 
jej P—0:402 for 42=0:7 
{ P—0:399 for {2=0°71 : 
[Ans. There is no association] 


From the following table, test the hypothesis that the flower 
colour is independent of flatness of leaf: 


Flat leaves Curled leaves Total 
White flowers 99 36 135 
Red flowers 20 5 25 


Use the following table giving the values of ® for 1 d. f. for 
different values of P. 


P: 0:5 01 0:05 
gi 0:455 2:706 3841 
[Ans. 42=0'5] 


Candidates for a degree in Mathematics are m орташа 
subsidiary examination in Physics. The table low gives the 
number of candidates classified according to the grading award- 
ed in two subjects. Test if the performances in the two subjects 
are independent. 
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15. 


Class in Maths. 
BS sey Pass Fail 
I 38 60 50 11 
Class in Physics Il 24 70 100 27 
Pass 12 36 91 25 


Sixteen pieces of photographic paper were printed down to 
different depths of colour from nearly white toa very deep 
blackish brown. Small scraps were cut from each sheet and 
pasted on cards, two scraps on each card one above the other, 
combining scraps from the several sheets in all possible ways, so 
that there were 256 cards in the pack. Twenty observers then 
went through the pack independently, each one naming each 
tint either ‘light’, ‘medium’ or ‘dark’. 


The following table shows the name assigned to each of the two 
pieces of paper :— 


Name assigned to upper tint 
Light Medium Dark Total 


$ Light 850 571 580 2001 
ir Medium 618 593 455 1666 
E E Dark 540 456 457 1483 
Eig Total 2008 1620 1492 5120 


Show that there is a significant association between the name 
assigned to one piece and the name assigned to the other. 
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t, F and Z Distributions and 
Small Sample Tests 


16-1. Introduction 


Let x1, хз... х, be the members of a random sample drawn · 
from a normal population with mean p and s.d. с. 


Let => Xi 
n 


and s= I > (K. — x)? 


n 
1 п 1 
P(g)" “= {= zr C bei] des enn ar. 

n n 

Now E (x. p= X ((x—z)-(x- p) 
i=] i=] 
=? i x)!t (*— i) -X(8 р) (х—®)} 

n 

6 e 5) n(n 


n 
C Ё 1 
=ns+n(ž— p} 
(16.1) 
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Represent the sample values (x1, xa.-....x«) by a pt P with Co- 
ordinates (х1, х2.. ...xn) in Erclidean hyperspace of m dimension. 
Let O be the origin. Let OL be theline through O with direction. 
ratios (I, 1,...... 1) Draw PM OL. 


PK, X... Xn) 


0 M 2 
Let co-ordinates of M be (a, «,......«) (where а520). 
Than d.r.'s of OM are o, G.. ,u 
and dir. s of PM are xi х, Xo— x,......Xn— a. 
Since PM у OM, 
а (x1—a) +z (xg—a)+ .... a (x4 —a)—0 
IT. 


*. Co-ordinates of M are (x, F, x). 
РМ?=(ху— 7) 2- C.... (xn x) 


n 
= X (x. Tn 
i=l 


РМ=Ҹпз 
and OMA H = OM=dn x. 
If x and s are kept fixed, P moves in (n— 1) dimensional space 


orthogonal to OE on the surface of a h. i 1 
семег М. lypersphere of radius РМ and’ 


-. The spherical shell in which Pgmoves has thick ФР. 
and suffers a displacement of length 400 es ickness d(PM) 


-. As 7 increases by dx and s by ds, Р describes an element of 
volume proportional to 


(PM)? . d(PM) . OM) 
=(s¥ ny-3.4 nds.4'nds 
—constant 5^7? ds dx 


16.3 


dP=const. exp. { = та x— ane: ds dx 


I ns 1 (ž— م‎ 
EC e 2 „% we aha e 2 E 
where cy and cs are constants. 
= sand ғ are independent. 
Dist. of x is 


7 varies from — со to ор. 
ca is given by 
© £L CEDE 


© 
or aT | CP ari 


Dist of x is 


1 
a ant) ағ 
2% 


* 
> Fis N(w 


5) 
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Dist of s is 


.. cis given by 


2 
121 is an unbiased estimate of c?. 
71 — 


16.2. Student's t- Distribution 
Student's t statistic is defined by 


=) v7 


1 an 2 
where > (e = 


ERE 
$ aa , where v=n— 1 


Now, Ӯ is x u, =) 


\ ( Mes y is a (/2 variate with 1 d.f. 
and fe is a 4? variate with u- 1=у d.f. 


t 1 
ps isa fa (+ б 2) variate 
*. Dist. of t is 


ар=; 1 d ( ) O D 
1 1) (1 2 
©) 
2 1 } dt 
Vvve( 3 FERE O 


This distribution is known as student's f. distribution with v af. 
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Remark. 1-distribution was first found by W. S. Gosset in 
1908 in his paper entitled ‘the probable error of the mean’ 
written under the name of his student. Student dofined his statistic 
as 
Fp 
S 


and investigated its sampling distribution. Later on in 1926, Prof. 
R.A. Fisher defined his own statistic and gave a rigorous proof for 
its sampling distribution. He defined his statistic as 


£ 
JE 
n 
where E is a N(0, 1), 42 is a chi-square variate with n.d.f. and E, I are 
independent. s 
Distribution of Fisher's t. 
Since Ё and {2 are independent, their joint distribution is 


t= 


t=. 


n 
-1 
1 -4E 1 -W % 
4 M ET ELS (93) di dpt 


22р (2 ) 
— o «E«0, 0f o 
Put “уйш и= 4 
> к=: PER P=u 
& Ed 
йу _ E ди 
a(t, u) ay? ay? 
E "ди | 
vod t s 
WS eT 0 
0 1 ? 
The joint distribution of t and и is 
f) л 
-4:(1+— T1 ie 
4. 1 е ( » ) u? . Tx du di 


VES г( i) 


onang 
a 
1 
= 
ym 
дЫ 
— 
= 
wl 
— 
— 
N 
45 
- 
— 


dt 1 2 


aA TT (2) EE 


which is distribution with n. d. f. 
(2) Taking 


ле г 
5 PUR N (0,1) 
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2 
a 


which is chi-square variate with (n- 1) d.f. Fisher's statistics t takes 
the form 


= ( Ei ) 17 
which is student's t statistic, Thus, student's t can be regarded as a 
particular case of Fisher's t. 


16.2.1, Properties of t-distribution 


т Mean - Et) 
ہا‎ [ — c due 
va G. T0 i2) % 
y 
=0 
pari E(t— 7 )ї'+1 
= E(12r+1) 
Š 1 | ti тг“ 
— ae y 
Му (+. z-o ану 
=0 
and pars Atze) 
© 
1 12 47 
. 
V (+ , DL wy 
2 | pt 47 
i к yl 
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This converges if 27 < у. Soifr t3 par exist. 


72 
Put — =x 
y 


2t dt dx 


Q. — 1)0r-3).1 
0-20-Ф..о—27)у” 
Put г=1, 2 
1 
y- 


<= 


у= 


EP) >1 


N 


ga 3.1 E 35 
Ma 6720-4) TDA 


3-2 
ur" - 2022 > 3 as v> 


үа=ъ—3= T > 0 as vo. 


Also ==, n=V =0 
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Recurrence formula for moments 
OD 
B= (v—2)..(v— 2r) 


ав ТРЕСТИ 
M 2-2 e Z- (yar ea) ". 


16.22. Chief Features of the t-Probability Curve 

The equation of the t-probability curve is 

1. 1 
у таа 
— y 7+1 
5 Gl e) 2 
"ey 

(1) Since on changing г to —: y does not change, curve is 

symmetrical about t=0 
Median = 
(2) y 20as | t| +o. 
Curve is asymptotic to t-axis at both ends 
(3) у decreas rapidly as | г |- increases. 
y is maximum for t=0. 

.. Mode=0 

Mean, Mode and Median coincide, 
163. t-tests 

Tests of significance based on t-distribution are called t-tests. 
Various t-tests are: 
(i) Test for single proportion. 
(ii) Test for the difference of means. 


(iii) Test for the significance of an observed sample correlation 
co-efficient. 


. (iv) Test for the significance of an observed regression co- 
lent. 


(v) Test for the significance of a rank correlation coefficient. 
All these tests are for small samples and are based an funda- 
mental assumption that the parent population is normal. 
Rules of Decision 
Let P=P{|t| > to} 
=2 P(t > to} 
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For various fixed values of P and for v ranging from 1 to 60; 
values of to have been tabulated in the form of t-tables, For v>60, 
t is considered аз a standard normal variate. The value to is called 
the critical value of t at level of significance P and d.f. v. 


P/2 7 


Éo to 


To test the апо the calculated value of t is comp: = 
with tabulated value at certain specified level of significa». 
Generally 5% or 1% levels are taken. 


If calculated value of || exceeds tabulated value, the aui 

ta is rejected and the difference is said to be significa. and 

t is less than tabulated value, the hypothesis is accepted a! the 
level of significance adopted. 


Remark 


In above rules both the ends of t curve are considered and hence 
tests with these rules are called two-tailed tests. If however, one 
tail is used tests are called single-tailed tests. 


Since t- curve is symmetrical about t=0, 
P(t2 to (Hf —to (a)) 


where « is the level of significance and to (a) the critical value of ¢ at 
level of significance a. 


„„ = Р | >tola)}=2P{t> tod) 
MERLO 

changing a 70 24 
> a= lt 2 to (aa)) 


Hence for a unge tailed test, the critical values of / for level 
of . а can be obtained from those of two tailed test by 
looking the values at level of significance 2«. 


15.3.1, Test for Single Mean 


Let >з, xa, . X» be a random sample from a normal popula- 
tion with mean р. The problem here is to test “is the sample mean 
differs significantly from the population mean д”? Assuming the 
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null hypothesis, “There is no significant difference between the 
sample mean and the population mean”, the statistie. 


Xp 
À Take 
where ¥=sample mean 
à 1 п 
ЖО." -z= 
and S2 Esc > « x) zz" 


(where s? is sample.s.d.) 
which follows student's—distribution with (n—1) d.f., is calculated. 
Ex. 16-1. A mechanist is making engine parts with axle dia- 


meters 0:700". A random sample of 10 parts shows a mean diameter 


of 0:742' with a.s.d. of 0:04". Test whether work is meeting the 
specification. 


Sol. Here ¥=0'742, n=10, s=0°04 and „=0'7”. 


5 ( x: NI = 315 
No. of d. 10-129 
From tables to o5 for 9 d f —2:26 
j tea > 10.05 


-. & differs from p significantly and hence the work is not 
meeting the specification. 


Ex. 16-2. Ten individuals are chosen at random from a normal 
population and the heights are found to be in inches 63, 63, 66, 67, 68, 
69, 70, 70, 71, and 71, In the light of these data discuss the sugges- 
tion the mean height in the universe is 66" having given that 


for t=1'8 P=0:947 } 
for t=1'9 р0955 j fer? 4f. 
where P is the area to the left of the ordinate at t. 
Sol. Calculation of mean and s.d. 


J Total 
x:63 63 66 67 68 69 70 70 71 71 
X-x-68; —5-5. 9 (p ДЕНА А -2 
X2: 25 25 4 119111 ЫА 

2 i) =82-004 


82 
a (=8 DE (- ate 
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Assuming population mean to be 66, p= 66 
[oom Cog a Us. a. ac URBC 189 
t A N 1 Ve 16 =l 
when t increases by 0'1, P increases by 0'008 
when f increases by 0'09, P increases by e )(0-09)=0:0072 
. For t=1°89, P=0:9542 
^ Pr=2(1—P)=2(1- 0'9542)=0:0916>0:05 


Difference is not significant at 5% level of significance 
апа — test provides no evidence against the population mean 
being 66". 


Ex. 16-3. Mine patients, to whom а certain drug was adminis- 
trated, registered the Following increments in blood pressure :— 


7, 3, im ^ 4, d 5, 6, Fil 


Show that the data do not indicate that the drug was responsible 
Sor these increments. The values of t for 10, 9 and & d. f. at 5% level 
of significance are 2:23, 2:26 and 2:31 respectively. 


Sol Let x be the variable for the increment in blood "s 
Tot 
x:7 3 -1 4 „ OE NEJ -4 1 18 
* 7: 8 1 82 . —6 1 
(x-23:25 1 9:4 25 9 16 36 1 126 
18 1 
= 2m = 15: 
x 9^ 2j S 9—1 (126) = 15:75. 
Assuming that the drug was Dotresponsiblefor the i t 
in blood Pressure, jı Û 8 р e increments 
2 di 6 
Piss) V I= = 151. 
No. of d.f.-9—1-—8 
MÀ 70.05 2˙31 
foal < to os. 


5 .'. The data do not indicate that the drug was responsible for 
Increment in blood pressure, 


Ex. 16-4 10 patients to whom a drug was administered regis- 
tered the following additional hours of sleep : ч 


07, - 1, -02, 12, 0:1, 34, 37,038, 18,20 


16.15 


Compute the statistic you would use to determine whether these 
data justify the claim that the drug does produce additional sleep. 
Sol. Calculation of mean and s.d. 
xS 207 -il -02 12 01 34 
(x-z): —054  —234 — 144  —004 -114 2716 
(x-7) : 0:2916 544756 2˙0736 0:00016 12996 4:6656 
Total 
37 0:8 r8 2:0 12:4 
2:446 —044 0:56 0°76 
60516 01936 03136 0'5776 20˙9440 


z= 116 21.24, 522.0044 
Assuming thar drug does not produce additional sleep, р=0 
(1:24) / 9. 
t= 226 
V/ 20944 


Ex. 4 certain stimulus administered to each of the 12 patients 
resulted in the following increases of blood pressure : 
5,2, 8, — 1, 3,0, 6, —2, 1, 5,0, 4 


Can it be concluded that stimulus will be, in general, accom- 
panied by an increase in blood pressure? Given that to.05(10)=2'23, 
10.05(1/)= 2:20, t9.95(12) 2:18 where 1) denotes the value of ‘t’ for 


‘n’ d.f. at ‘a’ level of significance. 
Sol. Calculation of mean and s.d. 
Total 
x: 52 8-130 6 21 50 4 31 
x?: 25 4 64 19 0 36 4 1 25 0 16 185 


3 185 ү 31 0. 1259 
EVE р ИНИ (Чг) Ta 


Assuming that stimulus will not be accompanied by an increase 
in blood pressure, p=0. 


С 31 VI 31 VIL 


= X -E =z 

12 |[ 1259 4/ 1259 
I 

No. of d.f=12—1=11 


Now to.o5(11)=2°20 
9:9 teat > 10:05 i а 


29 
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„ Assumption is wrong and hence the stimulus will be, in 
general, accompanied by an increase in blood pressure. 


Ex. 16-6, Show that the 95% fiducial limits for the mean p 
to. 
of the population are ка. Deduce that for a random sample 


of 16 values with mean 41'5" and the sum of the squares of the devia- 
tions from the mean 135 (inches)? and drawn from a normal population, 
95% fiducial limits for the mean of the population are 39:9" and 43'1". 


Sol. Since P{ | t S to.o5}==0'95, 95%, fiducial limits for the 
mean p are given by 


ж ну 
[2] = | < t.0 


510.05 
he, [ЖИ] A N 
Sto. ob Sto. os 
ie. y= V Ses 5 
135 


Here п= 16, ¥=41'5, 52= ————9 


16-1 
No. of d.f.—16— 12:15. 
^. 10.05=2'13 
^ 95% fiducial limits are 


4185 (2'13) ie, 39:9 and 43:1 


EXERCISE 


1. А machine which produces mica insulating washers of use in 
electric devices is set to turn out washers having a thickness of 
10 mils (1 mil=0°001 inch). А sample of 10 washers has an 
average thickness of 9°52 mils with a s.d. of 0'60 mil. Test the 
significance of such a deviation, [Ans. ¢=2'4] 


2. Find the "student's у" for the following variate values in a 
sample of eight ; 


-4, —2, —2, 0, 2, 2,3,3 


taking the mean of the universe to be zero. [Ans. 0:3] 
3, Find student's ? for the following variate values in a sample of 
en: 


=6, -4, -3, =; =2, 0, E 1, 3; 5 
taking u to be zero. [Ans. 07] 


4. Ten individuals are chosen at random from a population, their 
heights are found to be 63, 63, 66, 67, 68, 69, 70, 70, 71 and 71 


11, 
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inches respectively. Test whether the mean height is 69:6" in 
the population, given that for 9 d.f. P( | t | > 2:262) 005. 
Ans. ¢ | =1'89] 
The nine items of a sample had the following values : 
45, 47, 50, 52, 48, 47, 49, 53, 51 
Does the mean of the nine items differ significantly from the 
assumed population mean of 47:5? Given that 
v=s{ Р=():945 for t=1'8 
Р=0'953 for t=1'9 
[Ans. t=1'84] 


The gain (in bushels per acre) in yield due to the use of a 
variety of wheat in nine plots is as follows : 


16:3, 13:4, 3:8, 7:9, 2:6, 2:5, 96, 7'2 and 3:3 


Are the observations consistent with the hypothesis that the 
average gain is 7:5 bushels per acre ? [Ans. Yes] 


Ten individuals are chosen at random from a population and 
their heights are found to be inches 63, 63, 64, 65, 66, 69, 69 
70, 70 and 71. Discussion the suggestion that the mean height 
in the universe is 65 inches, (Given that for 9 d.f. t0.05 52'262) 

[Ans. 12:07] 


The table signifies additional hours of sleep gained by 10 
patients in an experíment with a sleeping drug : 


Patient 1 1 3. Фив 6-100) 18979710 
Hours gained 0/7 —1:1 —02 —1°2 01 3:4 37 08 19 2:0 


Assuming that the hours of sleep is a normally distributed 
variable, calculate r for the above table. (Ans. 1'9] 


A certain drug caused the following increases in blood pressure 
of 12 patients : 


3, 0, 6, —2, 1, 5, 2, 8, 0, —1, 1, 5 


Can it be concluded that the stimulus does not effect blood 
pressure ? Я [Ans. t=2'6] 


The mean weekly sale of the ice cream bar was 146'3 bars, 
After an advertising compaign the mean weekly sale in 22 
shops for a typical week increased to 153:7 and showed a 
standard deviation 17:2. Is шз Үн that c у 
was successful? (Given that for d.f.—21, 10.05 Tu 


A certain colliery is supposed to supply coal of ash content 
about 15, To teat this 20 random samples of the colliery’s 
coal are selected and tested. The null bypothesis is that the 
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ash content is in fact 15. The results of 20 tests gave an 
average ash content of 16:8 with a standard deviation of 3:6. 
Is this sufficient evidence for rejecting the hypothesis ? 


(Given that for 19 d.f. 19.95 2:09) [Ans. 12:18] 


12. A sample of 11 rats from a central population had an average 
blood viscosity of 3:92 with à s.d. of 0:61. On the basis of 
this sample establish 95% confidence limits of ‚ the mean 
blood viscosity of central population, [Ans. 341 and 4:33] 


13. The average breaking strength of steel rods is specified to be 
17°5 lbs. To test this a sample of 14 rods was tested and gave 
the following results (in unit of 1,000 Ibs) 


15, 18, 16, 21, 19, 21, 17, 17, 15, 17, 20, 19, 17, 18 
s the result of the experiment significant ? Also obtain the 


I: 
9575 fiducial limits from the sample for the average breaking 
Strength of steel rods. [Ans. :—0:68] 


14. The mean of 1.Q.’s of 10 boys is 97:2 with the sum of the Squares 


Support the assumption of a population mean 1.Q.*s of 100 ? 
Find the 95% confidence limits for the population mean. 


[Ans. t=0-62, 107:41 and 86:99] 
16.32 Test for the difference of means 


Let xy, xo, ... Х and 51, yo, , Jg, be two independent 


Tandom Samples with means х, ) and standard deviations 51, s» 
respectively from two normal Populations with the same variance c. 
The problem is to test the hypothesis that the Population means are 
МА м. Assuming the Populations means „1 and p2, the statistic 
is defined as 


t= 73 = (a — us) 


„ 
ny Е na 
i n п 
where M p к-У (7—5) ] 
=1 Ј=1 $ 


1 
па талы | 
Now F Mul, / 4 m) 
and I~N(y2, ol ms) 


EE 
oe х= -x( 1-р, с — 75 
zy p / Сү 
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{ (2—9) (Qa — из) 
du ОМ 

Я / 7m Um 


2 
Also m e isa j?-variate with (.- I) d. f. 


2 
} is a (2.уагіаіе with 1 d. f. 


2 
and n2 A is а 02. variate with (ла—1) d. f. 


msi? , nos? nisi Ene vS? 
E NU DERE ane 


where v=7,+72—2, is a 4? variate with у= (m-1-89 2) d. 
[£t NSE A R 
s Aaa NT 


m ona 
is р (2 2) variate. 
Statistic t follows - distribution with vn na- 2 d.f. 


If the hypothesis to be tested is “Аге the two population means 

Same or the two sample means differ significantly”, under the null 

hypothesis “population means are same i.e., pı=p2 or the two sam- 

le means do not differ significantly” the statistic to be calculated 
“becomes 


x—J 
t= سے‎ 
TTD 
^m na 
which also follows t-distribution with (rı +na— 2) d. f. 


(iii) If (i) m=ng=n (say) and (ii) the samples are not indepen- 
dent but the sample observations are paired together i.e., the pair of 
Observations (x, ун) (i—1, 2, n) correspond to the same (ith) 
Sample unit. The problem here again is to test "Are the sample 
Means differ significantly". : 


Under the null hypothesis “sample means do dot differ signi- 
ficantly" the statistic : 


E 
t= 8 
where dix. . 


3-15 and 
n 
i=l 
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n 
1 
| RE - 2% 
5 n-1 i GE 
i=] 
which follows #-distribution with (n— 1) d. У, is calculated. 
Ex. 16-7. For a random sample of 10 pigs fed on diet A the 
increases in weight in pounds in a certain period were 
10, 6, 16, 17, 13, 12, 8, 14, 15. 9 Ibs. 
For another sample of 12 pigs, fed on diet B the increases in the 
same period were 
7, 13, 22, 15, 12, 14, 18, 8, 21, 23, 10, 17 Ibs. 
Test whether diets A and B differ significantly as regard the 
effect on increases in weight (or test whether the mean increases in 


the two samples are significantly different) you may use the fact 5% 
value of t for 20 d. f. is 209. 1 


Sol, Calculation of mean and s.d. 

x: 10 6 16 17 13 12 8 14 15 9 Toti 
1ex-13:-3.-7 3,4 0 -1-$ 1 2 4 10 

23:5 O40: 9 16. Quis: Дб u46-.16::7130 

у: 7 132215 121418 821 23 10 17 
Yéyz140—57/2178 1:73:70 4.26 29. 9 —4) 35. 12 

Y: 49 164 1 4 016 3649 81 16 9 326 

(—10 12 

“#213445 9) 219, and 518 2) 15 

> xX V 
0 2= = 31 
„te for хера for e TX (2) 13-1212 


326 314 
= = == - 
and 8 un for y=pg for Y. 11 Im 


1 
^ S DIZ [ 000205 9-21 


Assume the diets A and B do not differ significantly as regard 
the effect on Increases in weight je., the mean increases in two 
samples are not significantly different. 


127.15 зї 


Now | t | = ees ae — — 
ac [Tel Vi vg 


2155 


No. of d. f. 10712 2-20 
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Now 70.05 for 20 d, f.=2°09 

s'o toa < 10.05 

Assumption may be correct. 

Ex. 16-8. The following data represent the yield in bushels of 
Indian corn on ten sub-divisions of equal areas of two agricultural 
plots, in which Plot I was a central plot treated the same as Plot II 
except for the amount of phosphorus applied as a fertilizer : 

PlotI :625765 6063 58 576060 58 
Plot II: 5'6 5:9 56 57 58 57 60 55 57 55 
Is there a significant difference between the yields on the two 


[ко uring the difference between their means аз a criterion of judg- 
ment 


Sol. Let x and y be variables for plots I and IJ. 
Tatal 
x: 62 57 65 6063 58 57 6060 58 60 
Xex-x. 02-03 05 0 03 -02 -03 0 0 -02 
Y?: 0:04 0:09 0:250 09 0:04 0090 0 004064 
у: 36 59 15:60057 % e 
Ү=у-у: -01 02-010 01 0 03-02 0 -02 
Y?: 0010040010 001 0 0:09 004 0 0:04 024 
х= 10 =6 and j= aes 
1 0:44 


(064-024) = 


8 9 


d —— 
104-10-—- 2 


0:3 А 
9 10 10 
No. of 4. f. —10-4-10—22:18 
Now to.os for 18 d. f. 2:10 
oe teat > 10.05 : 
. The difference between the yields on the two plots is 
significant, 
kà npe Mee: 3 samples of 8 and 7 items respectively 
Sample I : 9 1 13 „ 12 14 
3 Sample II : 10 12 10 14 9 0 


Is the difference between the means of the samples significant ? 
Ate? if P{ | t | >to}=0°05, to=216 for 13 d.f. Ei ю=?'13 
r NI 


Sol. Calculation of mean and s.d. 


E SOO 179 90 12:5. 14 
JJ eden 1. 3 6 
Olde, d! *16 9 4 1" 9 538 
552104. 12, 730: 714. 9. в. 10 
ei: 0 3 
0 25 


3 73 
105 =+ کے‎ Т у= 10-7 8. 


a! Gie و‎ 
Sage Ea am poca ав eee 


و —— 


1413. 
No. of d. f.—84-7— iun 
to.95(13)=2°16 
"^ tem < 10.05 
Difference is not significant. 


ar гг. пада QE Japas V 3812 
gt 


Ex. 16-10. Two horses A and B were tested according to the 
time (in seconds) to run a particular track with the following result : 


HorseA: 28 30 .32 33 33 29 34 

Horse : 29 30 30 24 27 29 

Test whether you can discriminate between the two horses. You 
‘can use the fact that 5% value of t for 11 d. f. is 2:20. 


Sol. Let x and у be the time variable for horses A and 2 
respectively. 


Calculation of mean and s.d. 
© Total 
x 28 „ 
X=x-32: -4 —2 0 1 1 -3 2 -5 
xt: 16 4 0 1 1 9 4 35 
y: 29 30. 30 24 27 29 
Yasar о TO egre. 0 -5 


үг: 0 11 142$ 4 0 31 
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сым 5 _ 219 5 _ 169 
^ g-32-3 "у ,3=29-- г 


542 = ш of xe 27 — =s- 25 = 2 0 


9 49 

522 ua of y= 3 - X J=- 

1 § 220 161 J 2447 
Sma у +-6 . 

219 ,169 N 
£ we 7 6 . 

| 2.2 ASIA) 

42 V7 5 
No. of d. f=7+6-2=11 

to 05=2°20 

teat > 10.05 


.. Difference is significant and hence two horses can be 
discriminated, 

Ex. 16-11. The following table shows the mean number 
bacterial colonies per plate obtainable by four slightly different meth 
from soil samples taken at 4 P.M. and 8 P.M. respectively. 


Methods A B c D 
4 P.M. 2975 27:50 30:25 27:80 
8 P.M. 39:20 40:60 36:20 4240 


Are there significantly more bacteria at 8 P.M. than at 4 P. M. 
Sol Calculation of mean and s.d. of the difference 


Method 4P.M. 8 P.M. i 
(x) (y) d=y-x 4-2 (4-4) 
4 29 75 39:20 9:45 —1˙3271 1756 
B 27:50 40:60 13:10 2:325 5:406 
c 30:25 36:20 595 — 4°82! 23:281 
р 27:80 42:40 14:60 3:825 14 631 
Total 43:10 45:074 
do 5310 10778, 52 55074 
4 3 
(10:775) ر‎ 21-5543: 


^o Га504 У 99 — 798 
e5:56 
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No. of d. f.—4—1—3 
Now 19.05(3)7318 < t, 
Difference is highly significant and hence there are signi- 


ficantly more bacteria at 8 P.M. than at 4 P.M. 


Ex. 16-12. From the data given below test whether there is a 


significant difference between the effects of two drugs, on the assump- 
tion that different random samples of patients were used to test the two 


drugs 


A and В. 


Additional hours of sleep gained by use of soporfic drugs. 
W 9 I0 
Drug 4: 0'7 -1'6 —0'2 1.2 0 34 37 08 0 20 
Drug B: 09 08 L1 01-01 44 55 16 46 36 
Sol. Calculation of mean and s.d. of the difference 


Patient x y d=y-x (4—4) (d- dj 


' 0-100 & ш» t =- 


га 
о 


Total 


07 r9 r2 —0.4 0'16 
—16 08 24 0:8 0:64 
—0:2 1.1 1:3 —0˙3 0:09 
—12 01 1:3 —0˙3 0˙09 
—0˙1 —0˙1 0 —r6 2:56 

3:4 44 1:0 —0°6 0:36 

37 5˙5 1˙8 0:2 0:04 
. 08 r6 0:8 4 08 0:64 

9 46 4'6 30 9:00 

20 36 16 0 0:00 

— . ͤ —U— 
160 13:58 
c 160 13:58 
d= 10 16, 529. E 

—$ / 48V 10 

“J ЕЕ: VO 12 


No. of d.f£.—10—1—9 
19.05(9) —2:26 Ste 
Difference is highly significant. 
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Ex. 16-13. In а certain experiment to compare two types of 
pig-foods A and B, the following results of increase in weights were 
observed in pigs : 

Pig No. SUR 2 3 4 5 6 Apes | 
Increase in (Food A : 49 53 51 52 47 50 52 53 
wt. in lbs, Food В : 52 55 52 53 50 54 54 53 

(a) Assuming that the two samples of pigs are independent can 
we conclude that food В is better than food А ? (b) Examine the case 
when the same set of eight pigs were used in both the foods. 

Sol. (a) In this case the two samples of pigs are independent 
and hence the difference of means test for unpaired data can be 
applied. 

Let x and y be the increase in weights due to foods 4 and B 
respectively. ; 


Food A Food B 
x Х=х—50 Х? у X=y—52 ya 
49 e 1 52 0 0 
53 3 9 55 3 9 
51 1 1 52 0 0 
52 2 4 53 1 1 
47 i3 9 50 2 4 
50 0 0 54 2 4 
52 2 4 54 2 4 
53 3 9 53 1 1 

Total 7 | 37 7 23 
. ee QE M NI 
E Т КАЙ с ETIN 
550 =, 98524 37 8 
Zx-sg-z(X- Xj? O e . 
رو‎ (exp E E aI, 
171 878 
49 247 
=37- f= 
247 135 
. 
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407 423 
NE 
"E | t| 25 ————— 2:17 


8 
382 [Т 1 
Try. TEF 
No. of d f.=8+8—-2=14 
“ 10.05=2'!4< | feat | 


„ At 5% level, difference between sample means is significant. 
Since y > x, food B is better. 


(b) In this case the two samples cannot be regarded as 
independent. So the difference of means test for paired data will be 
applied. 

à Total 
0 52 53 
„ D2: 583. 00580060 5д-— 43 

dex-y:—3 —2 —1 —1 —3 —4 —2 02 —16 

dd: 9 4 1 1 9$ 16 4 0= 44 


xd-dj-4- t (- 169-12 
, 12 
Ü 583 


248 
J2 
7 
No, of d /. 8-127 
К, 10:05==2'26 and 19.91 — 3:50. 
| toa | > to.05 and 70.01 
Difference between means is signiticant and hence food B 


"^ [t| = 


=432 


is better. 


EXERCISE 


1. To compare the price of a certain commodity in two towns, ten 
shops were selected at'random in ecah town. The following 
figures give the prices found : 

Town :61 60 56 63 56 63 59 56 44 61 
Town B:55 54 47 59 51 61 57 54 62 58 


Test whether the average price can be said to be the same in the 
two towns. (Ans. Yes) 
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. Eight pots growing three wheat plants each were exposed to a 
high-tension discharge while nine similar pots were enclosed in 


an earthenware cage. The number of tillers in each pot were 
as follows : : 


Caged 217 26 211805297 22070270800 06792937 717 
Electrified: 16 16 22 16 21 18 15 20 
Discuss whether electrification exercises any real effect on 
tillering. Given that fo.95(15) 2:131. (Ans. |1| =2'75) 


. In a test given to two groups of students the marks obtained 
were as follows : 
First group : 18 20 36 50 49 36 34 4l 
Second group: 29 28 26 35 30 44 46 
Calculate student's f and state the relevant null hypothesis, 
Ans. 0.28) 
. The heights of six randomly chosen sailors are, in inches : 63, 
65, 68, 69, 71 and 72. Those of ten randomly chosen soldiers 
are 61, 62, 65, 66, 69, 69, 70, 71, 72 and 73, Discuss the light 
that these data throw on the suggestion that soldiers are on. the 
average taller than sailors ; given that 
14 P=0°'539 for t=0'1 
s pn for t—0:08 
(Ans. f =0 099) 
. The means of two random samples of sizes 9 and 7 respectively 
are 196:42 and 198:82 respectively. The sum of the squares of 
the deviations from the means are 26:94 and 18:73 respectively. 
Can the samples be considered to have been drawn from the 
same normal populations, it being given that t9.05(14)— 2:145 ? 
(Ans. 2:6, No) 
- Two independent samples of 8 and 7 items respectively had the 
following values : 
Sample 1: 9. 1122185 , ОШ 
Sample 2: 10 12 10 14 9 8 : 10 
Is the difference between the means of the samples significant ? 
Given that 
P=0°874 for t-212 
P=0°892 for 1—1:3 й 
(Ans. 122) 
. Two types of batteries 4 and В are tested for their length of life 
and the following results are obtained : 


v= 13 


No. in sample Mean Variance 
A 10 500 hours 100 
B mh] 560 hours 121 


Is there a significant differefice in two means? (Ans. Yes) 
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8. 


10 


1 


= 


12. 


13. 


Intelligence test of two groups of boys and girls gave the follow- 
ing results, Examine if the difference of the means is significant. 


Group of 12 girls : mean=84, s.d,=10 
Group of 8 boys: mean=81, s.d.=12 (Ans. No) 


. A farmer grows crops on two fields A and B. On 4 he puts 


Rs. 10 worth of manure per acre and on B Rs. 20 worth. The 
net returns per acre, exclusive of the cost of manure, on the two 
fields are; 


Year 1 2 3 4 5 
Yield A Rs. per acre 34 28 42 37 44 
Yield B Rs. per acre 36 33 48 38 50 


Other things beings equal, discuss the question whether it is 
likely to pay the former to continue the more expensive dress- 
ing? Given that го.05(4)=2°78. (Ans. 1—38) 
Calculate the value of ‘t’ in case of two characteristics A and B 
whose corresponding frequencies are : 
As 16 10 8 9 9 8 
В 8 4535-9 T [28054 

(Ans. |1| =1:66) 
The yields of two types ‘Type 17° and ‘Type 51’ of grains in 
pounds per acre in a replications are given below. What com- 
ment would you make on the differences in the mean yields ? 
You may assume that if there be 5 d.f. and P—0'2, t is approxi- 
mately 1:476. 
Replication : 1 2 3 4 5 6 
Yield in Ibs, : 20:50 24:60 23:06 29:98 30:37 23°83 
(Type 17) 
Yield in Ibs, : 2486 26:339 2819 30.75 29:97 22:04 
(Type 51) (Ans. 11:49) 
The following figures show the additional hours of sleep gained 
by 10 patients when each was administered two soporifics 4 
and B (with an adequate period between the two) 
Patient Ада 4 356057 8 9 10 
Soporific 4: 1:2 1:8 —03 —07 013122 —1500 21 
Soporific B: 1:5 16 04 00 —0:62:5 45 1922 30 
Apply an appropriate test to see whether the soporifics really 
differ in average effect. (Ans. t=2'1) 


In each of 10 pairs of rats, one receives protein from raw ut 
while the other receives it from roasted етв om 


15. 


17. 


162 9 


The following table gives the gain in weights: 

Pair 1 2 3 4 5 6 7 8 9 10 
Raw 261 60 56 63 56 63 59 56 44 61 
Roasted : 55 54 47 69 51 61 57 54 62 58 


Test whether or not roasting the peanuts had any effect on their 
protein value. (Ans. Roasting had no effect on protein value) 


. In а rat-feeding experiment, the following results were 


obtained : 

Diets Gain in wts. in gms. 

High Protein: 13 14 10 11 12 1610 9 11 12 9 12 
Low Protein: 7 11 10 8 10 13 9 

Investigate if there is any evidence of superiority of one diet 
over the other. [Ans. 193] 


Mitchel concluded a paired feeding experiment with pigs on the 
relative value of limestone and bonemeal for bone development. 
The results are given below : 

Pair К 1 2 3 4 5 [ORIS Pres <) 
Limestone: 49:2 53:3 50:6 520 468 505 521 530 
Bonemeal : 515 549 522 533 516 541 542 543 


Determine the significance of the difference between the means 

in two ways (1) by assuming that the values are paired (2) by 

assuming that the values are not paired. AS 
[Ans. Difference is significant] 


. Ten soldiers visit a rifle range for two consecutive weeks, For 


the first week their scores are : 
67, 24, 57, 55, 63, 54, 56, 68, 33, 43 
and during the second week they score, in the same order: 
70, 38, 58, 58, 56, 67, 68, 72, 42, 38 
Examine if there is any significant difference in their perfor- 
mance. [Ans. f =2'04] 


Eleven school boys were given a test in mathematics. They were 
given a month’s further tution and a second test was held at the 
end of it. Do the marks give evidence that the students bene» 
fitted by extra coaching ? 
Roll No. 2 > 2 2 4 5 6 
Marks I First test : 23 20 19 21 18 20 

E p test: 24 19 22 18 20 22 


& [Ans. 1 =148] 
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18. To test the desirability of a certain modification in typists desks, 
9 typists were given two tests of as nearly as possible the same 
nature, one on the desk in use and the other on the new type. 
The following differences in the number of words typed per 
minutes were recorded : 

Typist :A B C D Е F G H I 
Increased no. of 
words per min: 23 0 3 -1 4 —3 2 5 


Do the data indicate that the modification in desk promoted 
speed in typing ? [Ans, == 1:96] 


16.3.3. Test for the significance of an Observed Correlation 
efficient 


Consider a random sample (xi, У), (Xn Ув)... (Xn ул) from a 
bi-variate normal population. Let the correlation coefficient calcula- 
ted from the sample be r and p the population correlation coefficient. 
The hypothesis to be tested is : 

‘Whether population correlation coefficient is zero ! e., р=0'. 

Assuming this hypothesis, the statistic 

na гуп-2 
Vr 
follows t. distribution with ( · 2) d f.* 


To test the significance, calculated value of ‘:’ is compared with 
the tabulated value and the significance is tested as usual, 


im 16-14. Test whether the correlation is significant if r=0 6 
п=18, 


06)/ 16 
Sol. ta COWIE AAG = 
4064 
No. of d. f=18-2=16 
«x 10057212 < toa 


Correlation is significant, 


Ex. 18-15. 4 random sample of 18 pairs from a bivariate normal 
population showed a correlation co-efficient of 03, Is this value signi- 
Sant of correlation in the population ? 


(034 18—2 
Sol, t= ےک‎ 2 
vioo 20 
No. of d f,=18—2=16 
án 109572212 > toa 
+, Correlation is not significant. 
“The proof of this is beyond the scope of this book. 
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Ex. 16.16. Find the least value of ‘r’, in a sample of 18 pairs of 
observations from a bivariate normal population, significant at 5% 
level. 


Sol. No. of d. f.=18—2=16 
— 0.05=®2`12 
The least value of ‘r’ significant at 5% level is given by 
rV18-2| 
Vic 
i. e., 1672 > (2:12)2(1 —r2)=4'4944(1 =r?) 
tie, 20:4944r? > 4:4944 
he, г? > 0˙2ʃ93 
te, |r| > 4682 

„. Regd, value of | r | ==0:4682 


Ex. 16.17, A random sample of 15 from anormal population 
gives а corrriction co-efficient of —0'5. Is this significant of the 
existence oj correlation in the population? 

Sol. NE 

4/0 75 
10.05 for 13d fi=2:16 > | tea | 
Sample correlation co-efficient is not significant. 


6.3.4. Test for the significance of an observed Regression 
Co-efficient 


Consider a random sample (x1, J1).--.- (Xm Yn) from a bivariate 
Normal population. Let the equation of line of regression of y on x 
(obtained from the sample) be 


> 212 


=—208 


y-3-b(x-*) 
where b—regression coeff. of y on x. 
Let T. -b(xi— X) 


The hypothesis to be tested is : » 
“The regression co-efficient of y on x in the population is В". 
Assuming this hypothesis, the statistic 


n ^ 
(n-2) E (а-я) 


te (b 8) 


n 
E (y- Ton 
i=l 


follows t- distribution with (n-2) d. f. 
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16.3.5. Test for the Significance of a Rank Correlation Co- 
efficient E 


Let p be the rank correlation coefficient obtained from a sample 
of size n. The hypothesis to be tested is: 


“Population rank correlation coefficient is zero." 
Assuming this hypothesis, the statistic 


n-2 i? 
m { It 


follow t-distribution with (n— 2) d. f. 
Ex. 16.18. 12 pictures submitted. in a competition were ranked 
by two judges with results as shown in the table below: 


Pictures 4 „M 
Rank assigned by ў 
Ist judge: 5 Dn sng 7 1 12 
Rank assigned by 
2nd judge: 


[ 


5 87795 В| 3 1 2 10 
1 ERER 
n АЮ: ER 


4 12 7 6 


Calculate p the rank correlation co-efficient. Is there a lack of 
independence in these ranking ? (Assume that on the hypothesis of 
independence of two sets of n readings, t=p 15 0 y follows t-dis- 
tribution with (n—2) d. f. Given that Sor 10 d. F., to 95=2°23. 


Sol Letd be the difference in ranks assigned to the same 
individuals. 


Now Zd5—0-E14-9--16--4-E4--4--44-44- 1+9+4=60 
—(6)(60) 
(12)(143) 
1—(0:79) 0 (979410 
41-(0798 707759 
24:075 
No. of d. . 12 210 
10.05—223 < t.a 
Ranking is significant and hence there is lack of indepen- 


p-l- =0°79 


dence. 
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EXERCISE 


1, Is a correlation co-efficient of 0°5 significant, if obtained from a 
random sample of 12 pairs of values from a normal cos 
ns. No.] 


2. Find the least value of r, in a sampleof 25 pairs from normal 
population, which is significant at 5% level. (Given that for 23 
d. f., to.05=2'07). [Ans. 04] 


16.4. F-distribution 
Let xi, x2 n and yi, 2 y. 


be two independent random samples drawn from the same normal 
population with variate o2. 


Let 7 and J be the sample means and 


1 no 
S; EP, S > O 3) 
i=l і=1 
The siz ‘stie is defined by 
ے‎ 51° 2 
Fas ($3? > Sz?) 
Let 121-1, ve=ne—1 


“va (a= 1) 522 
=(m512/0%)/(n252?/0) 
Now 2512/02 is а (® variate with v, d.f. and neslo? is a . 
variate with va d. f. 
M isa ͥ(2 ) variate. 


Distribution of F is 


— — МЕ 
йр ЛА a( ) 


TES A) DER Ya 
2 2 (An ? 
n Hh z-i 
2 
25 1 HE xA dF 0aF<o 


(2.2) (rn E) 2 
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This distribution is called the distribution of the variance ratio 
F with vı and va d. f. 
Ex. Let (s? and (s? be two independent chi-square variates with 


m and na d. f. Find the distribution of Fia 


1641. Constants of F-Distribution 


1700 E{Fr} 
2 Т 72 
E.3) F IZ dF 
(atv F) 
T f EU. dF 
У у + 
(т. 1) ° (bn 5i 
Put vi F=nx = qp ade 
n 
uet T „2 +r-1 
=| < ال‎ —— — — — — d; 
E 
-(zy "EM 3) (+, Fr) 
3 "ү (1 +r puse 
n 


— y (n4-X(r— 1))......(1) 
11 (2~ 20 2r) 


=” 
Meanz'(0) 75-2? 
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Put r=2 


? tg \2 n2) 
pou (3) Ta 208—4). 


= mr 2) 
5102 2)(va — 4) 
p= ua (0) — {н 02 
__ے‎ no 2) -( ya y 
vY1(v2—2)(92—4) 72 — 2 
29201422 
102 2)*(va— 4) 
Mode. The density function of F variate is 
у ve Ур 
ae vue 1 


7 
АР)= E я) v ^ v d 
2 2 (vor I F) 4 
v+» 
2 9 * oin SS 
Ыг ЙД Yi 3-2 
у № iB ои 
= S ER y1-92 
Ел ы n (A) tne) 2 
7 (2. 4) NULL 
3 n vite 
2 2 AULA e] 
A 2а 2 
AF err F (vai F) 
(2) 
e Joven FF (24 )n | 
(y F 
grees 
F=0, and 


(3-1) em Pr (2% ) о 


z 
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This distribution is called the distribution of the variance ratio 
F with v, and v, d. f. 


Ex. Let {12 and (s? be two independent „Chi-square variates with 
m and ma d. f. Find the distribution of F= itl. 


n 
1641. Constants of F. Distribution 
pr (0) = E{Fr} 
Vy ya n 
nên? F p2! 
- 2 Fr dF 
T M. ) СЪД 
SE (o4-91 F) 
E e pe 
« ы q ) | vit” 
7 2 (am F) 2 
Put у F = Xx = dF ut 
n 
>» tr-1 
BR с... i x? dx 
n Y m . 
(3) аа Н) 
SEN 1 ij ê 
(P vi! 2 Br) 


-(2 y {й-Е2(7—1))......(у) 


„ Mean o- 81. 


* 
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Put r=2 


2 (04-2) 
4 а) (472-4) 


y3(vi +2) 
510 2)(v2 — 4) 


42 ua (0) — {u1'(0)}2 


26142) аі ya J 
102 2004) va—2 


wetn- 2) 
1102 — 2)2(va— 4) 


Mode. The density function of F variate is 


1 12 2 р 
ДЕ)= (3. Dy [EST 
sii 6 v1 F) 
Noy vna 
(3-1) 7? d 2 
1 nt? 
۷ = 1 
б ун ы e 
dF AFR И a 
(3) (nen F) 
E cu Y1 vitra 
2 1 
doni»? — Q2 
45 E я) (a+r F) 
Pe 
n DER] 
Л M Jowtn Py- r (23 hj 
(atm Fy tt" 
df 
up 


F—0, and 
(5 et ) (aby D- (A ) n-0 
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202 
T 7 102720 
for F=0, f(F)=0 which is minimum value of f(F). 
20 72) Б 
for Fe 02) ДЕ) is maximum 
; 9201-2) 
1 Mode 51022) 


15.42. Chief features of F- Probability Curve 
The equation of the F-probability curve is 


п м 1 
2 2 2 
уу ^» E 
у 63 2 2 NT . Oc Fae. 
2 20 (wr 2 


(1) At F=0, y=0 

and as Fo, y +0 
©. Faris is asymptote to the curve at positive extremity. 
(2) Mode is at the point . 


Е—2%01—2) 
vi(2-2) 
which exist only when у > 2 (, F> 0) 


| 2130-2) _ 
Now Mode-1 (10532) 1 


7-294») 
5102 F ) 
= Моде < 1. 
(3) Karl Pearson’s coefficient of skewness is 


mean mode 
s.d 


Since mean > 1 and mode < 1. 


<0 


F probability curve is highly positively skewed. 


(4) The pts of inflextion of F curve exist when уу > 4 and are 
equidistant from mode. 


(5) y increases steadily at first until it reaches is maximum 
value and then decreases slowly. 


Ce eae ũͤ Üà—A ⅛²¹.. ꝛ⅛˙wꝛů %⅛— .l]ñʃñ 8 P ˙»‚/2 . ̃ ⁰˙iL⁴u . . Ue UU IRURE" 
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The shape of the probability curve is approximately as 
shown. 


У 


16.4.3. Point of Inflextion 
The equation of the probability curve is 


ue "er 
и Л? Е? 
+ 960 Lm ) DEED 
25 «2 2 
(v2+01 F) 
Put уу F ng x. 
xl x 
Then y-c. О) < " d+" 
where pple 1 „ 


log y=log c+(/—1) log x—(/+m) log (14-х) 
— W. r. t. x 


L وی‎ -G nuu i 


Ў. 
a again 
dy 1 d I 1+т 
"ж 104 dx TET EE (+x? 


At points of inflextion 


B-E) бон 2-07 Ф 
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2 
ї .. Points of inflextion are given by 


-1( dy ү _0-1) у т 
»(£)--— tae 


1 1+т J 1-1 l+m a 
бел {en -4} ^ tiger 0 


Le, (U- OT- ([+m)x}3— U- DTM 


le., (= U- I+ .I т) а 

he, %- eee i- 0 
Le, x((I—18—(- 1)--(4-m)*3-(12-m) - 2(1— 1)(1++т)} 

* A2 )?-(- oid. E 1)2- ( 19-0 


The roots of this equation give two points of inflextion. Let 
these be xı and xa 


А ae —2(1—1)#—(1— 1)- (— 1)-- m) 
“MAMET DUH NH- 20 - 1X0 m) 
- 2(1— 1)(m+2) 
= (= 1m $2) + mym32) 


21-1) 
m+1 


n Xt xm 5 2 


Let Fı and Fa be the corresponding values of F. Then Fi and 
Fy are pts. of inflextion, mr Р 


Then у= > A= х 
and Bex 
2 h * 


H An Qa x2) 
=” 20-2) 
1 »-2 
=2 (mode). 
H- mode mode Fs. 
.. Fi and Ез are equidistant from mode. 
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The condition {Уу 


dx #0 > 4. 
Pts. of inffextion exist if v; 4. 


Ex. 16-19. (a) Jf x has a F-distribution with (m, n) d.f. show 
that * has a F-distribution with (n, m.) d.f. 


(b) Deduce that, for any k 0 
P E=. 
where x and y are F distributed with (m,n) and (n, m) d. fis. 
respectively. 
Sol. (a) Dist. of x is 


m n moa 
3 25 12 х? 
117 (л z) Pan dx, 0€ x oo 
2,2 (n+mx) 
Put x > به‎ ay 
Dist. of y is 
m n Pm 
= T ae 
ар= m^ n? (y) 1 40 
| m x) min y 
2/9/22 m 
(7*7) 
т п Moy 
„„ 
BO Ly n^ 
2 Z) (mmy 2 


0€« y «o 
e y=- is F distributed with (л, т) d. f. 


(b) Since total prob is unity, 
Pk} PAR N= 


*The proof of this is left as an exercise for the road: 
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Now Pixptj- | = <F} 


— rz} 


where y=} is F— distributed with (n, m) d.f. 


E: P(E +P] IS * 1. 


Ех. 16-20. //'уү=у», the median of Е distribution is at F=1 
Show also that 


Q10s—1 


where Q1, Os are quartiles. 
Sol. Let v1 va. 
Let x be F distributed with (v, v) d.f. 
Then y= is also F distributed with (у, у) d. f. 
(sd P(x«a)— P(y«a), for any a. 
(i) Let Бе the median. 
Then P(x&k)— P(x»k) 
1 
=P { <r} 
. xe 
k 
which is possible only when k=1. 


.. Median I. 
(ii) Now P(x€01)=P(x>Qs) 


= »&3.) 


ie, ого 


r 
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EXERCISE 
1. If 9172, show that 


= 
P(F>Fo=( 142) 2. 
2. If x has a F distribution with (m, пә) d.f., show that 
ЕЕЕ. 
(14m ж) 
has a Beta distribution, 


3: HÊ Ji —Yo—7— 1, show that 
n—1 
H. M. a 


16.4.4. Relation between t and F distributions 
Student's r-distribution is 


de= س ل‎ — 0 f 
Vv (7. ) 


12 2 
(1+7) 
Put =x de, t= x 


1 
dt Ax dx 


2 
dP : 


2 


where у= No. of af. 


> |د 
юе‏ 


y x 


i y 1 vtl 
Az: 3 ds 2 
which => x is a F variate with d f. | and v. 


Remark. All tests of significance based on distribution can 
be done by using F-distribution. 
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16.45. Relation between F and 2. 
F-distribution with vi, vs d. f. is 

п у 
2 F 


ют 
| 


+F) 
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cn UU e nei 
G) 
NET S 2e ; =2 2 
as 12 00 
vitve m AE n 
nF 25934 nF a! A a£)? 
A (1+ y ) -[{+%} к? 
nF 
2 
— e as va 00 
As уз со, probability differential is of the form 
M 
арга RE ав i 
r 2 
(3 
"Е 11 
1 2565 Su 
r (n) dT) 
VE "n 
2 (+) 


=> wFis a - variate with v; d f. 
16-5. F-tests 

Tests of significance based on F-distribution are called F-tests. 
Various F-tests are : 

(i) For equality of population variance. 

(ii) For the. significance of an observed multiple correlation 
coefficient. 

á (iii) For the significance of an observed sample correlation 
ratio. 

(iv) For testing the linearity of regression. 

All these tests are for small samples. 

Rules of Decision 

Let P= P(F Fo (у, v2)) 

For a given value of P and for v, vo d fs, values of Fo have 
been tabulated in the form of F-tables. 

The value Fo is called the critical value of F for vj, vo d. fs. at 
level of significance P. 

To test the significance the calculated value of F is compared 
with tabulated value at certain specified level of significance. 
Generally 5% or 1% levels are taken. 

a If F.a > Е, а, the null hypothesis is rejected and the difference 
is said to be significant and if F.a < Е, а, the hypothesis is accepted 
at the level of significance adopted. 
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Ex. 16.21. Whenvi—2, show that the significance level of F 
corresponding to a significant probability p is 


E] 
mam) 


_ where vy and va have their usual meanings. 
. Sol The dist. of Fis 


25 2 dF 
уз \` ya 
e (i. 1) Sel 
ът? бз-+Е2Е) 2 
Let Fo be the significance level of F correspending to the pro- 
bability p. 
oo 
Then р=Р{Е > nis) dP 


0 


"m t dF 
8 (1, 20% pon? +! 
cae ата | 
e(t. 2 а E lh 
Bde 
ds: она)? 
т" "ud 6 1 
cu 
a, Ar. 
So им га)=1) 
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A m 
=» 2 | 622700 ? 
16.5.1. Test of significance for equality of population 


variance 
Consider two independent random samples x1, X2, ...... x 3 and 
aa Yaris cd de from normal populations. The hypothesis to be 


tested is: ‘The population variances are same’. 


Assuming this hypothesis, the statistics 


S12 
Taz (Si? > 52) 


ny no 

I 1 

Bee > dE gu MES > —з)?. 

where 51 EXE (x;— x)? ana Sa NE (y1— 3), follows 
i-l j= 

F-distribution with =m — | and ve=ne—1 degrees of freedom. 


By comparing the calculated value of F with the tabulated 
value for vı and vz d. f. at certain level of significance (5% or 1%) 
the significance is tested. 


Ex. 16.22. It is known that the mean diameters оў rivets pro- 
duced by two firms A and B are practically the same but the standard 
deviations may differ. For 22 rivets produced by A the s.d. is 2:9 muy, 
while for 16 rivets manufactured by B the d. is 3:8. Test whether 
the products of A have the same variability as those of B. 


Sol. n —22, n-—16, 51=2:9 and so=3'8 


a 111. (22) 2.90 . 
SEER ETT ST E 
and se- COGS 1540 
00502 15:4. 
= Sa gay 1748 


Nos. of degrees of freedom are 16—1=15 and 22—1=21 
De Ео.05=2:18 > Fea 

Variability for two types of products may be same. 
Ex 16.23. Given below are the qualities of ten items (in proper 


units) produced by two processes A and B. Test whether the vari- 
ability of quality may be taken to be the same for the two processes. 


ProcessA: 3 7 5 6 5 4 4 5 3 3 
Process B 8 S 93905106557] 
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F-value for n1—9 and "3-9 degrees of freedoms is 3:18 at 5 v4 
level ү significance and 5:35 at 1% level of Significance). 


Sol. 
Process A: x3 7 5 6 5 4 Total 
X=(x-%)2-1525 05 15 05—05 
X?— 2:25 625 025 2:25 025 0.25 
4 5 3 3 =45 
-05 05 —15 —1:5 
025 025 2:25 225 =16:5 
Process В: y58 5 7 8 3 2 
Y=(y—J)+22 —08 12 22 -—28 -38 
Y?54:84 0:64 1:44 484 784 14:44 
7 6 Suey =58 
L2 02 —08 12 
144004 064144 2376 
R45, ye 58, StS and sai. 376 


36 „ 
DO Pel 2:28 
Degrees of freedom are 10—1—9 and 10— 1=9, 
A Fo.0573:18 > Frat 


. Variability of quality may be taken to be the same for two 
processes. 


. 16.24. Two random samples of sizes 3 und 11, drawn from 
two normal populations, are characterized as follows : 


Population from Size of Sum of Sum of 


which the sample the sample observations Squares of 
is drawn observations 
I 8 96 61:52 
П 11 165 73:26 
You are to decide if the two populations can be taken to have the 
same variance. 
Sol. 


Let x and y be the observations for two samples, 
Now (х Eje As- Nxt sy ا‎ 


=61:52= us (9:62—50 


ud 20507326 E (16:5)#— 48-51 
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48-51 
512= = and S» a TE 
F= 512 500 =1:47 


52 ~ 33957 
Nos. of d. f are 8 1—7 and 11—110 
* Fo 05=3'14> Fa 

Variances of two populations may be same. 


EXERCISES 


- Two independent samples of 8 and 7 items respectively had the 
following values of the variable (weight in ounces) 


Sample I: 9 11 13 I 9 12 14 
Sample II: 10 12 10 14 9 8 10 
Test whether the estimates of the population variances differ 
significantly. (Given that Fo os for 7 and 6 d. f. is 421). 

[Ans. Not significant] 
- In two groups of ten children each, increases in weight due to 
two different diets in the same period were in pounds, 


8, 5, 7, 8, 3, 2.7, 6, 5, 7, 
3, 7, 5, 6, 5, 4, 4, 5, 3, 6 


Test whether the variances differ significantly. (Given that 
Fo.05 for 9 and 9 d. f. is 3 18). [Ans. Not significant] 


- Two random samples drawn from two normal populations are : 
Sample I: 20, 16, 26, 27, 23, 22, 18, 24, 25 and 19 
Sample II : 27, 33, 42, 35, 32, 34, 38, 28, 41, 43, 30 and 37 


Test whether the two populations have the same variance. 
[Ans. 2:14, Not significant] 


- The students of the same age of two different colleges were 
tested for variability of intelligence. The 1.Q’s of 10 students 
from one college showed a variance of 20 and those of an equal 
number from the other college bad а variance of 15. Discuss 
Whether there is any significant difference in variability. 

5 [Ans. Not significant] 


+ In one sample of 8 observations the sum of the squares of the 
deviations of the sample values from the sample mean was 84:4 
and in the other sample of 10 observations it was 1026. Test 
whether this difference is significant at 5% level, given that 
Fo. os for 7 and 9 degrees of freedom is 3:29. 

[Ans. Not significant] 


- Two samples of sizes 9 and 8 give the sum of squares of devia- 
tions from their respective means equal to 160 inches squares 
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and 91 inches squares respectively. Can they be regarded as 
drawn from the same normal population ? 


[Ans. 1°54, Not significant] 
7. Two random samples gave the following results : 


Size Mean S.D. 

10 3:0 2:9 

12 40 32 
Test whether the samples come from the same normal 
population. 


8. Two chemists A and B repeat a protein analysis 20 times. If X 
and Y, are the values obtained by A and B respectively and if 


2X,—196, XX.2— 1928, x Y,—205 and ZY?—2105 


Determine whether there is а significant difference in precision 
between the two sets of results, the precision being measured by 


the inverse of the variance. [Ans. Not significant] 
16.5.2. Test for the Significance of an Observed Multiple 
Correlation Coefficient 


Consider a random sample of size n froma (k--1) variate 
normal population. Let R be the multiple correlation coefficient of 
4 variate with k other variates. Hypothesis to be tested is 

“The multiple correlation coefficient in the population is zero”. 

Assuming this hypothesis, the statistic 

Ra 1-4 —1 
. 
follows distribution with k, n—k —1 d.f. 


16.5.3. Test for the Significance of an Observed Samples 
Correlation Ratio 


Let (xs угз), (=I, 2 ...... hj ox т) be a random sample 

from a bivariate normal population and let 
h 
N= Z т 
i=1 

Let 7 be the correlation ratio of y on x. 

The hypothesis to be tested is : 

“Population correlation ratio is zero” Assuming this hypothesis, 
the statistic 
1 N-h 

Fc СЕТ 

follows F distribution with h—1 and N— d. f. 
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16.5.4. Testing the Linearity of Regression 
Let u be the correlation ratio and r the correlation coefficient 
for a sample of size N arranged in h arrays, from a bivariate normal 
population. 
The test statistic for testing the hypothesis of linearity of 
regression is 
n-r? N-h 
I=% ` А-2. d 
which follows F-distribution with h— 2 and N—h d. f.s. 
16.6. Fisher's z-Distribution 
Fisher's z-variate is defined by 


my loge F 


where F follows F distribution with v;, vo d. f.s. 
4 Fre 
4. Dist. of zis 
п № 


47 E | ел2 KE | 
vive 


КЕ] афт e) 2 


dz 


= 0 <2<00 
This distribution is called Fisher’s z-distribution. 
16.7, z-tests 
Tests of significance based on z-distribution are called z-tests. 


z-tables provide critical values of z for various values of vi, vz 
at 5% or 1% levels. 


.. Significance is tested by comparing the calculated value of z 
with tabulated value at certain level of significance (5% or 1%). 
Rules of decision are : 


, If 20.05 > Zea, the population variances may be same and 
ir Z5 2 Zeal, the ratio is significant at 5% level. Similarly for 
4 level. 


Some z-tests are as below : 
16.71. Test for Equality of Variance 

Consider two independent random samples xi, x2 --. х апі 
N Jn drawn from normal populations. The hypothesis to 


be tested is : 
*The population variances are same" 
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Assuming this hypothesis, the statistic 


1 52 1 S12 
2— 2 loge E => 2 [te 10) logio( -Si ) 


= 22029 tog 810 5 ss =1°1513 10810 5 a 
n 
where S= TI > (xi— x)? and BaS (4-3)? 
i=1 j=l 


follows z-distribution with уу —7; — 1 and ve=ng—1 d f. 
Ex. 16-25. Show how you would use student's t-test and Fisher's 
2-1е51 to decide whether the two sets of observations 
17, 27, 18, 25, 27, 29, 27, 23, 17, 
16, 16, 20, 16, 20 17, 15, 21 
indicate samples drawn from the same universe. 
Sol Let x and y be the variables for two samples respectively. 
X 17 27 18 25 27 29 27 23 17 Total 
X=x-23: -6 4 -5 2 4 6 4 0 -62 3 
P CH 36 16 25 4 16 36 16 0 36—185 


y: 16 16 20 16 20 17 15 21 
Ү=у- 16: 0:770 4:50.74 51-15 = 13 
172: 0 0 а Ое Coty Rael) = 59 
By 3 dU. 141 
X 2 دو‎ 1 oe 


Xa-x9-zx-xp-zrys- 1 зг 20° 


=185- . (9)=184 
and i(y-3?-x(Y-Tj9 


=(ZY2)— E (2339-1. (169)= = 
es 184 303 
| 2.194 0 
4, S= 8 Sz 56 


Firstly the equality of population variances will be tested by 
applying 2- test. 
1288 


Now 2=1:1513 ово —(1:1513) logio 303 


16.51 


=(1'1513){logyo 1288—logyo 303} 
7(1:1513)(3:1099 —2:4814) 0-724 
Now 20.05 for 8 and 7 d. f.—0:6576 < Zeal. 
and 20.01 for 8 and 7 d. f.—0:9614 > Zoal. 


5% level the variance ratio is significant and at 1% 
level not ablic, 


At 1% level, the two population variances may be same, 


Now :-test will be applied to test the significance of the diffe- 
rence between the means. 


Yee b po» 1844. 203 * 
5% ie e de = 


ny 158 2 a 
17 170$ 
1207 
me bo 
V 23:05 


e TRITT. 54 ТТ; 
- Id 120 
No. of d. f. —9--8—2—15 
19:95 77213 and 70.05 2:95 
teat > f0.01 and 10.01 
The difference between the means is significant. 
The two samples do not belong to the same universe, 
Ex. 16-26. (i) Give the test of significance of correlation co- 
efficient based on Fishers z-transformation. 


(ii) A correlation co-efficients of 0:7 is discovered in a sam, le o 
28 pairs. Apply 1 Min кй to find out if this differs elgnifcanil) 
(а) from ‘0’ (b) from 0: 

Sol. (/) Let 'r' and ‘p’ be the ЫД 8 for 
sample and the population respectively and n the sample size 

Fisher dia caries is 
rt 


z=} loge ==" = 1:1513 logie Hr 
For large од не т, С is distributed asymptotically nor- 
Mally about the man ' wher . 


t-l l dg. 14e =1-1513 logio = 


and variance 


i 
n—3 


16.52 


For large values of п, the variate 
z-t 


J 1 
n—3 
is asymptotically standard normal variate. Thus the significance 
between 7 and b is tested by calculating *;' and using normal 
tables. 

Thus if | и | 21:96, the difference is significant at 5% level 
and if | и | 22:58, the difference is significant at 195 level and if 
| и | 73, the difference is highly significant. 

Note. The symbol ‘z’ used here is different from Fisher's z- 
distribution. 

(ii) (a) n=28, р=0,; г=07 


we 


t=0,  z—(11513) 10810 i 
—(I:1513)(logio 17— logi0 3} 
—(1:1513)(1:2304 —0:4771) —0:87 
и=(087)у/25=435 > 3. 
. The hypothesis of zero correlation is refuted and hence the 
population is correlated. 
(b) п=28. р=0:5, r=0'7 
{=(1'1513) logos = (11513) logio 3 
=(1°1513)(0°4771) = 0°55 
Also z=0°87 
85 u=(0'32)\/25=1'60 < 1:96. 


.. The difference between г and p is not significant and hence 
the hypothesis that o—0'5 is acceptable. 7 on 


Ex. 16-27. What is the probability that a correlation coefficient 
of 0:75 or less can arise in a sample of 30 from a normal population in 
which the true correlation is 0:9 1 


Sol. r=0'75, p=0°9, n=30 
001-1513) lomo —1:1513 logo 19 
=(1°1513)(1-2788) = 1:472 
2—(1:1513) lor $35)" (11515 logio 7 


—(1:1513)(0:8451) = 0:973 
„ u—(0973—1472) 21 = —2:59 


Now Pir <075}=Pfltr< гтэ" TAS } 


=P $ 0:973)—P(u < —2:59) 
—05-P(-259—u- 0)—05— P(0 < и < 2:59} 
—0:5—0:4952—0:0048. 

Ex. 16-28. In a random sample of 19 pairs of values Лот a 
bivariate normal population, the correlation was found to be 07. Is 
this value consistent with the assumption that the correlation im the 
population is 0'5 ? [Ans : и=1:28] 


Ex. 16-29. (a) Give the procedure of testing the significance of 
the difference between two independent correlation co-efficients, 

(6) The correlation coefficient between temperature of rice and 
broackage percentage calculated from two samples of 12 and 16 are 
0:8912 and 0:8482 respectively. Do the two estimates differ signifi- 
cantly ? 


Sol (a) Let there be two independent random samples of 
Sizes m, ng and correlation coefficients rj, го. The hypothesis to be 
tested is : 


‘Can the samples be regarded as drawn from the same popula- 
tion or from two populations with the same correlation co-efficients’, 

Assuming this hypothesis, the statistic 

21—23 
1 
5 m-3 

1 +r 
1—ri 
is asymptotically standard normal variate. 

Thus the significance of the difference between rı aud ro is 
tested by calculating u and using normal tables, 


(с) m=12, 1216, 71—0 8912, r5—0:8482 
18912 
21=(1:1513) Пого 01088 = 01-1513 10в10 18912 
— 10810 1088} 


=(11513){42767— 3 0366)=(1-1513)1:2401) 
221-428 


u= 


where z,—(1:1513) logio (i=1, 2) 


1-8482 

01518 

—(U1513)(logiy 18482—logyy 15 18} 
7(1:1513)(4:2667 — 3`1813)=(1 71513)(1-0854) 
= 1250. 


zi- 1513) [ово 


16.54 
1:428— 1:250 


и=————————— 041 «1:96 
Ju £y 
12-3 16-3 
„ Difference between r and гә is not significant. 


Ex. 16-30. The first of two samples consists of 23 pairs and 
gives a correlation of 0'5 while the second of 28 pairs has а correla- 
tion of 08. Are these values significantly different ? 


Sol = 23, m=28, ry=0'5 and r;— 0*8 
5 zi-(1:1513) {оно 35-0155 logro 3 

=(1°1513)(0°4771) = 0:5493 

2= (1:1513) logie = 11513 logio 9 
2(1:1513)(0:9542) ex 1:0986 
A 1:0986 — 0"5493 
/в+в 

Difference is not significant. 


Ex. 16-31. The correlation coefficient between Mathematics 
aptitude and Physics aptitude for a group of 20 girls is 0:42 and for a 
[ 


lul e 1:83 < 1:96 


group of 25 boys is 0:75. Is the difference significant ? 
Ans. 1:6, Not significant], 
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Multiple and Partial Correlations 


17.1. Introduction 


In case, the study of relationship. between only two variables is 
to be made, the effect of remaining variables on these two variables 
Should be eliminated. As it is not possible to eliminate the entire 
influence only the linear effect is eliminated. Then the correlation 
between the two variables is called partial correlation. 


Here only three variables will be taken, 
17.2. Notations 


Let x1, x2, xg be the variables, It is assumed that these denote 
the deviations from their Tespective means, so that 


¥1=*g=%3=0 


The partial correlation coefficient between x and Xe is denoted 
byrios Where figure after dot refer to variable whose effect has 

eliminated or is kept constant. Thus мал denote the partial 
Correlation between xo and xg. 


173 Plane of Regression 
fo The equation of plane of regression of x on xs, хз is of the 
rm 


*1=a+bi2.3 x2+b13.0 x3 ...)1( 


Ё 
& (17.1) 


17.2 


where а, b12 з and 513.2 are constants. The quantities bias and 5192 
are called partial regression coefficients of x1 and xa for fixed хз and 
of x1 on xs for fixed x» respectively. The first subscript attached to 
the b's is the subscript of the letter on the left (the dependent vari- 
able) and the second subscript is that of x to which it is attached. 
These subscripts are called primary subscripts. The subscript sepa- 
rated from the primary subscript by a dot (.) is that of x which has 
been left. These are called secondary subscripts. 

Now (1) > 

Xi—a--biss Xa-c-biga Хз > a=0 
(1) takes the form x1 = 212.3 xa--bis 2 Хз (2) 
Here the coefficients b’s are to be obtained so as to minimize 
S—3 (x1—b12:3 Xo 613.2 X3)? 


which isthe sum of the squares ofthe residuals, the summation is 
over the given values of the variables. 


The normal equations are 


д, 
== — 23x2 (хі —b12.3 ха—Ё1з-2 x3) 


> Xxixa— bie 3 Uxo?+bis.2 XX2 Хз 
> n гуз 0102— D12.3 п 022-+-bi3.9 П 728 0203 
- 712 01612 3 027 D13.2 728 93 ) 
aS 
and 0= isa = —2Xxs (x1—bia.s ха — 613.2 Хз) 
= Zxıx3=b12.3 Ухехз-ЕЁ1з.з хз? 
> гз 01 513.8 o2 regthis.2 бз + (4 
Solving (3) and (4) 
| rig 1 728 03 | 
н е. оз 
бо 723 03 
T2302 вз 
апа 
| 1 712 | 
bii .91 | res na 
вз 1 r23 
728 1 | 


For convenience and simplicity, let 


= rer r22 гоз 


r31 r32 T33 


r11 712 ns | 


and observe ru=ree=rss=1, 
T12—r21, "189—781, /25— 32. 
Let «y=cofactor of (i, j)th place. 


Then 
on- raa тз || 1 res | 
18 738 rs 1 
acis Рә] 723 |== 712 r23 
ral ř33 na 1 
018 2 7m — 1 rm 
r31 732 r23 18 
ғ 61 019 01 013 - 
sa big.3— ——— - — وو‎ — — Р К 
оз ` өп’ "8 оз on © 


Substituting these values in (2), Eq. of plane of regression of 
x1 on xa, xs is 


o 912 618 
69 оп бз og 
xi Xa хз 
i — —  o124- —— o13=0. «+ (6. 
i. e., er e 18+ eg 1 (6) 


Similarly eqs of planes of regression of xa on x1, xs and xs on 
X1, X12 respectively are 


x E ы BRE de 
g Out ont g 0 (7) 
x x2 t eae 6 
and a ost oat оз 299 0 (8) 
Remark. Eliminating 515.3 and 513.3 between (2), (3) and (4). 
х1 x2 x3 


T1201 92 72303 . 
71391 02728 бз 


х1 x2 x3 

i.e. a 9 98 1—0), 
r12 1 728 
713 r23 1 


which is the eq. of plane of regression of xı on x2, xg in determinent 
form. T 
Remark. (1) х1, xz, хз are also considered as the observed 
values of variates respectively. Then value of x; as estimated by 
plane of regression is 519.3 x2+b12.2 x2. Let this value be denoted by 
61.23. Thus 

€1.33— 12.3 Xa-- b13.2 Хз 


17.4 


Similarly 
€2113— 521.5 X1+b23-1 Хз 
єз.12= 031.2 Xx1-- 032.1 x2 

The difference xi €1.23 is the residual of x. It is denoted by 
Х1-2з. 

Thus Х1.98==Х1—є1 23 

=x1—bie.3 x2—bi3.2 X3 
Similarly — xs.13—xa— 521.3 x1—bog.1 Хз 
X3.127X3— bg1.2 X1— 532.1 X2. 

(2) Ina quantity the subscripts before dot (.) are known as 
primary subscripts and those after dot are called secondary 
subscripts. The secondary subscripts can be written in any order 
but the order of primary subscripts is important. First primary 


‘subscript from the left refers to the dependent variable and other to 
independent variable. 


The order of the quantity is determined by the number of 
secondary subscripts in it. Thus x1.23 is of order two, b12. is order 
one and so on. 


Ex.17.1. Using the following data’: 


71 40 72 70 73 = 90 
0123 99—6 6327. 
r12=0°4 >= reg=0'5 r13=0°6 


find the equation of plane of regression of xz on x1 and xe. Also 
find the value of xa for x1—30, x3— 40. 


Solution. We have 
i уз 
712 1, ms 
rig) ras od 


0:5 1 04 کن 


06 05 1 
Eq. of plane of regression of хә on ху and xg is 


x1 xa хз 
0021 © @23=0 
a en tt Ge on 


TR 


Here x1, x2, x3 are with zero means. So these are tobe 
replaced by 


$ X1— 31, X2— X2, X3— X3 
H y 
‘respectively. 
Eg. of plane of regression of xs on x1 and хз is 


Xp (xa—# —# 
oa) ot mA)» ont аса) вз=0 (1) 


17.5 
Now 212 — 95 oy [-o3-04- —01 


el el Об ое e ci 
on=| 06 1 |-1- 36—0'64 


en | 1 0:4 [2024— 0:5 
06 05 |=—0°26 
.. Substituting values in (1), eq. of plane of regression of xa 
оп xi and хз is 
(x1—40) ( eps x2—70 yeso«( X3—90 ) 026)=0 
3 6 7 
—0:03(x—40)42-0:11(xg— 70) —0:04(xa— 90)— 0 
—0*03x1 +0'11x2—0°04xg—2°9=0 
0:03x3 —0°11xg+0°04x3+2°9=0. 


Put x1=30, х3=40 
0:9 --0'11xg-- l64-2:9—0 
0ixos- 54 . xXg=49'09, 


17.4. Properties of Residuals 
(i) In the derivation of plane of regression of x1 on xs, xs, 
normal equations are 
Ухо(ху — Ёл2.3х2 — 518.23) 0 
and Xxa(x1— b12.8x2— 512.23) —0 
These equations =  Xx2:1.95—0 and Zxgx1.23—0 
Similarly, Zx1x2.18—0— Zx3x21a 
Zxixg12—0-— Zxgxg.12 
Thus “the sum of the product of any residual of zero order 
with any other higher order residual (having the subscripts ofthe 
former as one of its secondary subscripts) is zero.“ 
(2) Zx1.2x1.23— Za — b12x2)X1.23 
—Ix1x1.25 — b12 2x2x1.23 


= 2x4 x1.98 {using property (1)) 
Similarly 2x1.3x1-28= Ex1x1.23- 
Also Zx1.23* — 2x1.93x1.23 


= (х1 —b12.9%2 —b13.2X8)x1.28 
= Ix1X1.23 —b12.32x2%1.23— b18.22x9x1.28 
"mi Exixi-28 te 
Thus 2x1.2%1.23= Zx1.8x1.23— 2x1.23— Zx1x1.28 
Similarly | Zxs.1x2.13— 2x2.8X2-18= 2Х9.13®== Lxzxg. 18 
2 Zxg1X3 12— Ex g. 218. 12. L. 122. Xx9xg.12. 


17.6 


Thus, in the sum of product of any two residuals in which all 
the secondary subscripts of first occur among the secondary subscripts 
of the second, all the secondary subscripts of the first can be 
omitted.” 

(3) 2x1.2x3.12=2(x1 —512x2)x3.12 

=2x1X3.12— b122x2x3.13—0 
Similarly 
2x1.8%2.18=0, Уха.1х8'12= 0, Zxg.3x1.95—0 etc. 

Thus “the sum of the product of two residuals is zero provided 
all the subscripts (primary as well as secondary) of one occur 
among the secondary subscripts of the other." 

17.5. Multiple Correlation Coefficient 


Multiple correlation coefficient of х on xs, Xs is the simple 
correlation coefficient between xi and its value as given. by the plane 
of regression of x on xs, xs viz, 


€1.23=bi9.3x2-+b13.0x3 
Let N be the total number of observations for each variate. 
Now 41.°3=)12.8%2+-bi3.0%3 
=0 


Var (a9) lei 3)? 


= + Z(bi2.5xo + big ахз)? 


= brag? 2020) 


(ха)? 
+з ANC 


+2b12.3h13.2 axa) 
=biz's?692+b13.2°032-+ 2h1e.sb13.2 cov(xa, хз) 


ана ay 


бї oe 01 013 
0 8 oe 
02 011 03 011 743043 


= 8 (o1224-0182-- 27280120018) 
с12 
Sulf {lr13"2a—r19}9+ (ri2r28— ria)? 
“+ 2rea(riar28—ry2)(riares— 713)) 


ent niin araara rib) 


= (ni ?-4-r132— 2718713723) 


2 
m 11—0)—6c1i? } 1— „(1 
оп f ) en ) 
ri 712 ria 
721 722 E 
T31 r32 r33 


where o= 


—1—r133— ris? — ros? + 2712713723. 


1 
cov(x1, є1.2з)= A Exe. 


Zxi(bis.axo- big 2x3) 


zal 
ON 
bias cov(x1, x2)+by3 2 cov(x1, xs) 


[5 c1 013 
-(-4 эв) втззпа+( — & 6108713 
02 O11 es en 


2 
o1 
=— — {o-۲} 
031 
2 
= {(r13r23—r12)r12+ (r12res— 18) 18) 


2 
= {32132 — 2719718708) 
on 


ade ras?— 2712713723 
1—res? 
Remark (1). (1) and(2) > 
Cov(x1, el. 28) Var (e. 28) 20 
S Ri. 28 >0 
Also since Ri. 28 is simple correlation coefficient, Ri. 2301 
O Ri. 28 C1. 


Ех. 17.2. Three variables have in pairs simple correlation 
coefficients given by rig=0°8 7132 0 гтз=—09. 


Find the multiple correlation coefficient RI. 23 of x1 on хә and xs. 


17.8 
Solution. We have 


I 712 тїз 1 08 —07 
Ә=| rg 1 728 |=| 08 1 —09 °7 
їз 728 1 —07 —09 1 
on- . |-1-o'81=019 
II 
Ri. 28221 EF 19 15 =0°63 
Ri. 222 0˙8 


Ex. 17.3. Show that Rye La 
where ol. 28 denotes the s.d. of X1.23. 
Solution. We have €1.23=b12.3 X2+b13.9 Xg=X1—X1.23. 


Var (€1.3))— 1-3 (хаза)? 
=> E (x12 T xI. 282 — 2x XI. 28) 
= + Exp Pirn- Уху xI. 28 
012 ＋ 01.2822 + Exo? 


= 032— 61.232 
Cov (x1, 120 ®ху (х1 —х1.28) 


1 1 
NS o iny va Zxi x1.28 


1 
=12— a Axl. 222 01201 232 


E Cov (х1, €1.23) А 
Ry ad o sd fat 


tuuc cie (See Ex. 17.4) 
Ex. 17.4. ; Show that o1.992=o,2 9 

911 
Solution. We have o; 322 + Хх1.302 


1 
bo I. 82 *I 32 


17.9 
=— Ix x 
N 1 Х1.32 


An (хт —512.3 x2—bi3.2 Хз) 


==012 — Буз з Cov (x1, xz) 518.2 Cov (x1, xs) 


91 012 01 913 
=i? -raa AR. )وه‎ on 
61 —11201 2. бз O11 ) 180193 o3 on 


ED ( l+rie 2 ns 22) 


912 
n E 0114-12 012-718 ©13) 
Since w;/'s are cofactor in о, 
тїї ITI oi Tia 013—0 


2012 
01. =O)? و‎ 
Toon 


17.6. Partial Correlation Coefficient 


As already defined, the partial correlation between xi and xs 
is the simple correlation between xi and xz after the linear effect of 
Хз on them has been eliminated. 


Now linear effect of xs on xi as indicated by regression of ху 


E o ; "ih 82 
on xs is 613718 a and linear effect of хз on xg is bas=rea 7 


X1.3= X1 — r18 A xg 
j бз 


92 
апі X2 з= х9 >= Fag бв 


are parts of x1, x2 respectively, which remain after the elimination. 
of linear effect of xs. 


Thus partial correlation coefficient between x1, x2 is the simple 
correlation coefficient betweeu x1.9, Xg 9. 


Now Соу (х1.3, 2 xs x2.3 (7 %1.8=%e.3=0} 


72 -m 88 5 nn суз) 


o1 2 
m x 246 — x 9— 798 — - Xi1x8 
Y > | 1*2 118 зх ET 


91 03 2 
715 Газ — 2-Х 
tris гоз с A * 


17.10 


б 
= Cov (x1, х)—т1з <> Cov (ха, xs)— res Z cov (x1, x3) 
3 


o 
e 


r18 г! 
+ris r23 EX) 


70102 (712 — 718 23) 


Var баа) Xx 


= озата 

=, x 

VI 13 

zn n 
ES mal эз паа | в1? (1—13?) 


Similarly 
Var (x2.3)=69? (1— ros?) 


t e Cov (x1.3, 2-3) 
12.977 (S. d. of x1 3Ys. d. of x2.) 


A 112— 113 723 3 
A/(1—ris3)1—res?) Von uss 
Remark. If 712.3 = 0, then rig=rig ras. 
If xs is correlated with x1, xa both i e., rg32£0, 7180, then 
1250 
=> xı, х are not uncorrelated. 


4. X1, ха are correlated even though they are uncorrelated 
after the effect of хз is eliminated. 


This is because x1, хэ carry the effect of хз on them. 
Ex.175. Show that 


Гоз — гәл "31 
1 1 ————Á کا‎ 
1 4 I 
(i) 132 — re 


4(—ng) (1= ra) ` 
Solution. (i) We have 
0= 32.13 X31 
=} (x2—b21.3 x1—beg.1 хз) x81 
= 2x3 x3.1—b21.3 XX1 Хз1—Ёэз1 Tg X31 
= Уха. Хал — b23 123 12 


17.11 


_ 3x21 xea _ Cov (x21, хвл) 
28.12 03.12 


Similarly 
b. EL. * === 1 
5247281 02.1 


(528.1) (532.10) 728.12 


fs s-[-2 „эз f оз om 
оз 09 ©з3 
—_ و‎ 
022 ®з3 
723.1 (-.* Боз 1, 582 1, both are with - ve sign) 
Pes 022 033 
Now ee rii 712 
r31 r32 
=(r31 712—732) (n1) 


33—1—r13*, 0881 —712 


r3a—T31 L12 
INF (i—n35 


Similarly prove (ii) 

Ex. 17.6. In a trivariate distribution 
0123 09—4, og=5 
г12=0'7 r13=0°61, ғ23=0°4 


find 728 1, 612.3 and 63.23. 
1 07 0:61 
Solution. We have o—| 07 1 04 |=032 
0°61 04 1 
c 04 |- s 
911 -| 04 1 =0°84 


a a UR l-oss 


os=] 92 i os 


17.12 


1 
023 ES 04 4 |=0027 


910 0 55 [к 0:61 "n 046 


ты ee a ee ORI EE 
Vasa ess %ү/(0:63)(0:51) 
= —0:05 
Ба о quu A 
o ou 4 0:84 


=0°54 


0:32 
01.23— 01 Jer 85. 


Ex. 17.7. Show that 1 KI. 232 (17122) (1713.22) 
Deduce that RI. 23712 

and 14-2712 ris 28 122 ris? r 282 
Solution. We have 


1,32 
уве ts 
011 %33 
cu 2 
_ ©11 938—913 
OIT 33 


T on O33 
1 
n ru 1—rasi— ry? —T81-L 2781 ra1 rsa} 
Boe 
011 O33 
1—Ry.292 
1718.22 
= (1— 10.282) =(1—ғ192) (1718.22 
Now 0<rig.22<1 
> 0«1—ris.s?«1 


= 0831—92 


we (0 — ras?) (1— 7122) — (r21 гзз—гз1)®} 


17.13 


is 1 R282 1122 
= Rios? 2112" 
= RI. 2712. 


Also (1) and (2) 

I—r12?—r932 —rgi?--2rgi 721 732 0 
12712 тз res 2712? ris? C232 
Ex. 17.8. Show that three regression planes coincide iff 


1 712 na 
721 1 rog |—0. 
731 732 1 


Solution. The equation of three planes of regression are 


xi хә хз 
— 0114- —-o134- 
01 02 бз 


01320 2610 


ond 2 ot- 650 ««(2) 
01 02 оз 


х1 хә x3 
— 031+ — 32+— w33=0 =, 
A 31+ pi 32+ E 35 (3) 


Planes (1) and (2) will coincide iff 
on оа әв. 


© Фф 002g (4) 
and planes (2) and (3) coincide iff 
001 _ O22 _ © ...(5) 


i 032 0033 
First two ratios in (4) > 
O11 025— 91 012 


Le., (1—r23?) (1—ғ132) = (raa r13—712)? 
le., 1— rag? — ris?-- ros? 71827282 T7132. 7122 — 2712 799 rig 
ie, 1— r23? —r13? —r19? ＋½ 2712 rg 1320 
1 г12 718 
> 721 1 rə 0. 
731 T32 1 


Similarly other ratios in (4) and (5) also imply this condition. 
Ex. 17.9. Show that 


5123 523.1 531 2712.8 723-1 731.2. 
Solution. R.H S.=r12.3 ae 31:2 


[uz —0¹2 _ O23 C — 931 | 
Vor oz Wee 022 033 x 033 O11 


17.14 


-[-2 eua [. ca cm DI. оз om 
02 %11 бз %23 901 38 
=b12.3 Боз.1 531.2. 


Ex. 17.10. Show that the correlation coefficient between xl. 28 
and xa. is is equal and opposite to that between x1.3 and xa s. 


Solution. We have 


1 
Cov (x1.23, 2.48) XX1.23 x2. 13 
1 
VI. 28 (х2 — bans x1—ba3.1 хв) 
1 
= —ba.3 N Axl. 28 X1 


1 
— es, 2 
521.3 NV 2x1.28 


=—bo1.3 01.93? 


Cov (x1.23, X2.13). 


r (x23 xa.18) 
(x1. 28, X238 TUER 


01. 
——bns AA, 
2 13 
= = о: on 12 о/о F 
L б1 azz JL сд? /b 


cd ed 


= xi. 
= >r (11.3, x2.3). 

Ex. 17.11. Show that if xa=axı+ bx, the three partial corre- 
lations are numerically equal to unity, 713.2 having the sign of a, 
a 
5 


Solution. Here x1, x2 can be regarded as independent and xg 
is dependent on both of them 


728.1, the sign of b and rig.g the opposite sign of 


71220 > Cov (xi, xa) O 
> Xxixa- 
Now Var (xa)—Var (ax1-- bx) 
E вз?=а® Var (x1)--5? Var (xs) 
= 4012+ 5202 


1 
Cov (x1, *) Xxixs 


T Уху (ax1+bxe)=a 012 


2 

а с: о; 
ах 
61 o3 сз 


na= 


Similarly 
rog—b = 


113 — 12 r32 
„I-20 (1—гзә?) 
anlo ao 


718.2 


ge Јо 1— Bok Vos 57075 


632 


401 


m—M— a ЗЕЕ. _ 
V/ dioi? FB 52037 lala 
= +1 according as a> or <0. 
Similarly r23.1=+ 1 according as b> or <0. 


Now 


112 — 119 res 
12.35 


М (1— гла?) (72850 


— 801 5 "boa 


er mu m 
i L | вз? 1 вз? ] 


— ab oi 
ae (038 —a®o42)(a32— b202) 
—ab 


Tal T! 


17.15: 


according as ab>or <0 i.e., a and h are of same or opposite sign: 


i.e., < or <0. 


712.3 has sign opposite of + 3 


Ex. 17.12. If rss—1, show that 
RI. 28 1227182 


and 91.233— 012 (1— r122) 


17.16 


Solution. We have Rl. 282 (1 232) 122 ＋F7182— 2712 ris 723 
Put 7281 

(712—718)2=0 = — nnnm 

232 (1 — ros?) 27122 (1 —res) 
122 АЕ 

> Ris T T ai =r 1 
5 Bx. 17.3, 

61.232032? (1— RI. 282) — 012(1— 22) 


Ex. 17.13. Show that R1.52—512 3 712 -tha r1 EX 
o 
Solution. R. H. S. 512.3 712 A thse гіз A 
I а m] ica Hs 91 2ng 2] 
og 0 03 011 01 
1 
=—— {Фуд riz-- 613 F18} 
on 


= Du {rip (ra 728 —rei)-- ras (rm 732 781) 


3 171227182 — 2712 718 732 


Nl. 285. 
Ex. 17.14. Show that Rı.gg=0 = re=n3s=0. 


Solution. We have 1—Ry.23°=(1—ri*)(I—rig.2*) 
(See Ex. 17.7) 
put I. 29.0 
(1— 192)(1—ғ13.22)=1 ...)1( 
Since O Cya CI and 0<18.22<$1, 
(1) is possible only when 


l—rip?S=1 > rig=0 (2). 
апа 1—r1$9?—] > 713.20 *.) 
G) 2 rig—ryarge=0 
> ryg=0 (using 2) 
EXERCISES 
Ex, 1. Find the regression equation of хз on x1 and xz given 
that 
713—028 газ = 0˙49 7312051 
2172/7 09—2:4 6327 


Also find Rj.28, 72311. 


1747 


Ex.2. Calculate the multiple correlation coefficient of x1 on 
X» and xs from the following data : 


х1 1 2 3 4 5 8 
xa 2 2 4 2 2 4 
xs 13 15 21 17 21 32 


Also find the regression equation of xi on хә, xs. 


Ex. 3. Let x1=seed-hay crop, x2=rainfall and xs—accumu- 
lated temperature. The following means, s.ds and correlations are 
found 


x1—28'02, Xa—4'9, X9— 594 
01 4˙4, o = ГІ, 03 = 85 
x12=0'8, rig=—0°4, rog= — 0°56, 


Find all partial correlations and the regression equations for 
hay-crop on rainfall and accumulated temperature. 


Ex. 4. Let xı, xz, xs are variates with zero means and 


с1=1, с2= 1:3, o3=19 
712—737, rig=—0°641, гәз= —0:736. 
Verify that 713.2743. Where  x4—x14- xa. 


Ex. 5. Ifxi=yitya, xa—ya--ys, xs—ys--yi where yi, ye Js 
are uncorrelated variables each of which has zero mean and unit 


standard deviation, find Ri. 28. i i 
[ Ans. 73. 


Ex. 6. If rig=ris=res=(1), show that each partial corre- 
and each multiple correlation coefficient is- 


ч А " е 
lation coefficient is 145 


ev2 . 
Vie 
Also show that Ў 
(1—p) (14-20 
1-р 


Ех; 7. xi, ха, хз are uncorrelated variates with same variance. 


Let 
_ Xi—xs „ хә хв „ XrT2xedxs 
yer ya— V3 , J3 6 
show that уз, ys, ys are standard variates. Also find 712.8 and Ki. 28 
for y's. 


Ex.8. If aıxı+aaxa+aaxs=k, prove that 
А туг = (132032 —а12012 — 222028)[201 a201 02 
with two similar expressions for rig and ras. 


47:18 


Also show that all the partial quotients are equal to — 1 pro- 
vided that a's are all positive. 


Ех. 9. If x1, хә, xs are three variates measured from their 
respective means and if ei is the expected value of x1 for given values 
of ха and xs from the linear regression of x1 on xg and xs, prove that 


Coy (xi, ei) Var (ei) Var (xi) - Var (x1 —e) 
Ex. 10. If x1, х2, хз are standard variates and 
E(xaxa)— E(x1x3)= 2 Show that 
E(xixa) 2 —5/2. 
Ех. 11. If r23=0, show that 
Ri- 282 — 1122+ r13? 
and 21.23? — 1 —r133 — ris? 


Ex.12. Suppose acomputer has found, fora given set of 
values of xi, хо and xg 


713—0'6, — rag=0°7, 731 004. 
Examine whether his computations may be said to be free from 


error, (Ans. No) 
(Hint. Find 712.8) 


Ex.13. Comment on the consistancy of 
r12—0 6, 723—0 8, ra= — 0:5. 


t nt 14. For what value of R1.23, will хә and xg be uncorre- 
lat 


Ех. 15. If rig and 718 are given, show that ғоз must lie in the 


712 rı 4.(1 71227137 C7122 ғ132)172 
(Hint. Use 712.32 Cl) 


range 


Ex. 16. Ifrig—k ; reg=—k, show that rig will lie between 
—1 and 1—22. 


Ex. 17. A number of „persons are measured for heights x1, 
weights xo and chest expansions хз and product moment correlation 
Coefficients are calculated. Show that 


712-233-7312 —3/2. 
[Hint Use E hy m om P So ] 
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Table V 
“HYPERBOLIC OR.NAPERIAN LOGARITHMS 


Mean Differences 
456 
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HYPERBOLIC OR NAPERIAN LOGARITHMS 


Mean Differences 
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EXPONENTIAL AND HYPERBOLIC FUNCTIONS 
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2:5421 2:6479 276870 2:7071 2:7194 2 

1.4522 1:4722 1-4765 14787 14800 1.4808 
1:577 1°1284 1°1137 1°1051 1:0994 1 

150212. +9690 ‘9429 9272 -9163 
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8355 7475 7014 6725 6525 6378 
8163 7242 6757 645) 6238 6080 
8012 7053 6553 6232 6009 5843 
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11 | 17889 -6009 :6387 053 822 3648 
12 | 7788 *6786 525) 5907 '5666 3487 
43 | 7703 -6632 6134 3788 -5535 3350 5 
14 | 7620 6591 6)%6 :5677 :5123 75233 4t 
15 | "7568 -6518 :595) +5535 :5306 5131 

16 | 7514 6451 3376 :5305 "5241 “5042 

17 | "7466 639 35311 :5434 '5166 1061 

18 | 7424 -6341 5753 5371 500 4894 
19 | '7386 6295 5701 :5315 5040 4552 

20 7252 6251 5654 :5265 4986 4776 

21 322 (6216 3612 "5219 408 475 
22 | +2294. -6182 ‘5574 3178 41 4% 
23 9255 6151 3540 5140 45 458 
24 “6123 35080 :5106 4817 4593 * 
25 795 «6097 ‘5478 "5074 4783 45% 
26 | +7205 56973 5451 5045 "4752 4529 
27 | 7187 6951 ‘5427 3017 1723 4499 

28 7171 6530 :5403 74992 :4696 4471 ^ 
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13 |11027 -9511 +8737 8248 7907 7652 7295 "6386 "5761 
14 [170909 9370 £581 58082 7782 7471 "7103 ‘E675 -6159 +5500 
15 |1:0807 9249 +8448 +7939 7882 7314 '6937 6496 *5961 5269 
16 1.0710 :9144 8331 7814 "7450 77177 6701 6389 5786 ‘5664 
17 [10641 +9051 8229 708 7335 7057 “6663 6199 +5630 4879 
18 [10572 ‘8970 8128 7607 17232 6850 +6549 +6075 5491 *4712 
19 [10511 -8897 ‘857 7521 7140 6854 6447 5964 5366 '4560 
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29 | 10139 8451 +7562 +6087 +6576 6263 "5813 5269 +457) +3550 
30 | 6 7531 "6954 -6540 “6226 ‘5773 5224 519 +348] 
40 | ‘9949 +8223 7307 +6712 4283 "5656 5481 4901 4138 +2052 
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Areas under the Standard Normal Curve 


` The area is measured from the mean ‘0’ to any ordinate ‘U’. 
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cde The results are given for values of ‘U’ at intervals 0 01, 
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The table gives the shaded area. 
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^ The results are given for values of ‘x’ at intervals 0:01. 
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TABLE XI 
Significance Points of 02 


ў The table gives the values of 
5. for different p's and degrees of 
reedom ‘n’. 
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Б For large values of n, the expression Y 20 ¥ 1 may be 
used as a normal variate with unit Variance, remembering that the 
probability for 4? corresponds with that of a singlé tail of the normal 
curve. * 
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TABLE XIII 5 
Values of ‘mod. г ; 


Significant values to of 7 for given probabilities Рк and d.fv. 
where 5 1 


Pr=P( | t|)>to) 


Pr is the shaded area. 


TABLE XIV 
Variance Ratio 
Upper 5% points of F 


vı is the number of degrees of freedom for the greater estimate 
of variance and va for the smaller. 4 


Lower 5% points are found by interchanging vı and vz. 


TABLE XV 
Variance Ratio 
Upper 1% points of F 


уу is the number of degrees of freedom for the greater estimate 
of variance and vs for the smaller. 
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Lower 1% points are found by interchanging vı and va. 
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